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SUMMARY 

Sequential selections are to be made from two stochast ic  processes, or 

"arms", each y i e l d i n g  Bernoulli responses. A t  each stage the arm selected 

depends on previous observat ions .  The o b j e c t f v e  f s  to maximize the expected 

number o f  successes I n  the first n s e l e c t i o n s .  The probability o f  success for a 

g i v e n  select ion depends on a c o v a r i a t e  through a l o g i s t i c  transformation, For 

one arm, t h i s  transformation i s  completely known; for the other, i t depends on 

an unknown parameter, O p t i m a l  strategies are developed I n  terms o f  a 

break-even value f o r  the cavar iate:  i t  i s  optimal t o  observe the arm w-l th 

unknown parameter i f  the covarfate  i s  less than the break-even value, Other 

properties of optimal strategies are related to those f o r  non-covariate model s. 



1, Introduction 

A b a n d i t  problem i n v o l v e s  sequential  selections or " p u l l s "  from a number o f  

s tochas t i c  processes (or "arms", machines, treatments, etc. ) . The a v a i l a b l e  

processes have unknown c h a r a c t e r i s t i c s ,  so learning can take place as the 

processes are observed. As Sn Bradt, Johnson, and Kaslin (19561,  we shall 

r e s t r i c t  our a t t e n t i o n  to  the c l a s s  o f  f i n i t e  hor izon Bernoulli band i ts ,  in 

which the responses are Bernoulli random variables and  the goal i s  t o  maximize 

the expected sum of the f i r s t  n observations. Berry and F r j s t e d t  (1985) discuss 

this and many other forms o f  bandi t model s .  

The b a n d i t  model has been proposed as a model f o r  a clfnlcal  t r i a l .  

The arms represent treatments, and the goal i s  to a1 1 oca te  treatments 

sequentially so as  to mximire the expected tota l  number o f  successes. 

However, i n  a t yp ica l  bandi t  problem, the observations made on a given arm are 

assumed to be exchangeable (see, for example, Berry and Frlstedt, 1 9 7 9 ) .  In a 

clinical t r i a l ,  t h i s  imp1 i e s  that a l l  subjects receiving the same treatment have 

the same (marginal ) probabtl i t y  o f  success. In t h i  s paper we extend t h f  s notion 

by supposing that,  for a given arm, the  probabflity of success for a given 

subject  depends both on the treatment being used and on a covariate t h a t  can 

encode relevant characterist ics a f f e c t i n g  the chance of success. t h i s  m i g h t  

inc lude such t h i n g s  as the general health o f  the subject, age and sex o f  the 

subject, and so on. 

To descr ibe our model formally, we begin by assuming t h a t  there are two 

arms. Let Xi and Yi denote the results  from arms 1 and 2 respectively, a t  stage 

i : for i C n exactly one o f  the pair (Xi ,yi) i s  ac tua l ly  observed. We also 

assume that  prior to  makfng the i t h  observat ion we can observe a covariate Si. 



We assume tha t  functrons P and .A e x i s t  such t h a t  P ( X i = l  1 ~ ( 5 ~ ) )  = p(Si) 

a n d  P ( Y 1 = l ( A ( S i ) )  = A(Si). In what follows, we shall  assume tha t  a f t e r  

the 1-lst pull and p r io r  t o  the i th pull ,  only the c o v a r i a t e  values SI,...,Si 

are known. Informally, we o b t a l n  no information about  the i+lst and l a te r  

subjects  u n t i l  a f t e r  the ith sub jec t  has been treated. 

Subjc ts  are t o  be t rea ted sequent ia l ly ,  and p a s t  informatton can be used i n  

deciding Row to  proceed. In par t icular ,  t h e  arm selected f o r  observation a t  t h e  

i th se lect ion depends on t h e  prev ious  se lect ions ,  the previous r e su l t s ,  the previous 

covariate values,  and the value of t h e  covar ia te  for  the subject about t o  be 

t rea ted.  A decSsion procedure or strategy speci f ies  which arm t o  select based 

on t h i s  information, The worth o f  a strategy i s  def ined i n  the usual way a s  the 

expectation of the sum o f  the f i r s t  n observations for a1 1 possible histories 

resul  t lng  from tha t  strategy.  A s t ra tegy i s  opt imal  I f  i t  y ie lds  the maximal 

expected sum. An arm i s  said t o  be optimal i f  i t  i s  the f i r s t  se lect ion of some 

optimal s trategy.  

Many possjbil  i t i e s  e x i s t  fo r  describf ng the  re la t ionship  between p, A, and the 

covariate,  We choose a l inear - log i s t i c  model: ~ ( s )  = e x p j e s / ~ ( l + e x ~ \ a + s ] )  and 

X(s) = exp{c+s)/(l+exp {c+s)). When necessary, we shal l  w r i t e  these as  p( a , ~ )  and 

l(c,s), making the dependence on a and c exp l i c i t .  We shall assume t h a t  the 

cha r ac t e r i s t i c s  o f  arm 2 a r e  known I n  the  sense t ha t  c i s  a known constant, He 

assume t h a t  a i s  unknown and following a Bayesian approach, we suppose t h a t  

prior information regarding a can be given by a probabill t y  d i s t r ibu t ion  R. 

