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ABSTRACT

Penalized likelihood regression consists of a categorpwifrnonly used regular-
ization methods, including regression splines with RKH8aby and the LASSO.
When the observed data comes from a non-Gaussian expdriemily distribution,
a penalized log-likelihood is commonly used to estimatenefriegression function.
This technique allows a flexible form of the estimator andsaanan appropriate bal-
ance between the goodness-of-fit and the flexibility of theredor. This thesis is
composed of two major parts, both of which are within the feamrk of penalized
likelihood regression.

The first part of the thesis presents a direct extension dodilzad likelihood re-
gression with RKHS penalty to the situation when the obskoayariates are prob-
ability spaces. In order to estimate the regression functie use a penalized like-
lihood that incorporates the covariate distribution infiation. We prove that the
penalized likelihood estimate exists under a mild conditim the computation, we
propose a dimension reduction technique to minimize thalpssd likelihood and
derive a GACV (Generalized Approximate Cross Validatianthoose the smooth-
ing parameter. A direct implementation of our methods isaodie incomplete data

problems such as covariate measurement error and partiaing covariates.



viii

The second part of the thesis concerns estimating the degféeedom for pe-
nalized likelihood regression including regression sgiand the LASSO. For non-
Gaussian data the degrees of freedom can be defined in theviakn of Efron’s
optimism theory. We show that the degrees of freedom for Ipthlikelihood re-
gression can be estimated by: (1) the trace of the influen¢exnoé the mean; and
(2) the GACV. With these results on hand, various model selecriteria—AIC,
BIC, GACV and BGACV- are available to select the regular@aparameter. We
also generalize our methods to treat the variable selegtioblem with multivari-
ate Bernoulli observations—a more complicated penaliketihood regression prob-

lem.



Chapter 1

General overview

1.1 Overview

In this thesis we are concerned with two important issueeoffized likelihood
regression with non-Gaussian data.

Classical penalized likelihood regression problems détl the case that the in-
dependent variables data are known exactly. In practiogeber, it is common to
observe data with incomplete covariate information. Irs tbtse estimating a re-
gression function nonparametrically is extremely difficiWe are concerned with a
fundamentally important case where some of the obsenstiomot represent the
exact covariate information, but only a probability distriion. By working with ran-
domized covariate data, we aim to provide a general frametedrandle incomplete
covariate data. Our methods have been extended to treatub&ms of covariate
measurement error and partially missing covariates.

Degrees of freedom is commonly used to quantify the modelptexity of a
statistical fitting procedure. Estimating the degrees@édiom is fundamentally im-
portant in penalized likelihood regression as it plays apdrtant role in model as-
sessment and selection. In the framework of Efron’s optimtiseory, we propose a
convenient estimation of the degrees of freedom and dishesglationship with the

generalized approximate cross validation (GACV). Our radghcan be extended to



treat the variable selection problem with multivariatei@erlli observations—a more

complicated penalized likelihood regression problem.

1.2 Outlineof theThesis

The rest of the thesis is organized as follows. Chapter 2idses the penalized
likelihood regression with randomized covariate data. A& briefly reviewed the
classical penalized likelihood regression and the relatedmplete data problems.
Then we derived the penalized likelihood for randomizedaciae data. A series
of lemmas under weak lower-semicontinuity are derived towskthe existence of
penalized likelihood estimate. Numerically based on gaiadle integration formulas
for probability measures, a novel computational schemes\®ldped to obtain an
approximate estimator in a finite dimensional subspace. cbhesponding GACV
function is derived to select the smoothing parameters.erAfiat we extend our
methods to handle other incomplete data problems incluchngriate measurement
error and partially missing covariates. Finally we illad& our methods by several
simulation studies and a real data analysis.

Chapter 3 concerns estimating the degrees of freedom faliped likelihood
regression. We first review the definition of the degrees @édom and multivari-
ate Bernoulli distribution. Then we derive a convenientneation of the degrees
of freedom for penalized likelihood regression. The relaship with the GACV is
discussed. It can be shown that the GACV provides an alteenastimation of the
degrees of freedom. After that we consider the variablecieleproblem with mul-
tivariate Bernoulli observations. We first propose a treeddog-linear model with
fewer parameters to be estimated. Then we derive a GACV hasad augmented
response technique. Afterwards we estimate the degreeseddm. Finally we

illustrate our methods via several simulated examples.



