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ABSTRACT 

We investigate strategies for the Bernoulli two-armed bandit based on a one-armed ban- 

dit threshold value (an index analogous to  the "Gittins index"') and on upper confidence 

bounds for Oi. Using backward induction and the Bayesian viewpoint, we observe that for 

independent beta priors, these strategies improve on the myopic strategy and get very close 

t o  optimal in terms of total expected reward. We also show that the strategy proposed in 

Berry (1978) is roughly equivalent to the myopic strategy in terms of expected reward. 

1. THE BERNOULLI TWO-ARMED BANDIT 

Assume that we have two stochastic processes {arms) generating a sequence of 0 - 1 

Bernoulli random variables with parameters O1 and respectively. We are able to  make an 

observation (pull) of one of the arms at each of a possibly infinite number of stages. After 

choosing one arm we may choose that arm again, or we may switch arid choose the other 

arm. Our objective is to maximize the expected value of the payoff Cr=,a,Z:, where 



A = (al ,  02,. . . ,an,. - .) is a discount sequence with cl, > 0 and 0 < Cr=O=, an < m, and 2, 

is the observed random variable at stage n. The discount sequences that are most frequently 

used are the finite horizon uniform discount sequence A = (I, 1,1,. . . ,I, 1,0,0,. . .) and the 

geometric discount sequence A = (1, a, a2, a3,.  . with 0 < a < 1. 

Following the Bayesian approach of Berry and Fristedt (1985), the problem is defined once 

we know the prior probability distribution G(&, B2) and the discount sequence A. We will 

address the case where and are independent and we will denote the prior distribution 

in terms of the marginal priors: Fl {01), .&(&). A strategies T will assign to  each partial 

history of observations the arm t o  be selected at the next stage. We define the worth of T 

for the (Fl ,  F2, A)-bandit to be W (F,, F2? A; T) = E, (CF=l ~d,Z,j. The value of the problem 

is V(&,  F2, A) = sup, W ( F l ,  Fz, A; T )  and an optimal strategy is one attaining V ( F I ,  F21 A).  

We use the notation diph Fi to denote the distribution of Oi after having observed q successes 

and fi failures on arm i ,  i = 1,2 .  

The horizon of A is N = inE(n : a, = 0 for m > n). When the horizon is finite, in 

principle we can use backward induction t o  determine the arm chosen first by an optimal 

strategy as well as the  value of the problem; in practice, for Iarge N this is too computer 

intensive both in terms of time and storage. Thus much research has focused on describing 

structural properties of optimal strategies. For example, when the priors on Bl and 02 are 

independent, Berry (19721, building on Bradt e t  al, (19561, gives conditions under which 

all Bayes optimal rules "stay on a winner." A second line of research has concentrated on 

constructing and evaluating good suboptimal strategies (Bather, 1981, Berry, 1978, Jones 

and Kandeel, 1985 and Wahrenberger et al., 1977). 

Many sequential suboptimal strategtes have been proposed. Some strategies base the 

decisions only upon the last outcome. For example, Robbins (5952) proposed the "play on a 

winneriswitch from a loser" strategy and proved that it bests, uniformly in (01, e2) any rule 

that is not data dependent. The "myopic" one step look-ahead stratem (rWqi,), chooses 

the arm i with the largest posterior expectation for Oi given all the  previous observations. 

As a generalization, "m-step look ahead" strategies are those that are optimal when we 

have m observations left. Specifically, Berry (1978) presents a strategy based on the fact 

that for two-point priors concentrated on (a, b) and {b, a),  the myopic strategy is optimal 



(Feldrnan, 1962). Berry suggests mapping any prior G(B1,Bz) down to three parameters: 

a = E(BIIB1 > &), b = E(QzlBl > 82) and r = P[(Bl,02) = (a,b)] = P(B1 > 65). He then 

suggests proceeding myopically for this new two-point prior. Thee and other suboptimal 

strategies are discussed in Berry and Fristedt ('1985). 