Finally,  we assume t h a t ,  pr io r  t o  their  observation, the cova r i a te  values are 

unknown, and t h a t  they are i . i . d .  w i t h  a known dis t r ibu t ion  function G. T h i s  

implies tha t ,  while the cevariate value f o r  a given subject i s  unknown u n t i l  the 

subject arr ives fo r  treatment, the  dis t r ibu t ion  o f  possible covariate va lues  i s  

known. Me shal l  use lower case letters s,t,sl,s2.,. etc. to denote 



observed val ues o f  the covar ia  te. In the s i  tua ti an where a subject % scovarfa t e  

value, s, i s  known, b u t  the  subject  has not yet been treated, we shall refer to  s 

a s  the "current" covariate value.  

Although we have introduced our  model fn a c l in ica l  trial  s e t t i n g ,  one can 

describe industrial and ether s e t t i n g s  where i t  would be equally appl fcable ,  

For convenience, we shall continue to  use the c l i n i c  trial s e t t i n g  in describing 

our results ,  

A special case a r i s e s  when G 1s degenerate at a po in t .  In t h a t  case, the 

c o v a r i a t e  values are the same for a l l  subjects, and the s i t u a t i o n  presented 

here becomes equivalent to  the b a n d i t  o f  Bradt, et a1 . ( 1956 ) .  When comparing 

bandit models, we shall  refer to  the model set out in t h i s  paper 

as the "covariate" b a n d i t  model, and t o  the made1 o f  Bradt et a1 . (1956) as a 

"standard" b a n d i t  model. 

The information about arm 1 i s  described by the d i s t r i b u t i o n  measure 

on a, Inj t ia l ly ,  th4s I s  given by R ,  As we make observa t ions  on arm 1, 

we can describe the posterior distrlbutlon of a given observations as 

follows: I f  successes on arm 1 have been observed when the covariate values 

were sin . , , s and i f  f a i l  ures occurred when the covari a te val ues were 
j ' 

tl,. ,tk, then the p o s t e r i o r  measure on a i s  given by 

where 

This  i s  an extension o f  the n o t a t i o n  o f  Berry and Fristedt (1979 p ,  1087). Note t h a t  

order i s  immaterial here: f o r  example, G , ( ~ R  = mtosR. For n o t a t i o n a l  convenience we 



shal l  sometimes refer to oS as ... a + ...( R a s  hR, h denoting the previous 
1 2  y l t 2  tk - - 

history of successes, f a i l u r e s ,  and t h e i r  corresponding c o v a r i a t e  values, 

Throughout t h i s  paper we use the n o t a t i o n  E(  I R )  to denote expectation over a w i t h  

respect  t o  the d i s t r i b u t i o n  R.  When there can be no confusion, we omit R from the 

no ta t ion .  

By an " (s,n ,R,c) b a n d i t "  we mean a b a n d i t  fo r  which the current  covarf a t e  value 

i s  s, the number of subjects t o  treat i s  n, the d i s t r i b u t i o n  on a i s  R ,  and the 

parameter on arm 2 i s  c. (We shal l  regard G as  f i xed  throughout, and suppress i t  

f rom the n o t a t i o n . )  In n o t a t i o n  similar to  Berry (1972) and Clayton and Berry (19853,  

l e t  w,~(s,R,c) be the wor th  o f  s e l e c t i n g  arm i i n i t i a l l y  i n  the ( s , n , ~ , c )  bandi t .  

I 2 
The worth o f  proceeding optimally i n  t he  (s,n,~,c) bandl t  i s  rnaxt~ ,  (s,R,c),~, ( s , ~ , c )  1 ,  
which we denote by Wn(s,R,c). The expected worth, before s i s  observed, i s  then 

(1.1) jWn(s,R,c)dG(s) = W,(R,c). 

Note t h a t  fo r  n 3 1 we have the usual dynamic programming equations: 

and 

(1.3) 
2 w, (s,R,c) = i ( s )  + Wn-l(R,c). 

Together w i t h  the e v i d e n t  condj t lon t h a t  W~(R,C) = 0, the above equat ions g i v e  

a recurs ion  f o r  determining W, (s,R,c) and W,(R,c). 

One further quant i ty  t h a t  we shall use in describing o p t i m a l  strategies i s  

the  d i f f e r e n c e :  

11.4) 
1 2 d n ( s , R , c )  = ( s , R , c )  - Wn (s,R,c). 

The s i g n  of An i n d i c a t e s  the optimal arm a t  any stage: i f  bn(s,R,c) > 0 

then arm 1 i s  optimal initially; i f  \(s,R,c) < 0 then arm 2 i s  optimal i n i t i a l l y ;  

and i f  A ~ (  s,R,c) = 0 then e i t h e r  arm i s  optimal. Suppose an optimal p u l l  has 

been made. I f  arm 2 has been observed, and i f  the cu r ren t  covar iate  vat ue f s 



t, then we are faced w i t h  a (t,n-l,R,c) bandit, and therefore observe arm 1 or  

arm 2 according to the  sign o f  A ( t ,R,c) .  If, fnstead, arm I was observed on n-1  

the f i r s t  p u l l  t h e n  a t  the next  stage we p u l l  arm 1 or arm 2 according to the 

sfgn of A,,-l(t,a,R,c) or %_l(t,+,R,c). 

The problem described here i s  a form of two-armed b a n d i t  w i t h  one arm known, 

I n  the special case of a standard bandit,  t h i s  problem has been described as a 

"one-armed" bandit since i t  i s  a stopping problem: for the standard bandit an 

optimal strategy can a l w a y s  be found f o r  which any p u l l  of arm 2 i s  optimally 

followed by another pul l  o f  arm 2, Examples of bandits  sat isfyTng such a 

condi t ion  a r e  contaf ned 4 n Brad t, e t a1 , ( 1 9 5 6 ) ,  Berry and Fri sted t ( 1 9 7 9 ) ,  

Clayton and Berry (19851, Clayton and Witmer 11986) and others. As we shall 

see below, such a characterizat ion cannot  be appl ied in general t o  the covar ia te  

band? t. 