Chapter 4 provides some concluding remarks. Appendix Aiotes all the tech-
nical proofs. Appendix B derives the GACV for penalized likeod regression with
randomized covariate data. Appendix C extends the metHdaZisapter 2 to smooth-

ing spline analysis of variance (SS-ANOVA) models.



Chapter 2

Penalized likelihood regression in reproducing kernel Hilbert
spaces with randomized covariate data

2.1 Introduction

2.1.1 Penalized likelihood regression in reproducing kernel Hilbert
spaces

We are concerned with non or semi parametric regressiondtar flom a non-
Gaussian exponential family. Suppose that we havedependent observations
(yi,x;),1 = 1,...,n, where eachy; denotes the response and eagldenotes the
covariate information. The goal is to fit a probability megisan, assuming that the
conditional distribution ofj; givenx; has a density in the exponential family with the

form

pyilzi, f) = exp{(yi - f(2:) = 0(f(2:)))/a(9) + c(yi, 9)}, (2.1)

whereb(-) and¢(-) are given functions witty(-) strictly convex,¢ is the scale pa-
rameter and is the regression function to be estimated. We assume thoutghis
chapter thaty is known, as, for example, Binomial data and Poisson datahin

case, (2.1) can be simplified by

pyilwi, ) = expfyi - f (i) — b(f (2:)) + (i) }- (2.2)



Note that the methods of this chapter can also be extendéeé wtuation whew is
unknown, but may be more computationally complicated.
The regression functiofi will be estimated non or semi parametrically in some

reproducing kernel Hilbert space (RKHE&) by minimizing the penalized likelihood
1< A
I(f) = Z log p(yil:, f) + 57 (f), (2.3)

where the penalty/(-) is a norm or semi-norm if{ with finite dimensional null
spaceH, = {f € H | J(f) = 0} and ) is the smoothing parameter which bal-
ances the tradeoff between model fitting and smoothnesshidrcase if the null
spaceH, satisfies some condition, saying that /) has a unique minimizer if,
then the minimizer of ,(f) in H exists in a knowm-dimensional subspace spanned
by H, and functions of the reproducing kernel. See, for examplmetdorf and
Wahba (1971)[28], O’'Sullivan, Yandell and Raynor (1988)[3Wahba (1990)[39]
and Xiang and Wahba (1996)[44]. This model building tecbrigknown as pe-
nalized likelihood regression with RKHS penalty, allows foore flexibility than
parametric regression models. We will not review the gdrigesature, other than
to note two books and references therein. Wahba (1990)[8&sca general intro-
duction of spline models. Gu (2002)[20] comprehensivelyiews the smoothing
spline analysis of variance (SS-ANOVA), an important inmpéatation of penalized

likelihood regression in multivariate function estimatio

2.1.2 Randomized covariate data and related problems

In this chapter the issue we are concerned about is theisitiuahere compo-
nents ofz; are not observable but only known to have come from a paatiquiob-
ability distribution. This concept of randomized covagiatvithout the requirement
of any actual measure af;, is more flexible than the common sense of covariate

measurement error. In this case a natural likelihood-bappdoach is to treat;’s



as latent variables and minimize a randomized version oélpead likelihood that
integratese;’s out of the likelihood. This approach, however, typicdiyads to a
non-convex and infinite dimensional optimization problenRKHS. Therefore we
shall first prove that the randomized penalized likelihaohinimizable. This is the
subject of Section 2.2. Afterwards, two computational esswill be addressed in
Section 2.3: (1) how to numerically compute an estimatod; @) how to select the
smoothing parameter.

Randomized covariate data can be treated as a basic vefsimomplete data.
Our methods can be extended to other incomplete data prebldfor example,
in the survey or medical research, it is common to obtain ddtare the covari-
ates are measured with error. More specificallyis not directly observed but in-
steadz{"" = x; + u; is observed, where,;,: = 1,...,n are iid random errors.
Fan and Truong (1993)[15] regarded this measurement erairigm in the con-
text of nonparametric regression, using the methods bas&édroel deconvolution.
Their technigue was later studied and extended by, for el@rgannides and Ale-
vizo (1997)[24], Schennach (2004)[34], Carroll, Rupp8tefanski and Crainiceanu
(2006)[7] and Delaigle, Fan and Carroll (2009)[12]. CdsrtMlaca and Ruppert
(1999)[6] suggested to use the SIMEX method (Cook and Stkfat994[10]) to
build nonparametric regression models including both é&keregression and penal-
ized likelihood regression. Berry, Carroll and RuppertQ2))3] described Bayesian
approaches for smoothing splines and regression P-splviese recently, Cardot,
Crambes, Kneip and Sarda (2007)[5] used the total leastesaoathod (Van Huf-
fel and Vandewalle, 1991[37]) to compute a smoothing spdisimator from noisy
covariates. As a sequel to these works, in this chapter va¢ tneasurement error

as a special case of randomized covariates sincegamn be viewed as a random



variable (vector) distributed ag™ — u,. Therefore the methodology of randomized
penalized likelihood estimate can be employed.

