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1. Basic Problem

On the basis of a random sample, whose proba-
bility law depends on a parameter 0, discriminate
between two values 0 and 6* (6 #= 6*).



2. Some Notation

X0, X1,...,Xpn i.i.d., (X,A,P), 6 € © open C RF,

kz 1, An:J(XO,,Xn), Pn,0:P9|A’rL,
Pog~ Py g+ 0,0 € © (0 £ 07),

d Py o+
Q(Xoveae*) — Lﬁv

dPg g
00,0 >=¢<X~ 0,0) = |a(X;:0,6 >}
Ln(6,0%) = 2(0, 6%

Y

An(0,0%) = log Ly(0, 9*)
restrict to 6*'s close to 0; i.e., 6, = 0 —|— \/_

hn — h € RF (all limits taken as n — ).



3. Basic Assumption

wo(0,0%) is differentiable in g.m. with respect to
0* at & — under Py — with g.m. derivative ¢g(0) (a
k x 1 random vector). Set

dP
Ln(e, Qn) — n,@n) /\n(e, 97/1,) — |Og Ln(e, en),
dP, ¢

m@—%i]@

r(9) : KT (0)h = 4&, [h’gbo(e)]z, h e RF,

A(h, 0) = %h’l‘(@)h.



4. First Installment of Results

Pn0
Theorem 1: An(0,0,) — ' An(0) — —A(h,0)
Theorem 2: L [An(e) | Pn,g} = N(0,I(0))

Theorem 3: L [/\n(9,9n) | Pn,@]
= N (=3h'T(0)h, K'T(O)R).



5. Reminder

{Pn} and {Qn}, defined on (X, .Ayn), are contiguous
if whenever P,(Ap) — 0, A, € Ay, then
Qn(An) — 0, and vice versa.



6. Second Installment of Results

P,o,
Theorem 4: NAn(0,0,) — h'2An(0) i —A(h,0)

Theorem 5: L[ [An(e) | Pn,gn} = N(F(0)h,T(6))

Theorem 6: L [/\n(9,9n) | Pn,Qn]
= N (3h'T(0)h, K'T(O)R).



7. Loose Interpretation of Theorem 1

An(6,0,) ~ h' AR (0) — A(h, 0)

or

Ln(0,0,) ~ o' An(0)—A(h,0)



8. Precise Formulation of Above Result

Theorem 7: There exists a (suitably) truncated
version AF(0) of Ap(0) such that:

£,el' B0 % oBu(h) o
Pn,@ [A;(Q) 7 An(e)} — 0,

P g, [87(0) = An(0)] — O,
and if
Rn,h(A) — e—Bn(h) /Aeh/A;;’(Q)dPn,Q? A€ Ay,

(SO that % — eh/A;;(Q)—Bn(h)j h e Rk> 7

dPnﬁ
then
sup {HPn e R, n||; h € B bounded C Rk} — 0.




9. Statistical Significance of Theorem 7

Exploitation of the local approximation (in the Lq-
norm or total variation norm) of the given family
of probability measures by an exponential family of
probability measures.
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10. Statistical Applications of the Theorems

(i) ©CR

(a) For hypotheses (alternatives) for which there
are UMP tests in the exponential family, we can
construct tests ¢, — based on A(6;),0;, j =0,1,2
boundary points — which are AUMP

(i.e., limsup [sup (Egwn — Egpn; 0 € A)] < 0) among
all tests wy such that limsup [sup (Egwn; 0 € H)] <
a. For example: H :0 <6y, A > 0 at level «,

p

17 AN(QO) Z Cn
on = ©n (An(00)) = S, An(0y) = cn,
O, An(@O) < Cn

\

Cn, Yn - Egogon = Q.
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(b) For hypotheses (alternatives) for which there
are UMPU tests in the exponential family, we can
construct tests ¢, — based on A(6;),0;, j =0,1,2
boundary points — which are AUMP

(i.e., limsup [sup (Egwn — Egpn; 0 € A)] < 0) among
all asymptotically unbiased tests wp,

(i.e., liminf[inf (Egwn;0 € H)] > «). For example:
H:0=0y A:.0%*0p at level ¢,

n — $¥n (An(Qo))
. 1, An(Ho) < anp OF An(Qo) > bn

quantile of N (0, M'(#p))) is AUMPU.

Remark: Actually, the tests are locally AUMP or
AUMPU, but they become globally so under the
additional assumption:

N Cly T o if (0, — 0;) — 400, j=0,1,2.
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(i) © CRF. E>1

H:0=0y A:0%0yatlevel a.

Simple tests ¢, are constructed — based on A, (6p)
— which enjoy Wald-type asymptotically optimal
properties:

Weighted average power over certain surfaces is
largest — within a class of competing tests.

The sup of the difference of the sup and the inf of
the power over certain surfaces — 0.