Al though  the bandit  model has been discussed extensively (see Berry and f r i s t e d t ,  

1985) re la t fve ly  l i t t l e  has been written on the incorporation of covariates i n  

bandit  models. A notable e x c e p t i o n  i s  that o f  Woodroofe (1979), who studied a 

bandit  model t h a t  incorpora ted  covaria tes and yf el ded normal l y dis t r ibuted 

observations, For t h a t  bandf t model Woodroofe derived second order 

approximations to  optimal strategies and investigated t h e i r  behavior.  Th7s 

con t r ibu t ion  should be regarded a s  important twice over: first, fo r  f n t r o d u c l n g  

a covariate band3 t model, and second, fo r  a f u r t h e r  discussion of bandf t s  

other than Bernoulli. (See Clayton and Berry (1985), f o r  another example o f  a 

non-Bernoull i bandit,) However, as  Sirnons ( 1986) has commented, resul ts 

derived f o r  n o r m a l  models are d i f f i c u l t  t o  a p p l y  t o  the Bernoulli s e t t i n g .  

As we shal l  see below, the  Bernoulli covariate model behaves in a more 

cornpl i c a t e d  fash ion  than either the s tandard bandit or Woodroofe' s Gaussian covar ia te  

model. T h f s  i s  due i n  p a r t  t o  t h e  f a c t  t ha t ,  i f  we view the Bernoul l i  covarfate 

band i t  a s  a Markov dec is ion  problem, then an important component o f  the state  



space I s  I?, the d i s t r i b u t i o n  on a. Except when G has a f i n ?  t e  support, t h i s  

imp l i es  t h a t  the s t a t e  space i s  e f f e c t i v e l y  f n f i n i t e  dimensional. As a 

consequence, the expl  i c i t  determinat ion of opt imal s t ra teg ies  i s  d i f f i c u l t ,  

unless n i s  small or the support of G i s  on a small number o f  points ,  A similar 

issue arises when a Dirichlet process prior i s  used i n  a sequential decfsfon 

problem (Clayton, 1985, Clayton and Berry, 1985). 

In t he  remainder o f  t h f s  paper we shal l  focus on properties o f  optfmal 

strategies i n  the covar ia te  band i t  and on the r e l a t i o n s h i p  between 

t he  standard band i t  and the  covar ia te  bandft .  I n  Section 2 we i n v e s t i g a t e  some 

basic monotonicf ty  properties o f  the c o v a r i a t e  bandi t  and discuss stopping 

rules, I n  Sect ion 3 we d iscuss  further the properties o f  optimal s t ra teg ies  i n  

terms o f  a break-even value. Sect ion 4 contains some further comments. 

2, Proper t ies  o f  optimal s t ra teg ies :  

I n  t h i s  sec t ion  we begin t o  describe some of the properties o f  op t ima l  

s t ra teg ies .  As w i t h  most bandits,  the current model can be seen as  an a t t e m p t  

t o  reconcile two conff i c t i n g  goals:  (13 to obtain i n fo rmat ion  about R; and 

(2 )  t o  maximize the chance o f  success f o r  each p u l l .  Such a c o n f l i c t  ar ises,  f o r  

example, when E P( sl < h l  s)  a t  a par ti cular  stage. A pul  l on arm 2 w? 1 1  have a 

g rea te r  chance o f  success f o r  the c u r r e n t  subject, b u t  a p u l l  o f  arm 1 may yf e l d  

Snformation about R t h a t  w i l l  have a bene f i t  when making fu tu re  p u l l  s. On t h e  

other hand, i f  R i s  such t h a t  E[ p ( s )  lhRj - > X(s) f o r  a1 1 h i s t o r i e s  - h, 

then arm 1 will always be optimal,  and l i kewise ,  i f  E [ p ( s )  l h ~ l  - < X(s), far a l l  - h,  

then arm 2 wlll always be optimal. Such s i tuat ions can a r i se ,  f o r  example, i f  

P(a>c) = 1 ar P(a<c) = 1, 

It i s  possible t o  prove, using equations (1.1), (1.2), (1.3), induct ion,  

and Jensen's inequal 7 ty, that 



I n  words, W,(R,c) i s  bounded above by what would be the expected uti l i ty i f  

a were known a t  the outset. Wn(R, c )  i s  bounded be1 ow by the worth  o f  a 

strategy that, for each subject, takes the covar ia te  i n t o  account b u t  ignores 

any posterior information gained about a during the tr ia l ,  Finally, this fatter 

worth and W,(R,c) are both  bounded below by the  worth o f  a strategy t h a t  

p u l l s  the same arm throughout  the trial.  

As mentioned above, the s tandard b a n d i t  i s  a stopping problem, i n s o f a r  as an 

optimal p u l l  of arm 2 can be followed by another optimal pull o f  arm 2 .  ThTs 

need not be the case for t he  covariate bandi t ,  as the follawfng example shows. 