There are many criteria of optimality other than the worth used here. Rebbins (1952) 

defined a rule t o  be mymptotically optimal if the proportion of successes converges almost 

surely to rnax(&, Q2), as N increases. Bayesian optimal and myopic strategies are not asymp- 

totically optimal (Gittins, 1979). There exist a whole host of randomized strategies that are 

asymptotically optimal but for finite horizons they could be far from best; see, for example, 

Bather (1981). 

2. LAMBDA STMTEGIES AND IMPROVEMENTS 

To introduce what we will a l l  "Lambda" strategies, we first have to  present the one- 

armed bandit problem. This is a special case of a two-armed problem where we know O2 (=A, 

say). The problem is completely characterized by the prior distribution F of the unknown 

the mean A, and the discount sequence A. Berry and Fristedt (1979, 1985) define a 

discount sequence to be regular if given 7, = C z ,  oj we have that, whenever ym+~  > 0, 

( ~ ~ + z  f h + l )  I: (~y,+l/p.,), for any m = 1,2 ,3 ,  . . . Finite horizon uniform and geometric 

discounting are regular. Regular discount sequences are important because for them the 

one-armed bandit problem becomes an optimal stopping problem; we only have to decide 

when to stop experimenting with arm 1 and switch to arm 2. Also when A is regular with 

al > 0, for every distribution F on [0,1], there exists a unique A(F, A) E LO, l] such that 

arm 1 is optimal initially in the (F ,  A t  A) - bandit if and only if X 5 A(E A). 

If A is geometric A(F, A) is cdIed the "Dynamic Allocation Index" or the '"ittins Index"; 

see Gittins (1979, 1989) and Gittins and Jones (11374). For general regular discounting, 

where A is not necessarily geometric, we refer to the index A(F, A) computed from A as 

the "Lambda index." Far finite horizon discount sequences, this break-even A(F,  A) can be 

computed to any degree of accuracy by finding the X = A(F, A )  that makes both arms 1 and 

2 optimal at the  first stage. Since V ( F ,  A, A) is increasing with A, a bisection method can 



be used to compute X = A(F, A) quite efficiently. 

Suppose that instead of using E(BiI&) as the criterion of the attractiveness of arm i, 

the way the myopic strategy does, we use h(fi,  A ) .  Given the ( F I ,  F2, A)-two armed bandit 

problem with a regular discount sequence, we define a Lambda strategy, ( T ~ ~ ~ ~ & ) ,  to be the 

one that chooses the arm i such that: 

Whenever the two indices are equal we choose the a m  that has been used the least. When A 

is geometric, Gittins and Jones {1974), building on Bellman (19561, proved that this strategy 

is the optimal strategy. Berry and Fsistedt (1985) prove that if A is regular with al > 0 

and if this Lambda stratew is optimal for any set of (FI, Fz),  then A has to be geometric. 

Given that these A(Fi, A) indices are easy to compute for finite horizons (even easier than 

for geometric discounting), they have appeal even if they turn out to be suboptimal. 

2.1 The Relationship Between AEF, Al and ErOlFl 

To compare the performance of the Lambda strategies and the myopic strategies, it is 

useful to know how A(F, A) relates to E(BIF). We can view ACF, A) indices as posterior 

upper bounds of E(81F) that depend on A. Let: 

Both l(Fi, A) and k(Fi, A) regulate the importance of sampling to obtain information instead 

of just looking for the immediate reward E ( X  I Fi). Gittins (1989) calls 1 (F ,  A) the "learning 

component". When we have two independent Bernoulli arms with F.=beta(ai, bi) priors 

such that E(XIFl )  = E(XI F2) and A is geometric, Gittins and Wang (1992) prove that the 

learning component is larger for the arm i for which a, + bi is smaller, (and thus when 01 Fi is 

more uncertain). In the case where the horizon is finite and uniform, no such general result 

has been found so far. However for N = 2 it is straightforward to  show that for any F, 



A(F, A) = E(#IF) a1 + a2@(91uF) - Var (0 IF) 
&I 4- a2E(@IF) - E ' B I F )  + al + a2E(BIF) ' 

Thus for the family of priors F with the same expectation and N = 2 ,  A(F, A)  is a 

linear function of Var(8IF). The smaller Var(B1 F), the more informative F is about 0, and 

the closer A(F, A) is to E(BI F )  and thus the closer the Lambda strategy is to the myopic 

strategy. For larger N, it is possible to express A(F, A) as a complex function of the central 

moments of F of order less than or equal to N. Ginebra (1993) gives A(F, A) in a closed 

form for N = 2 ,3 ,4  and any regular discount sequence, generalizing the results of Bradt et 

al. (1956) for uniform discounting. 