We will as well be able to make another modest extension t tiee impor-
tant situation where some components of san®are completely missing. In this
case we may write; = (¢, 21"*), wherez¢* andz"** denote the observed and
the missing components. It is well-known (Little and Ru#002[32]) that a com-
plete case analysis that deletes the cases with missingrafmn often leads to bias
or inefficient estimates. Various methods for missing catardata have been de-
veloped in the context of parametric regression modelstdutate few methods
have been proposed for nonparametric penalized likelilregdession in RKHS.
For parametric regression, one popular approach is theauethweights initially
proposed by Ibrahim (1990)[21]. His suggestion is to asstime:;’s to be inde-
pendent observations from a marginal distribution dependin some parameters
and to maximize the joint distribution dfy;, x;) by the expectation-maximization
(EM) algorithm. Discussions and extensions of this methmekar in Ibrahim, Lip-
sitz and Chen (1999)[22], Horton and Laird (1999)[25], HyaGhen and Ibrahim
(2005)[27], Ibrahim, Chen, Lipsitz and Herring (2005)[28Blorton and Kleinman
(2007)[26], Chen and Ibrahim (2006)[8], Chen, Zeng andHbma(2007)[9] and
elsewhere. Ibrahim’s method can also be employed to buidlped likelihood re-
gression models in RKHS. In this chapter we will treat theginig components!
as a random vector depending on both the observed compatfénémd the covari-
ate marginal distribution. Then the methodology of randmedicovariate data can

be extended to handle missing covariate data.



2.1.3 Outline of the chapter

The rest of the chapter is organized as follows. In Secti@hw& prove the
existence of the randomized covariate penalized likelihestimation in the general
smoothing spline set-up. Computational techniques arsepted in Section 2.3.
Sections 2.4 and 2.5 extend our methods to the problem ofiet@aneasurement
error. Sections 2.6 and 2.7 describe penalized likelih@gplession with missing
covariate data. Section 2.8 provides some numerical e2ak conclude the chapter

in Section 2.9.

2.2 Randomized covariate penalized likelihood estimation (theory)

Consider the general smoothing spline set-up, whésallowed to be from some
arbitrary index set7 on which an RKHS can be defined. Randomized covariate
data is defined in the way that we “observe” for each subjegprobability space
(X, Fi, P;), rather than a realization af, whereX; C .7 denotes the domain of,

F; is ac—algebra and’; is a probability measure ovéd’;, F;).

In this case each; can be treated as a latent random variable. Thus, given a

regression functiorf, the distribution ofy;| f|] has a density

plf) = [ wludss PP (2.4
Note that, throughout this chapter, we use the lap&l8] andp(A|B) to denote the
conditional distribution ofA given B and the density function for this distribution.
According to (2.4), the penalized likelihood estimatefas the minimizer of

1) = =3 > 1og [ sluln R+ 5007, 25)

Xi



whereR denotes the “randomness” of the covariates Amslrestricted on the Borel

measurable subset
Hp ={f €H : fisBorel measurable ofi;, 7;),i =1,...,n} (2.6)

in which the Lebesgue integrals in (2.5) can be defined. It@shown that{ is a
subspace of{.

PROPOSITION 2.1H g is a subspace dft.

Proof See Appendix A.(J

This methodology can be referred torasdomized covariate penalized like-
lihood estimation or RC-PLE. Note that RC-PLE includes the classical penalized
likelihood regression where;'s are observed exactly. Actuallyf(f) equalsly(f)
if every (X;, F;, P;) stands for a single point probability.

However, computation of RC-PLE is extremely difficult. HFys since each
p(yilzs, f) is log-concave as a function ¢f, IZ(f) is in general not convex due
to the presence of the integrals. Secondly, if at leastaheF;, P;) has infinite sup-
port, then there is no finite dimensional subspace in wiiids known apriori to lie,
as can be concluded from the arguments in Kimeldorf and WéLH&L)[28]. There-
fore, we shall first prove that’( /) is minimizable and hence the phrase “penalized
likelihood estimate” is meaningful. Computational tecues will be described in
Section 2.3.