Example 2.1: Suppose c = 0, and P(a=-I) = P(a=l) = 1 /2  = P(S=-5) = P(S=5), 

Then i t  i s  easy, b u t  tedious,  to  calculate: 

Hence, arm 2 i s  optimal when n = 2 and S = +5 .  However, arm 1 i s  optimal when 

n = 1 a n d  S = -5. T h i s  result  reflects the i n t u i t i o n  t h a t  when the current 

covariate value i s  su f f ic ien t ly  small, arm 1 i s  more a t t r a c t i v e  since there i s  

some potential t h a t  a will be +1. However, when S i s  large, arm 1 becomes less 

attractive, since there i s  a r i s k  t h a t  a will be -1./ / / /  

Although t h e  covarl'ate b a n d i t  i s  n o t  a stopping problem i n  the usual sense, 

i t  does sat is fy  a weak stopping rule property, a s  follows: 



Theorem 2 .1 :  I f ,  for the ( s , n , R , e )  b a n d i t  arm 2 i s  uniquely optimal for a l l  s, 

then there e x i s t s  an optimal strategy f o r  wh ich  i t  i s  optimal to p u l l  arm 2 for 

the  (s,m,R,c) bandi t ,  m n, fo r  any s. 

Proof: t h e  p r o o f  i s  a g e n e r a l i z a t i o n  of the proof  o f  a s i m i l a r  

resul t i n  Brad t, e t  a1 . ( 1956) .  Suppose, to the contrary, t h a t  there ex7 s t s  an 

rnl < n such that arm 1 Js uniquely optimal under the strategy r for t he  (s' ,in' ,R,c) 

b a n d i t .  Consfder an (s' ,n,R,c) b a n d i t  t h a t  fo l lows  r for the f i r s t  rn' 

pul l s ,  and then pulls arm 2 for the rema in ing  n-m' p u l l s ,  Th is  has a w o r t h  t h a t  

i s  no less than !4,(s1 ,R,c). B u t  t h l s  c o n t r a d i c t s  the unlque optimality of arm 

2 for the s 1  ,n,R,c bandi t . / / / /  

Another property o f  the standard bandi t  i s  t h e  "stay on a winner" property: i f  

an optimal pulf o f  arm 1 yields a success, then i t  i s  optlmal to pull a r m  1 aga in .  

T h i s  need not  hold, a s  shown i n  the next example. 

Example 2.2: Suppose c = 0, P( a=-1) = P(a=5) = and P(S.1) = -99 = 1 - P ( S = 3 ) .  

Then h2(3,R) = .00125 b u t  b1(3,03R) = -.00869. That i s ,  w i t h  5 = 3 and two 

observations to  take,  arm 1 i s  optimal. However, i f  a p u l l  o f  arm 1 under 

such circumstances yields a success, a subsequent p u l l  o f  arm 1 when S = 3 

will  not  be optimal . I / / /  

A 1  though no sfmple stay-on-a-winner r u l e  e x i s t s ,  a weak form of 

stay-on-a-winner does ex is t ,  as f o l l  ows. 

Theorem 2.2: Suppose i n  the (s,n,R,c) b a n d i t  t h a t  an initial p u l f  o f  arm 1 f s 

uniquely optlmal and t h a t  a success obta ins .  Then there e x i s t s  an s '  I n  the 

support o f  G such t h a t  a pull o f  arm 1 i s  optimal f o r  the (st,n-l,oSR) bandit. 



Proof: Suppose t o  the  cont ra ry ,  t h a t  arm 1 I s  not  optfmal f o r  any s' i n  the 

support of G f o r  the ( s ' ,  n-1, oSR,c) bandi t .  Then by Theorem 2.1 arm 2 i s  

o p t i m a l  f o r  the remaining n - l  pu l l s ,  and t h u s  

Hence W ( o R , c )  = (n-l)lX(s)d~(~J. It follows fronTheorem 2.3 below and n - l  s 
equation (2.1) t h a t  

Moreover, s ince a p u l l  o f  arm 2 i s  op t ima l  for a l l  p u l l s  af ter  the first, 

i t  fo l lows t h a t  Ep(sl) G i ( s l )  fo r  any sl i n  the support o f  G .  Finally, by 

equat ion (1.2) t h i s  implies t h a t  

c o n t r a d i c t i n g  the f a c t  t h a t  arm I i s  uniquely  optimal for the fSrst p u l l , / / / /  

While the covariate b a n d i t  and the standard bandf t  share the stopping rule 

and stay-on-a-winner properties i n  only a weakened sense, both bandi ts  have 

several monotonic i ty  p r o p e r t i e s  i n  common, For example, It i s  easy t o  prove by 

i n d u c t i o n ,  us ing  (1 .2 )  and (1.3) t h a t  Wn(s,R,c) i s  nondecreasing i n  c. 

We can a1 so develop a monotonf e i  t y  result fo r  arm 1. Th is  con ta ins  the 

f i n i t e  hor izon  vers ion o f  Theorem 3.1 o f  Berry and Fristedt (1979)  as  a spec la l  case. 



D e f i n i t i o n  2.1: For any two random v a r i a b l e s  X and X '  w j t h  d f s t r i b u t i o n  funct ions F 

and F' respectively, we say t h a t  the d i s t r i b u t i o n  o f  X t  i s  " t o  the r i g h t  o f "  the 

d f s t r i b u t i o n  o f  X if F(b)  F '  ( b )  f o r  a l l  b. As noted i n  Marshall and Olkin, (1979), 

t h i s  condi t ion  i s  equivalent  t o  the cond i t ion  t h a t  Eg(X1 1 2 Eg(X) f o r  any 

nondecreasfng g such t h a t  the expecta t ions  exist.//// 

Note t h a t  i f  the d i s t r f b u t i o n  o f  a y f s  t o  the r i g h t  o f  the d i s t r i b u t i o n  o f  a, 

then the d i s t r i b u t i o n  o f  P( a ' , $ )  i s  to the r i g h t  o f  the d i s t r i b u t i o n  o f  p ( a , s ) ,  

f o r  a l l  s. In a d d i t i o n ,  i f  the  d i s t r i b u t i o n  o f  p ( a l , s )  i s  t o  the r i g h t  o f  the 

d i s t r i b u t i o n  of p ( a , s )  for some s,  then S t  i s  easy t o  show t h a t  t h i s  must hold for 

a l l  s, and t h a t  the d i s t r i b u t i o n  o f  a' i s  t o  the r i g h t  of the d i s t r i b u t i o n  of a. 