For the twc-point prior distribution, Ginebra (1993) shows that for most of the cases 

tried there, the Lambda strategy yields total expected payoffs larger than the myopic strat- 

em but sometimes the myopic strategy does better than Lambda. When N = 1, both the 

myopic and Lambda strategies agree with the optimal strategy. When N = 2 and the priors 

are independent, Ginebra (1993) proves that: W (PI, F2, A; qa*) 2 TV (PI, Fz, A; 7,,,iC). 

We conjecture that for independent arms and regular discounting, the worth of the Lambda 

strategy is larger than the worth for the myopic one for any N. This conjecture is strength- 

ened by the results in Section 4 below and in Ginebra and Clayton (199413). 

2.2 The A ( ~ ) ( F ,  A) and A@)(F, A) Indexed Strategies 

In Section 4, we see that the amount of improvement we get by using the Lambda 

strategies instead of the myopic one is considerable. Looking for indices that improved on 

A(F,A),  we checked what was going wrong in the backward induction process when the 

Lambda strategy chose the arm that was not optimal. For all the priors and horizons we 

tried, whenever A(F,,A) made the wrong decision, A(crFi, A('))  would have made the right 

one, with A(") = (a,+l, a,+z, a,+s, . . .). We combined these two indices into one index by 

mirroring the way h ( F ,  A) itself improves upon E(BIF) when N = 2. 1% assumed that this 

should be done in a, way such that if F collapses to a point mass at AX, the new index should 

coincide with A(F, A) .  Two alternatives are: 



Actually A ( ~ ) ( F ,  A) coincides with A(F, A) for N = 2. In Section 4, when we test these new 

h(')(F', A)  indexed strategies, we use A(lrs*ph F, A(")) as the index at stages n = N - 2, N - 1 

and we switch to either A ( ' ) ( O ' ~ ~ ~ ~ F ,  A(")) or h(2)(u"vfi F, A ( 4 )  for all the previous stages. 

2.3 The Truncated A(F,  A') Indexed Strategies 

One alternative simple strategy wouId be the one that chooses the arm i that has the 

largest A(Fi, A') ,  where A' is the truncated N = 2 horizon discount sequence that we get 

from taking al and a2 from the true discount sequence A, and setting the other values 

equal to 0. In general, suppose that we have taken n observations so far and we have 

observed si successes and fi failures with arm 2 ,  (s i  + f i  < n). The idea is to improve on 

the myopic strategy without using backward induction, by pulling the arm i with the largest 

A ( o S i @ ~ , ,  A;,)) index, defined as: 

with A;,) = (an+l, %+2,0,0, . . .). This strategy is evaluated in Section 4. While we could do 

better using closed expressions for the Lambda index truncating at N = 3,4 or using even 

better lower bounds for A(F, A ) ,  the ease of computation of A(F, A') makes it appealing. 

The main advantage of myopic strategies over Lambda strategies is that they are easier 

to impIernent. We now define new strategies that are as simple as the rnyopic one and tend 

to get larger  worth^ than myopic most of the time. 



If we knew 01 and e2, the optimal strategy would trivially select the arm i with the largest 

Bi. The myopic rule estimates these two parameters through their posterior expectation 

and selects the arm with the largest estimate. Lai (1987) presents a class of strategies that 

experiment at the arm i with the largest upper confidence bound for the estimated parameter 

for that arm. He defines the upper bound in a way that allows him to prove the asymptotic 

optimality of those strategies when the distribution on the arms belongs to the exponential 

family and has its prior on the natural parameter space. This setting does not include the 

Bernoulli model in the current form since B is not the natural parameter. Here we adapt his 

idea by proposing to use a simple normal approximation for the posterior confidence interval 

of Bi, i.e,: 