Recall that for the classical penalized likelihood regi@ssthe unique solution
in the null space is sufficient to ensure the existence of émalized likelihood esti-

mate. In the case of randomized covariate data, we extesddhdition as follows:
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ASSUMPTION A.1 (Null space condition). There exist exaatlyserved sub-

J€Cts (Ykys Ty )y (Yhos Thy ) s (Yno» Tk, ) SUCh thaty > log p(ys, |zk,, f) has a unique

maximizer inH,.

Now we state our main theorem.

THEOREM 2.2.Under A.13f, € Hp such thatf?(f,) = inf se, I2(f).

Theorem 2.2 guarantees the existence of the RC-PLE estiwiaiteh justifies the
title of the chapter. In particular, if the null space of trenplty functional/(-) con-
tains only constants, then A.1 can be ignored. In this casepénalized likelihood
estimate always exists. Our proof of the theorem is basedelower-semicontinuity

in the weak topology. We first recall some definitions.

DEFINITION 1. A sequencs f;}ren in @ Hilbert spacéH is said toconverge
weakly to f if (fx,g) — (f,g) forall g € H. Here(:,-) denotes the inner product of
H.

DEFINITION 2. LetH be a Hilbert space, a functional: H — R is (weakly)
sequentially lower semicontinuous at f € H if v(f) < liminf y(f;) for any se-

quence( fi } ren that (weakly) converges tp.

DEFINITION 3. LetH be a Hilbert space, a functional: H — R is positively

coerciveif || f||z — +oo implies~(f) = +oo. Here|| - ||3; denotes the norm ¢f.
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Theorem 2.2 can be shown by combining Proposition 2.3 andnas.4-2.6
below. Note that Proposition 2.3 is obtained from Theoref77in Kurdila and

Zabarankin (2005)[30], Page 217. The proofs of lemmas aengn Appendix A.

PROPOSITION 2.3Let’H be a Hilbert space. Suppose that M C H — R
is positively coercive and weakly sequentially lower semtiouous over the closed
and convex set, then3f, € M such thaty(fy) = inf rers v(f).

LEMMA 2.4. Under A.1, the penalized likelihood(f) is positively coercive

overHg.

LEMMA 2.5. The functionallog [, p(yi|z:, f)dP; : Hp — R is weakly se-

quentially continuous.

LEMMA 2.6. The penalty functional/(-) is weakly sequentially lower semi-

continuous.

Proof of Theorem 2.2. Consider the functionaﬂf : Hg € 'H — R. Theorem

2.2 follows from Proposition 2.2, Lemma 2.4-2.6 and Proposi2.3 [1.

2.3 Randomized covariate penalized likelihood estimation (compu-
tation)

In the preceding section, we theoretically extended peedllikelihood regres-
sion in RKHS to randomized covariate data, whe¢ravas restricted on the Borel
measurable subspagés. In practical applications, however, we often face the case

that all functions in the RKHS are Borel measurable. In thiss; we no longer need
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the restriction mentioned in (2.6). Thus, we would like togred our discussion

under the following condition:

ASSUMPTION A.2. Consider the Borel-field of H (generated by the open
sets). Mapping:

g — H
r — K,()=K(,zx)

is Borel measurable for allt;, 7;),i = 1, ...n. HereK (-, -) denotes the reproducing

kernel ofH.

Under A.2, by Theorem 90 of Berlinet and Thomas-Agnan (2[2)4Page 195,
every function ir{ is Borel measurable. It can be verified that if the dom@irc R¢

and everyF; is a Borelo-field, then A.2 is satisfied with
e Every continuous kernel;
e Kernels built from tensor sums or products of continuous&ks;
e Any radial basis kernek (z, z) = r(||x — z||4) such that-(-) is continuous at
0. Herel| - ||; denotes the usual Euclidian norm.
2.3.1 Quadraturepenalized likelihood estimates

As previously discussed, there is in general no finite dinograd subspace in
which the RC-PLE estimatg, is knowna priori to lie, so direct computation is not
attractive. In this case we shall find a finite dimensionakapimnating subspace and

compute an estimator in this space. We consider the follpwanalized likelihood:

Iy = 23 loa > mpwlz, )+ 5(1) 27)
=1 j=1
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whereZ = {z11, ..., Zimys 221, -y Znmy, } With z;; € 7 @andIl = {myy, ..., Tim,, To1,

-, Tm,, } With m;; > 0. In words, when we evaluate the integrals on the right hand
side of (2.5), eachiX;, F;, F;) is replaced by a discrete probability distribution de-
fined over{z;, zis, ..., zim, } With probability mass functio®(z; = z;;) = m;, j =
1,...,m;. Thusz;;,1 < j < m,; andm;;,1 < j < m; are referred to anodes and
weights of aquadrature rule for probability measuré’;.