D e f i n i t i o n  2.2: I n  an extension o f  a not ion o f  Berry and F r i s t e d t  (1979), 

i f  R' and R are measures f o r  a, we defjne R-0 be "strongly  t o  the r i g h t "  o f  R 

i f  - hR' i s  to the r i g h t  o f  - hR f o r  a l l  h i s t o r i e s  - R.//// 

Given these de f in i t i ons ,  we have t he  fallowing: 

Theorem 2.3: I f  R 1  is s t rong ly  t o  the  r i g h t  o f  R then 

i i W,(R1,c) 2 W,(R,c) and for a l l  s, W,(s,R1,c) 3 W,(s,R,c). 

2 1 Proof: f h l s  i s  immediately t r u e  by induct ion f o r  Wn. Consider W,. 



Since R' i s  to the r l g h t  o f  R, E ( p ( s )  ( R ' )  3 E ( P ( s )  IR ) .  Note t h a t  p R '  i s  

strongly to the r i g h t  o f  a,R, and both  of these are strongly t o  the r i g h t  o f  

mSR- A l s o ,  mSR' 1s strongly t o  t he  r i g h t  o f  4,R. By Induc t ion ,  each o f  the 

quan t i t i es  i n  square brackets i s  nonnegative. The r e s t  o f  the p r o o f  follows 

by de f i n i t i on  o f  W,(s,R,c) and equation (1.1).//// 

Lemma 2.1: I f  sl < s2 then 

(i) 0 R i s  t o  the r i g h t  of a, R and 
I 2 

(ii) R i s  t o  the r i g h t  o f  $ R ,  
S2 s3. 

Proof: We prove par t  (i) ; the  proof o f  p a r t  (ii) f s similar. It w711 s u f f i c e  

t o  show t h a t ,  f o r  a l l  b. P(ucblo,  R )  P(u~blo R), or equivalent ly ,  t h a t  
1 S2 

GSritfng the dependence o f  p on ct e x p l i c i t l y ,  (2.2) i s  e q u i v a l e n t  t o  

where I A  i s  the i n d i c a t o r  f unc t i on  o f  the set A .  By Tonellits theorem, the 

right s i d e  o f  (2.3) i s  



However, i f  a a < a', the integrand i n  (2,4) i s  nonnegative, and i f  a 9 a c a' 

f a j l s ,  the i n t e g r a n d  i s  zero.//// 

An immediate consequence o f  Lemma 2.1 a n d  Theorem 2.3 is the fol lowing. 

i Theorem 2.4: For a1 1 n,R,c,t, and i ,  each o f  Wn(aSR,c), W,( t, oSF!,c), and 

~ , [ t , o ~ R , c )  are nonincreasing i n  s and each of Wn(mSR,c), wA(t,$,~.c), and 

W (t,$,R,c) are nondecreasing i n  s. n 

Theorem 2.4 and parts (i) - ( i v )  of Proposf t i o n  2.1 below are related t o  the 

" in fo rmat ionn  obtained by a particular p u l l .  A success observed on arm 1 when s 

i s  large i s  relatively uninformative, since l i m  ~ ( s )  = 1 fo r  any a. However, a 
S'=" 

success observed when s i s  l a r g e  i n  magnitude and negative i s  p o t e n t i a l l y  q u i t e  

informative: i t  suggests tha t  a i t s e l f  I s  large, The reverse s f  t ua t ion  a r i s e s  

when we observe a failure on arm 1.  Bounds on the " in fo rmat ion"  avai lable  i n  a 

p u l l  are given by p a r t s  (ii) and (iii) o f  the Proposit ion. Part  ( v )  o f  P r o p o s i t i o n  

2.1 suggests that as  the current  covar ia te  value grows large f n  magnitude, we 

become t n d i f  f e r e n t  t o  the choice o f  arms for  the next p u l l ,  

do,R ,a d h + J  -a 
Proposition 2.1: De f i ne  cr_-R by 7 = 7 and R by aR = - 

Ee ~ e - ~  ' 

For a l l  n, for = 1 and 2, for a l l  R and for a17 c, 

(i) lirn W (0,R.c) = l i m  wn(rn,R,c) = w,(R,c) 
S+do s+-' 

(ii) lim M,( oSR,c) = W,( q,R,c) 
s + - m  



1 2 
( v )  l i m  Wn(t.R,c) = T i m  W,(t,R,c) 

t+s- t + f m  

Proof: We prove some parts o f  the proposition. The remainder f o l l o w  s i m i l a r l y .  First  

we prove the f l r s t  half o f  p a r t  ( i v ) ,  using induction. The result i s  easy when 

n = I. Note t h a t  

By the induct ion  hypothesis, l i m  W,_l( O~O~R,C)=W,-~( otR, C )  . A 1  so i t  i s  easy to 
S 

show t h a t  Tim E C p ( t ) l ~ ~ R 1 = E p ( t ) .  SO 
S +- 

To prove part (i), use part ( l v ) ,  not ing t h a t  

lim W,(o,R,c) = l i m  j Wn(t.o,R,c)dt 
S -bm s+* 

The second equal i ty above fo l  1 ows from the dominated convergence theorem and 

equatlon (2.1). To prove p a r t  ( v ) ,  note t h a t  



1 l i m  Wn(t,R,c) = l i r n{Ep( t )  + E O ( ~ ) W ~ _ , ( ~ ~ R , ~ )  + [ I - E P ( ~ ) I W ~ - ~ ( ~ ~ R , C ) I  
t + m  t +QI 

3. The function A,,. 

As mentioned above, the funct ion A, can be used to determine optimal 

strategies. As must also be evident, the determinat lon o f  A, i s  nontrivial. In 

this s e c t l o n  we explore certain properties o f  A, and dlscuss their imp l i ca t i ons  

for determining properties of the optimal strategy. 