At each stage, the strategy choses the arm for which UB(Fi) is the largest. K is a parameter 

that regulate the amount of "learning" that our strategy does. A large K will tend to work 

better for large horizon discount sequences where we have time t o  exploit what we learn from 

pulling unfavorable arms that are less well known. If we start with the prior distribution 

Fi = beta(ai, bi) for Qi, this index after ss successes and fi failures with arm i will be: 

Lai ((1987) presents an allocation rule cp* that approximates his asymptotically optimal rule, 

and applies it to the Bernoulli case. Table 1 gives the worths normalized by N for the optimal 

strategy, Lai's strategy and the upper bound strategy defined in this section. The worths 

for Lai's cp* strategy are taken from his paper. We computed the other worths exactly using 

backward induction with K = 0,676; when we face a tie, we choose the arm pulled the least 

and when used the same number of times we choose arm 2. ( K  was chosen arbitrarily to be 

a quartile of the normal distribution). 

Even though all the strategies have similar total expected rewards, the new upper bound 

strategies appear to do better than Lai's for these four combinations of independent beta 



Table 1: W (Fl ,  F2, A; T) divided by N when r is the Bayesian optimal strategy, the strategy 
cp* proposed in Lai (1987) or the new upper bound strategy with K = 0.676. The discount 
is uniform with N = 50 and the priors are independent beta. 

priors. 

3.1 Influence of K: Adantive U e ~ e r  Bound Strateeies 

Letting K vary yields a family of upper bound strategies that include the myopic strategy 

when K = 0. When K is large, the strategy always pulls the arm known the  least as measured 

through the posterior standard deviation of 0. Figure 1 shows how the worth of these upper 

bound strategies changes with K for the uniform discount sequence with N = 40 and for four 

different combinations of independent beta priors. Each dot represents the exact worth of 

one strategy belonging to this upper bound family as computed through backward induction. 

The two horizontal Iines are the worths obtained by the myopic and the optimal strategies. 

(The worth for the Lambda strategy overlaps the optimal one). We can see that for small 

K, the worth increases roughly with K though not strictly monotonically. It peaks close to 

the optimal value before K = 2 and for large K ,  the upper bound strategy behaves worse 

than myopic. 

Notice that the improvement of the upper bound family over myopic is especially large for 

the beta(1,l) x beta(6,6) case. Under this prior, sampling starts with the assumption that 

the two arms have the same expectation on Oi but that arm 2 is known better than arm 1. 

Since we choose arm 1 whenever E(BIIFl) - E(B2IF2) > K (  Jw- d m ) ,  the 

best K will relate the amount of immediate expected payoff we should be willing to give up 

to the difference in the standard deviation for the two &'s. The best strategy in this family 

fails to be optimal in part because we keep K constant for all N stages. Lambda strategies 

improve on that by using, at each stage n, the best indexed strategy out of a richer family 

of indices that are functions of the N - n first moments. To try to  match the behavior of 



A(&, A) without actually computing it we could recompute the best K = K: at each stage 

n for the remaining horizon. 

For this Bernoulli case, finding the best K = K* for a given problem does not make 

sense since it is easier to implement the optimal strategy. In Ginebra and Clayton (1994a) 

we propose an extension of this idea to the response surface bandit; there we find the best 

upper bound strategy for the given problem by estimating through simulation their worths 

as a function of K. 

4. COMPARISON OF STRATEGIES 

Jones (1976) and Jones and Kandeel (1985) compare myopic and play the  winner strate- 

gies with the optimal strategy for two pairs of independent beta priors. Fhbinson (1983), 

using simulation, estimated the worth conditional on (B1, 02) for several strategies including 

the one that uses the Gittins index computed as if the discount sequence was geometric with 

a = 0.99, 0.995 and 0.9999; Wang (1991) does another comparison, but with the exception of 

Berry (1978), we are unaware of anyone computing the exact Bayesian worth for suboptima1 

strategies using backward induction. 