In (2.7), f is only evaluated on a finite number of quadrature nodes. iUhdg it
can be seen from Theorem 2.2 and the arguments in KimeldoMéamnba (1971)[28]
that the minimizer off "' (f) in H is in a finite dimensional subspag¢; spanned
by Ho and {K (-, zi;) : z; € Z}. Thus,I7"(f) can be formulated as a parametric
penalized likelihood. Green (1990)[19] gave a generalulison on the use of the
EM algorithm for parametric penalized likelihood estinoatiwith incomplete data.
His method can be extended to minimiZe" (f). It can be shown that the E-step at

iterationt + 1 has the form of

QUfIf) = ZZw’ log p(i i), )—— (f), (2.8)

’Lljl

wheref® is estimated at iteratiohand the weight

ol 2 @
wl) = Tl 1Y) (2.9)
Zk TP (Yilzi, fO)

indicates the conditional probability ¢f;;|y;, f*']. The M-step updateg by max-

imizing Q(f|f®) in H. This is straightforward because)(f|f®) is seen to be a
weighted complete data penalized likelihood.

When the EM algorithm converges, we will obtain an estimdorhich approx-
imates the RC-PLE estimafg. Note thatj} can be interpreted as the minimizer of
I%(f) when the integrals are approximated by quadrature rulesceéjehis compu-

tational technique is referred to gaadrature penalized likelihood estimation or



14

QPLE. The motivation behind this approach is that an efficientgatare rule often
requires only a few nodes for a good approximation to thegnatle This convenient

property eases the computation burden at each M-step.

2.3.2 Construction of quadraturerules

Construction of quadrature rules is a practical issue. teoto derive more
applicable results, we further assume that each (z;y, ..., 7;4)” is arandom vector,
ie.,.7 C R%

2.3.2.1 Univariatequadraturerules

Suppose that; is univariate (i.e.d = 1). In this case ifr; is a categorical ran-
dom variable or exactly observed, théh;, P,) itself can be used as a quadrature
rule. Otherwise, if; is a continuous random variable, we will construc&aussian
guadrature rule. Development of computational methods and routines of &ans
quadrature integration formulae for probability measuses mathematical research
topic. We will not survey the general literature here, otthan to say that the meth-
ods considered in this chapter can be obtained from, Goldb/Meisch (1969)[18],
Fernandes and Atchley (2006)[16], Bosserhoff (2008)[4] &ahman (2009)[33].
Though ak-node Gaussian quadrature rule typically requires thedirshoments of
the measure’; to be finite, this convention can be satisfied by most popuiaibg:
bility distributions including normal, uniform, exponéait gamma, beta and others.
Besides Gaussian quadrature rules;; ihas a density with respect to the Lebesgue
measure, we also consider a quadrature rule with equadlgesppoints. More specif-
ically, suppose that; ranges ovefa, b], then we take equally-spaced pointgdnb]
as quadrature nodes while the quadrature weights are piapalto the density eval-

uated at the chosen nodes. Note that# —oo (or b = +00), we seta = p; — 30;
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(orb = u; + 30;) wherep,; ando; denote the first and second momentgtf We

refer to this simple quadrature rule as tived quadraturerule.

2.3.2.2 Multivariate quadraturerules

Suppose that; = (x;1,...,2:4)" is a multivariate random vector (i.ef, > 1).
In this case a quadrature rule can be generated recursivetyowe-dimensional

conditional quadrature rules. The algorithm is summarastbllows:

1. Sets = 1. Compute the marginal distribution of; and generate a quadrature

rule for z;; by using the method for univariate random variables.

2. Let{2" . 2% and{#\¥, ... 7{)} be the quadrature rule generated for the
marginal distribution of z;, ..., z;5)". For eachz§s), 1 < j < mg compute
the one-dimensional conditional distribution [@f ,.1)| (21, ..., zis)T = zj(»s)].
Then generate a quadrature rule for this distribution, tahby {27, ..., 2}, }
and {7, ..., 7%, }. Then{((z")",2:)",1 < r < n;,1 < j < m,} and
{7r§3) 77,1 < r < ;1 < j < mg} compose a quadrature rule for the

marginal distribution of ;1 ..., 25, Zi(s11)) " -
3. Sets = s+ 1. Repeat step 2 until = d.