Note t h a t  I t  i s  useful  and proper to consider A, as a function of s f o r  a l l  

real s, even though the support o f  G might  be on some proper subset o f  the 

reals. O f  course, i n  usfng A, t o  determine optimal strategies, attention w i l l  

be restr ic ted t o  those s i n  the support of G, 

I t  i s  easy to show, by fnduct ion,  and using (1.21, (1.31, and the de f in i t ion  o f  

An (1.4) that An i s  a continuous f unc t i on  o f  s and c .  From Propos i t ion  2 . l ( v )  

it i s  ev ident  that T i m  %(s,R,c) = 0. T h i s  f a c t  i s  illustrated i n  Figure 1, 
s ++ 

where An i s  plotted as  a function of s f o r  n = 1, ..., 6 and f o r  R and G such 

1 t h a t  P ( u = - 1 )  = P(u.1) = = P(S=-1) = P(S=l). We note f rom Figure 1 t h a t  An 

has a t  most one r o o t  f n  s. We now s e t  about a proof o f  that f a c t  f o r  t h e  case 

n = 1,  and derive a weaker result when n > 3 .  

Theorem 3.1. If R is not degenerate at a point ,  then hl(  s,R,c) has a t  most 

one root i n  s. 



Remark: I f  R i s  degenerate a t  c, then Al(s,R,c) = 0 for  a l l  s. I f  R i s  

degenerate a t  a p o i n t  other t h a n  c ,  then Al(s,R,c) has no roots in s. 

Proof :  Without loss o f  general i ty,  we can assume c = 0. Let sl < s2. We show 

that: (a )  if Al(s2,R,0) 3 0 then bl(sl,R,O) > 0. A simllar approach 

shows that :  ( b )  if A l ( s l , R , O )  < 0 then A~(s~,R,O) < 0. Parts (a )  and (b)  

complete t h e  proof. 

To proceed w i t h  ( a ) ,  note f i r s t  t h a t  bl (s ,R,O)  = A(s)d[s), where d(s)  = 

~ [ ( e ~ l ) / ( l + e ~ ~ )  IR]. Since h(s)  > 0 for a l l  s, i t  will su f f i ce  to show t h a t  

A ~ ( S ~ , R , O )  3 0 implles d(sl)  - d ( s p )  > 0. Next, note t h a t  

i s  n o t  degenerate a t  a p o i n t ,  this  difference i s  strict ly  p a s f t l v e .  F i n a l l y ,  

some algebra shows t h a t  

Consequently, bl(s2,R,0) 3 0 implies s2,aslR,0) 0 which i n  turn i m p l i e s  

d ( s l )  - d(s2) > 0, as required.//// 

The resul t  o f  Theorem 3.1 may be restated i n  an a1 ternatjve form, whf ch 

we note as  a Corollary. 

Corollary 3.1: In the (s l , l ,R,c)  bandit, there e x i s t s  a quant i ty 

HI = E ~ ( R , c )  E[--,-I such t h a t  a pull of am 1 i s  optimal i f  sl < 1 ;  a p u l l  o f  

arm 2 i s  o p t i m a l  i f  sl > El; and either i s  optimal i f  sl = El. 

Remark: I f  El = +-, then a p u l l  o f  arm 1 is optimal for a l l  s, 

and if El = -- then a pull o f  arm 2 i s  optimal for a l l  s. So, for example, 

S f  P(a>c) = l then Z = +CO, l 



Theorem 3.2: If R '  i s  strongly t o  the r i g h t  of R, then Al(s,R1,c) 2 al(s ,R,c)  

and E1(Rb,c)  ' "(R,c). Also, bl(s,R.c) i s  decreasing i n  c; El(R,c) i s  

nonincreasing i n  c, 

Proof: T h i s  i s  an immediate consequence of Theorem 2.3 and the definitions o f  

Al and El.//// 

We conjecture t h a t ,  f o r  a l l  n, there e x i s t s  a q u a n t i t y  w i t h  properties 

similar t o  El; namely, i n  t h e  (sn,n,R,c) b a n d i t .  I t  i s  optimal t o  p u l l  arm 1 i f  

n < e,(R,c) and i t  i s  optimal to  pull arm 2 i f  s > E,(R,c). I n  t h i s  sense 

En(R,c) would be a "break-even value" f o r  the  covar la te.  If  En were t o  e x i s t  

for n 2 2, then a complete determination of an optimal strategy could be given 

i n  terms o f  En. Our n e x t  result and i t s  corollary are partial  results i n  t h a t  

d i rec t ion .  

Theorem 3.3: For  a l l  n, bn(s,R,c) 3 A ~ ( S , R , ~ ) .  

