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Abstract

Valid input-output pairs for priority queue sorting—the “Insert /DeleteMaximum”

paradigm—are characterized in terms of paths in the Hasse diagram for the weak

Bruhat order on permutations.

The priority queue process on a permutation works as follows. Start with a permuta-

tion (the initial input) on the left, a container in the middle and an output permutation,

initially empty, on the right. A step consists of transferring the last entry of the current

input to the container or, providing the container is not empty, transferring the largest

element in the container to the start of the current output. The process terminates when

all entries are transferred to the output permutation.

∅ ∅−→ −→ −→3 2 1 3 2 1 3 1 2 1 3 2

a priority queue process

Every permutation can be sorted into increasing order by first feeding all its entries

into the container and then removing them one by one, but a permutation can be sorted

into decreasing order only if it is decreasing to begin with. A pair of permutations (p, q)

is said to be allowable if q can be obtained from p by a priority queue process.

The number of allowable pairs of permutations on [n] := [1, n] = {1, 2, . . . , n} is

(n + 1)n−1, the number of labeled trees on [0, n], and several bijective proofs are known
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[1, 3, 4, 5]. There is a characterization of allowable pairs in terms of simultaneous pattern

avoidance as follows [2]. A pattern is a permutation on an initial segment of the positive

integers. For a permutation p on [n], each nonempty subset A of [n] gives rise to an

instance of a pattern in p : arrange A in the order in which its entries occur in the

permutation, and then replace the smallest entry by 1, next smallest by 2 and so on.

For example, the subset {2, 3, 5} of [5] occurs in the permutation 43215 in the order 325,

thereby giving an instance of the pattern 213. A pair of permutations (p, q) on [n] is

said to (simultaneously) avoid the pair of patterns (σ, τ) if no subset of [n] gives rise to

both an instance of σ in p and of τ in q. For example, {2, 3, 5} forms a 321 pattern

in 15432 and at the same time a 213 pattern in 43215, and so the pair (15432, 43215)

is not (321, 213)-avoiding, while (4132, 2134) is (321, 213)-avoiding even though neither

permutation avoids its corresponding pattern. (The point is that you can get a subset

of [4] that gives a 321 pattern in the first permutation and another subset that gives a

213 pattern in the second but you can’t get a single subset to do both simultaneously.)

In these terms, a pair of permutations (p, q) is allowable if and only if it avoids both the

pairs of patterns (12, 21) and (321, 213).

In this note, we give another characterization of allowable pairs in terms of the weak

Bruhat order on S
n
, the set of permutations on [n] : p ≺ q in this order if q can

be obtained from p by a sequence of one or more interchanges of two adjacent entries,

each of which increases the number of inversions by 1. Let H
n
denote the edge-labeled

Hasse diagram for the weak Bruhat order on S
n
, where each edge is labeled by the smaller

of the two interchanged entries associated with the edge; H3 is shown.
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edge-labeled Hasse diagram for the weak Bruhat order on S3

2

http://en.wikipedia.org/wiki/Hasse_diagram


We can now characterize allowable pairs in S
n
as follows.

Proposition 1. A pair of permutations (p, q) in S
n
is valid input-output for a priority

queue process as above if and only if (i ) q � p in the weak Bruhat order and (ii ) there

exists a path in H
n
going up from q to p that has weakly decreasing labels.

For example, the only path from q = 213 up to p = 321 has labels 1,2 (in that order),

a sequence that fails to be weakly decreasing, and indeed (p, q) = (321, 213) is not an

allowable pair.

If q � p in H
n
and there is a weakly decreasing path from q up to p, then it is unique.

So there is a manifestation of (n + 1)n−1 in the weak Bruhat order:

Proposition 2. Turn H
n
into an edge-labeled digraph by directing all edges upward. Then

(n+ 1)n−1 counts weakly decreasing paths in H
n
.

The priority queue paradigm is, in short, “insert-deleteMax”. Sometimes deleteMax is

replaced by deleteMin. In this case, the characterization of allowable pairs in Prop. 1 still

holds provided edges are labeled by the larger of the two associated interchanged entries,

and the pattern avoidance criterion becomes “avoid (21, 12) and (123, 231)”. Other

variants include inserting the first entry of the input permutation into the container or

placing the deleted entry at the end of the output permutation (or both) giving further

variants on the two pairs of patterns to be avoided.
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