The sup of the difference between the envelope
power and the power over certain surfaces — of the
test ¢, — compared to the same sup of any other
competing test have a difference, whose limsup is
< 0.
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11. Set 6§, = 0 + \/Lﬁ Then the estimate T}, is
regular if

L |V(Tn = 6n) | Pog,| = £(6),

a probability measure.
Theorem 8: For regular estimates,

£(0) = N(0,I~1(8)) * £*(0),

L*(0) a specific probability measure.
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12. Application to Asymptotic Efficiency of
Estimates via Theorem 8: The Weiss-Wolfowitz
Approach

Poolvn(Tn—0) <z] — Fp(x;0), a d.f.,, continu-
ously in © for each fixed x € R and continuously
on R for each § € ©. Let 47(0) and up(0) be the
“smallest” and the “largest” median of the (con-
tinuous) d.f. Fp(-;0). Then

3%#3(? STn§9+%+u7j§))
< B(0;t1,t2),

B(0;t1,t2) = ®[tro(0)] — P[t10(0)], t1,t2 > 0,

@ is the d.f. of N(0,52(0)), 02(0) = 4&y [o0(0)]°.

lim P, (9 -
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©CRFE>1

Under similar assumptions as above,
lim Py, ¢ [—tl + 07(0,h) < /nh/ (T, — 0)
<ts>+ur(f,h)
< ®ltao™ (0, h)] — P[—t107 (0, h)],

t1,to >0, ® d.f. of N(0,52(6,h)),
o2(0,h) = KW'T~1(0)h.
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L [\/ﬁ(Tn —0) | Pn,g] = L1, @ probability measure
having O as its median. Then

: i1 to
limsup (0 — —<T, <04 —=| <B(0;t1,tr),
D( ST s -I—\/ﬁ>_ (0;t1,t2)

t1,to> > 0.
Consider median unbiased T3,'s; i.e., Py(Tn > 0) >
5, Py(Tn < 6) > 5. Then

: i1 to
imsup Py |0 ——<Tp, <04 —= | < B(0;t1,t>),
P 9( T STh s -I-\/ﬁ>_ (0;t1,t2)

t1,to > 0.
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13. Application to Asymptotic Efficiency of
Estimates: The Classical Approach

(i) ©CR

Consider estimates 7;, such that

Py |[Vn(Ty = 6) < z| — dp(a; 6)
(or continuously so in ©), where ®7(-;0) is the
d.f. of N(0,0%(0)). Then oc2(8) > 1/02%(0) a.e.[{]
(or pointwise, respectively).
Also, & [nEQ(Tn—H)Q] > 1/52(0) a.e.[f] (or point-
wise, respectively).

(i) © CR*, k>1

Consider estimates T, such that

Py [Vi(Tn = 6) < o] = oW (a; Cr(6))
continuously in ®, where ®)(.; C(0)) is the d.f.
of N(0,Cp(08)) with Cpr(0) positive definite. Then,
with () = & |0(0)¢((8)|, Cr(6) —T~1(6) is pos-
itive semi-definite a.e.[¢¥]. Also, Cp is continuous

in ©. Furthermore, if ' is also continuous, then
Cr(0)—T~1(0) is positive semi-definite for all € ©.
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14. Generalizations

Most of the above results have been generalized
to:

(i) i.n.n.i.d. case
(ii) Markov processes
(iii) Semi-Markov processes

(iv) General stochastic processes, which need not
even be stationary

(v) Continuous time Markov processes
(vi) Lévy processes of the discontinuous type

(vii) Continuous time diffusions and Gaussian pro-
cesses with known covariance.
AlsO,

(viii) Certain generalizations when the sample size is
a stopping time.
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15. Case Where the Underlying Family of
Probability Measures is not LAN but Rather
itis LAMN

Refer to Theorem 1:

/ Pn,0
An(0,6n) — [W Bn(0) — A(h,0)] =50,
A(h,0) non-random. Instead, it may happen that

/ 1.7/ ane
An(0, 0,) — [h An(0) —Lh Tn(e)h} %0,

Tn(0) k x k Ap,-measurable random matrices,

An(0) = T/ 2(0) Wi (0),

Wn(0) k-dimensional Ap-measurable random vec-
tors

LW (8), Tn(0)] | Pag} = L{[W,T(6)] | Py}
W ~ N(O, I;) independent of T'(0), or
L{[An(0), Tn(0)] | Prg} = L{[A6), T(O)] | Py}
A(0) = TL/2(0)W. It follows that

LALAQ) | T(O)] | P} = N(T'(0)h, T(0)).
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Thus, Theorem 1 becomes here
Theorem 1':

/ 1,7 Pn,@

The underlying family of probability measures is
referred to as Locally Asymptotically Mixed Normal
(LAMN ).

From Theorem 1/,

Ln(0,0n) ~ e An(@)F3H Tn(O)h

The expression on the RHS above is referred to as
curved exponential family.
From the fact that

LALAQ) | T(0)] | Pp} = N(T'(0)h, T(0)),

it follows that, in the limit, inference can be car-
ried out conditionally as in a normal distribution,
and then revert to the original family of probability
measures.
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Examples

(i) Explosive autoregressive process of first order
XjZQXj_l—FEj, Xo =0, |9| > 1,
€, j>1,iid. ~N(0,1).
Here

Ap(0) =

¥ X
m@—z m/zﬁl

ﬁﬁ@rm=w%WwNmeﬂﬁw~Nmﬂx
T1/2(9) and W independent.
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(ii) Super-critical Galton-Watson branching pro-
cess with geometric offspring distribution

Here

1 n
1=

6—1 ¢
Tn(0) = “on > Xj1,
j=1

T(0) exponentially distributed with mean 1,
W ~ N(0,1), T1/2(9) and W independent.

For LAMN families some results analogous to those
associated with LAN families have been established.
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