Proof: From 11.21, (1.31, and (1 .4 ) ,  

~ , , ~ ( s , R , c )  - A ~ ( ~ . R ~ C )  = EP(S)H n ( o S R , t )  + CI-EP(S)IW~( $ s R 7 ~ )  

13.1) 

- w,(R,c) 

The r i g h t  side of (3.1) may be w r i t t e n  as  

We show t h a t  the  i n tegrand i n  (3.2) f s  always nonnegative by 

induction. For  n = 1, there are two cases. If Wl(t,R,c) = A ( t ) ,  then the 

result i s  clear, since W l ( t ,  aSR,c) A c t )  and Wl[t,+,R,c) A ( t ) .  



I f  Wl( t,R,c) = E p ( t ) ,  then we note t h a t  Wl(t,o,R,c) 3 E [ v ( t )  1 osR] and 

W l ( t , $ S R , ~ )  3 E [ P ( ~ )  14SR1, whence the  integrand i n  (3.2) i s  bounded below by 

E r  P( S) IEI P( t) 1 O ~ R I  + C1-E P ( S )  ]EL P(  t) 1 bSRI - EP(  t) = 0. 

For  t h e  i n d u c t i o n  step we assume t h a t  the integrand i n  ( 3 . 2 )  Ss 

nonnegative for n = rn. Again, we d i s t j n g u i s h  two cases: 

Z First, when Wm,l(t,R,c) = W,,l(t,R,c) then we have 

- - W,,l(t,Rac)* 

The f i r s t  inequal i ty  above follows by d e f i n i t i o n  of Wm,l. The second i nequa l i t y  

f o l l o w s  by the induction hypothesis. I n  the second case, if 

\m+l ( t ,R ,c )  = W,:~(~,R,C) then following (1.2), the in tegrand i n  (3.2) can be 

written as  the sum o f  three components, A ,  0,  and C, say, where 

and 



Some algebra shows t h a t  A = 0. Consider the expression B. We may wr i te  

whi  cR i s  nonnegative by the jnduction hypothesi  s. Ll kewl se, the f nduction 

hypothesis may be used to  prove t h a t  C 3 0, and the theorem now fol  tows.S/// 

I 

Corollary 3.2: For any n,R,c, there e x i s t s  a zA(R,c) such t h a t  i f  s, < E ~ ( R , c )  

then arm 1 i s  optimal i n  the (s,,n,R,c) b a n d i t .  Moreover, i f  we take 

E;(R,c) = zl(R,c), then E;(R,C) c;(R,c). 

A 

Let z,(R,c) be the largest $,(R,c) such t h a t  the property given i n  Corollary 3.2 
A 

ho lds .  ( I n  p a r t i c u l a r  i l ( ~ , c )  = ";(R,c) = xl(R,c) .) Then Cn(R,c) i s  a 

weak form o f  "break-even value" for the covariate s, i n  the following sense: 
A 

i f  5, < E,(R,c)  then arm 1 i s  optimal i n  the (s,,n,R,c) bandi t .  Noting that 

PIS) and A(s)  are increasfng I n  s, th i s  says that, i n  terms o f  a cl inical  trial,  

when subjects have csvariates such t h a t  the probability of success i s  small, 

then It i s  better  to  use the experimental, unknown treament (arm 1). Our 

conjecture  that E,,(R,c) e x i s t s  for a l l  n i s  equivalent to the conjecture t h a t  
n 

sn 
> E,,(R,c) implies t h a t  arm 2 i s  optimal in the (s,,n,R,c) bandit. T h l s  

certainly hof ds for t he  example f n Figure 1, and we have shown i t to hold 

in  other examples net provided here. The proof o f  such a result f n  general 

seems particular? y el usf ve, however, The fol lowing example represents a 

partial result regarding the existence o f  z,(R,c) for n 1. 

Example 3.2: Suppose c = 0, P ( a = l )  = p = 1 - P(o=-l), and P(S=-1) = P(S=T) = 112. 

We demonstrate the  existence o f  C2 in t h 7  s case. For brevity, we suppress c 

f r o m  the  nota t ion .  It w i l t  suf f ice  t o  show t h a t  



2 2 1 i f  Hz(-1,R) = W2(-l,R), then W2(1,R)  = W2(1,R), and i f  W2(1 ,R)  = W2(1,R) then 

W e ( - 1 , R )  = ,R) . we prove these sirnul taneously by cont rad i  c t l on .  

2 1 Specifically, suppose t h a t  W2(-1,R) = W2(-1,R) and t h a t  W2(1,R) = W2(1,R). 

2 I f  W2(-1,R) = W2(-1,R) then i t  follows t h a t  A2(-1,R) < 0, where dl(-1,R) x 0 by 

Theorem 3.1. B u t ,  b u t  Theorem 3.2, dl(-1,R) < 0 i m p l i e s  t h a t  al(-1, $_lR) < 0 

and bl(-l,\R) < 0. From Theorem 3.1, we t h u s  have Al(l.R) < 0, Al(l,4-1R) < 0, 

1 and ~ ~ ( l , $ ~ R l  < 0. Since W2(1.R) = W2(I,R) by assumption, i t  must be t h a t  

dl(- l ,olR) > 0. There are now two cases: ~ ~ ( l , a ~ R )  0 and bl(l,alR) < 0. 

The second case can be shown to be impossible. Therefore, 

2 On the other hand, W2(1,R) = h ( 1 )  + 1 / 2 h ( l )  + 2 -  whence 

2 S i m i l a r l y ,  w~(-~,R) = A ( - 1 )  + 1/21(1) + 1/21(-1) and 

b12(-1,R) = Ep(-1) + 1 / 2 E C ~ ( - 1 ) ( ~ ( 1 )  - h(1) + d-1) - h ( - l ) ) l ,  since, by 

Lemma 2.1 and Theorem 3.2 A ~ ( S , ~ _ ~ R )  3 dl(s,olR) 3 0. It fo l lows t h a t  



Some tedious algebra shows t h a t  

A 2 ( 1 , R )  > 0 i f f  p > .5883 

while 

A*(-1,R) > 0 i f f  p > . 5694. 