If we have an (F*, F2, A) two-armed Bernoulli bandit and we have had si successes and 

f i  failures on arm i (i = 1,2), the backward induction equation for any strategy T is: 

where A(") = (a,+l, a,+*, . . .) and p, is I when T selects arm 1 and 0 when it selects arm 2, 

w(" is the worth obtained by pulling arm i first and then proceeding as dictated by T ,  



Figure 1: Exact worth for the upper bound strategies as a function of K;  when tied, they 
choose the arm pulled the least and when used the same number of times they randomize. 
The two horizontal lines correspond to the total expected reward for the optimal and the 
myopic strategies. The discounting is uniform with N = 40 and the priors are independent 
beta. 



with n = sl + sg + fi + f2 and T meaning the arm that is not arm i. We computed the exact 

worth for the strategies in Sections 1, 2.1, 2.2, 2.3 and 4 using these equations. For the upper 

bound strategies we used K = 0.676. Whenever the strategies face a tie on both arms, we 

chose the arm used the least and if they have been used the same number of times, we used 

arm 2. In Table 2 we present the worths normalized by N for all the strategies listed plus 

the ones corresponding to the strategy described in Berry (1978) (in his case, he randomized 

ties). We use a subset of the combinations of beta priors used by Berry (1978) and we use 

uniform discounting with N = 50. Ginebra (1993) has the results for the complete set of 

priors used in Berry (1978) as well as for N = 25. 

The most important fact that appears in Table 2 is that the myopic strategy yields mrths 

that are quite close to the worths yielded by the optimal one, That closeness obscures 

the improvement we get using the upper bound and Lambda family of strategies instead 

of the myopic one. For the priors in the table, we observe that the Lambda and upper 

bound strategies always have larger warths than the myopic one and that the strategy from 

Berry (3978) is roughly equivalent to the myopic strategy, Also, the two indexed strategies 

presented in Section 2.2, based on the A(')(F,A) and A ( ~ ) ( F ,  A) indices, yield larger worths 

than the Lambda strategy; the one based on A ( ~ ) ( F ,  A) has larger total expected payoffs 

than the one based on A ( ~ ) ( F ,  A) in 10 cases, and smaller in 25 cases, with 1 tie. The worth 

of the Lambda strategy agrees with the optimal value at Ieat  up to  the fourth significant 

digit while the strategies using A ( ~ ) ( F ,  A)  and A ( ~ ) ( F ,  A) obtain worths that agree with the 

optimd value up to the fifth significant digit. 

For these priors, Ginebra (1993) shows that the myopic strategy is optimal for N's smaller 

than 6 to 8 while the upper bound strategies, Lambda strategies and their modifications 

sometimes are optimal for N as large as 25. Table 3 presents the worths divided by N for 

the same strategies and uniform discount sequences with N < 50 and beta(l,l) (uniform) 

independent priors. We included the ms tep  ahead strategies with m = 3,5. Tn general, we 

can rank the strategies in terms of worth from best to tvorst as: hIi)(F, A) indexed strategies, 

Lambda, 5-step ahead, upper bound strategies with K = 0.676, 3-step ahead, the strategies 

that use the truncated h ( F ,  A') index from Section 2.3 and the myopic and Berry (1978) 

strategies. We have observed this same ranking whenever we have used pairs of beta priors, 



with upper bound doing sometimes better and sometimes worse than three and five step 

ahead strategies. Only for very small N do the upper bound strategies behave sometimes 

worse than myopic, and A(~)(F, A) indexed strategies worse than Lambda strategies. 

Overall we would say that when N is small and we ham independent arms and beta 

priors, we can implement the optimal strategy. For intermediate and large N we can use any 

of these easy-to-use suboptimal strategies knowing that we are not losing much. This point 

is strengthened in Ginebra and Clayton (1994b), where it is shown that Bayesian optimal, 

Lambda and myopic strategies are also very close conditional on (81,02). 



Table 2: W ( F L ,  Fz, A; T )  divided by N for eight strategies; when r faces a tie, it chooses the 
arm pulled the least and when used the same number of times it chooses arm 2. We use 36 
combinations of independent beta priors and uniform discounting with N = 50. The results 
for the strategy in Berry (1978) are taken from that paper. 
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Table 3: W(Fl,  F2, A; 7) divided by N; when T faces a tie, it chooses the arm pulled the 
least and when used the same number of times it puIls arm 2. The priors are U(0, I) and 
the discounting is uniform with N = 4,8,12,16,20,24,28,32,36,44 and 48. 
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