Th is  leads t o  the sought a f t e r  contradiction,//// 

4. AddStional Comments 

As mentioned, Coral 1 arf es 3.1 and 3.2 are df rected toward the description o f  

optimal strategies i n  terms o f  a break-even val ue fo r  the c u r r e n t  covarlate 

val ue, 

In noncovariate b a n d i t  t reatments,  opt imal  p o l i c i e s  have been descr ibed i n  

terms of a break-even val ue for arm 2. (See, for example, Bradt, e t  a l  . 1956, 
Berry and Fri stedt, 1979, Clay ton  and Berry, 1985, and Berry and Fri s t e d t ,  1985. 

G i t t e n s  and Jones, 1974, have used such indexes i n  describing m u f t i -  

armed bandi ts . )  A comparable break-even value for arm 2 of the covariate bandit  

i s  a quant i ty  C, (s ,R)  which would characterize optimal strategies as  fo l lows:  

i f  ccC,(s,R) then a p u l l  o f  arm 1 i s  optimal, if c>Cn(s,R) then a p u l l  o f  arm 2 

i s opt ima l ,  and i f  c = C, ( s ,R) then e i  ther arm i s  optimal.  We con jec ture  t h a t  

such a quanti ty  c,(s,R) e x i s t s  for a l l  n,s, and R. Indeed, i t  i s  easy to  see 

that Cl(s,R) ex ls ts  f o r  a l l  s and R; i t  i s  the root i n  c of the equat ion 

bl(s,R,c) = 0. The next r e s u l t  descr ibes  a s i t u a t i o n  i n  whlch C2(s ,R)  e x i s t s :  

P r o p o s f t i o n  4.1: If A l ( ~ , R , ~ )  - )Al(t,~,c)d~(t) i s  decreasing i n  c, then C2(s,R) 

exi  s t s .  



Remark: The Rypothesfs o f  the proposi t ion i s  equivalent t o  the requirement t h a t  

j X ( t , c )  (1-X(t ,c)  )dG( t)cX(s,c) ( l -Us ,c )  1. 

Proof: We prove t ha t ,  under the hypothesis of the proposition, A2(s,R,c) r s  

decreasing i n  c. The existence of C2(s,R) as a r o o t  i n  c o f  b2(s,R9c) = 0 then 

follows from the f a c t  t h a t  limA2(s,R,c) = EP(s) and lirnbp(s,R,c) = E d s )  - 1. 
C+- c+- 

If we let A; = m a x ( ~ ~ , O /  and A; = -mln{al,O/ then 1 . 1 ,  1 . 2  (1.3) and ( 1 . 4 )  

can be used t o  show t h a t  

The desired result now follows from the f a c t  t h a t  Al(t,R,c) i s  decreasing i n  c 

for a l l  R e / / / /  

The method o f  proof used fo r  P r o p o s i t i o n  4.1 can be generalized to show that i f  

Al(s,R,c) - njbl(t,R,c)dG(t) i s  decreasing i n  c and i f  hm(s,R,c) i s  decreasing 

i n  c for a l l  s,R, and m<n, then ~ & s , R , c )  i s  decreasing i n  c and C,(s,R) exists. 

Such hypotheses are undesirably s t rong ,  however. 

We conclude w i t h  some comments regarding other covariate models. A natural 

extens ion  o f  the model presented i n  t h i s  paper would allow the sf ope o f  the 

l o g i s t i c  t rans fo rmat ion  t o  vary. That  i s ,  we might have 

P ( S )  = exp{ar+Rsj/(l+exp{a~Bsf) w i t h  a and B both unknown, and w i t h  a similar 

definition for X ( s ) .  



The followfng example shows t h a t  an index for s may n o t  e x i s t  for such a 

covariate model. 

Example 4.1. Suppose A(s) = es/(l+es) and ~ ( s )  = e B S / ( l + e B S ~ ,  w i t h  

1 P ( 6-0) = = P( B-10). Then E P ( s )  - I(S) i s  p o s i t i v e ,  and so arm 1 i s  favored,  

i f  s<-1.0986 o r  I f  0<s<1.0986, and Ep(s)-A(s) i s  negative, and arm 2 i s  favored,  

el sewhere.//// 

391 though an jndex may not e x i s t  f o r  the covar ia te  models descrf bed Cn the 

paragraph proceeding Example 4.1, we conjecture that "index sets" e x i s t ,  as  

follows: for any d i s t r i b u t i o n  R on ( C X , ~ )  t h e r e  e x i s t s  a s e t  n,(R) such t h a t  arm 

1 i s  optimal i f  szQn(R). We conjecture t h a t  a number of results similar to 

those developed i n  the previous sect ions w i l l  ho ld .  For example, if R and R '  

are two d i s t r i b u t i o n s  on (a,&) such t h a t  E [ g t p l s I )  lhR]  - < E[g(p(s))lhR'] - fo r  

a l l  nondecreasing g, for a l l  s,  and a l l  h i s t o r i e s  - h, then we expect t h a t  Qn(R)  

i s  a subset of n , (R t ) .  
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Figure 1. A,(s,R,c)for vdousnands. Herep(--1) =P(cr=l)=O.S=P(S=-1) =P(S=l). 