The order that:;;'s jump into the algorithm is not important. One may rearmtte

order to simplify the computation of the quadrature rulesonfr our experience, a
guadrature rule with 7 to 12 nodes for each component; afsually yields a very
good approximation. In this case, the above EM algorithmalligwwonverges very

rapidly.
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2.3.3 Choice of the smoothing parameter

2.3.3.1 The comparative KL distance and |leaving-out-one-subject
CVv

So far the smoothing parametgris assumed to be fixed. Choice bis a key
problem in the penalized likelihood regression. For noms&n data, Kullback-

Leibler (KL) distance is commonly used as the risk functionthe estimatoyf,

KL(f", fa) = % By s- {1og ig}:;i } , (2.10)

=1
where f* denotes the true regression function and the expectatioaken over
v ~ p(y|f*) independent ofj;. In order to estimate KLf*, f,), Xiang and Wahba
(1996)[44] proposedener alized approximate cross validation (GACV) beginning
with a leaving-out-one argument to choose the smoothingrpater, which works
well for Bernoulli data. Lin, Wahba, Xiang, Gao, Klein andgii (2000)[31] derived
a randomized version of GACV (ranGACV) which is more compiotaally friendly
for large data sets. In this section we obtain a conveniem faf leaving-out-one-
subject CV for randomized covariate data and extend GAC\tandomized GACV
to randomized covariate data in subsequent sections.
In the situation when each observed covariate is actuallyoagbility space

(X;, Fi, Py, [y?] f] has a density of

P4 f) = / P4, )dP. (2.11)

i

Following (2.10) and leaving out the quantities which do depend om\, the com-

parative KL (CKL) distance can be written as
1 n
CKL(A) = - > By {log/ exp {9} fr(zi) = b(fa(w:)) } dpi} - (212)
i=1 Xi
To simplify the notation, let's denote

Liy. £.P) =log [ exp {us(a:) = bf(ai))} P, (213)

X
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the log-likelihood function for randomized covariate datdsing first order Taylor

expansion to expand at the pointy;, we have that

0
L2, fa P) ~ Ll fu P+ (50 yi>a—§<yz-, fr P, (2.14)
Direct calculation yields
OL o py ) exp () — M)}
dy I T exp {wifa(w:) — b(r(2:))} dP,
Efil?}z’yfAf)\(:L‘i)’ (2.15)

Plugging (2.14) and (2.15) into (2.12), we have that

CKL(\) ~ OBS\)+ Z i W = YD) By (1)

n

= OBSN) + + 3 (s — i) By ), (2.16)

i=1

wherey; = E 0|f*yl is the true mean response and

OBS()\) — ——Zlog / exp {ysfa(s) = b(fr(2:))} AP, (2.17)

is the observed log-likelihood. Denofé’ﬂ the leaving-out-one estimator, i.e., the
minimizer of I*( f) with theith subject omitted. Sincg,,,, s, f(x;) is the posterior
mean estimate of*(z;), following Xiang and Wahba (1996)[44], we may replace
165 By, 10 2 () DY yl-Emi‘yhfi_i] A[_i](xi) and define the leaving-out-one-subject cross
validation (CV) by

CV()) = OBS(A) + Zyz Eoppnfa(@) =B, oafy (@), (2.18)

It can be seen that (2.16) and (2.18) generalize the comgéeseCKL and CV for-
mulas proposed in Xiang and Wahba (1996)[44]. If a QPLE extirf) is computed,
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we may further approximate (2.18) by quadrature rules. Mpeifically, OBS\)

can be evaluated by

OBS(/\ ——ZlogZWU exp {yzf,\ Zij) — (f,\(z”))} (2.19)
wherez;;’s andm;;’s represent nodes and weights of the quadrature rules givee
preceding section. Define the weight functions

mij exp Y7y — b(75)}
> Tk exp {yime — b(7x)}

’wi]’(T) = s j = 1, My (220)

wherer = (71, ..., 7,,)7 is an arbitrary vector of length;. Let us use the notations

Fi = (fa(zin), ooy Falzim))” (2.21)
A= (A G B )T (2.22)
Then (2.15) yields
Ea:7|y1 f)\f/\ xl Zwm f/\z Zzg Z’w/\ ij)\ ZZ] (223)
E$i|yi7f)[\7 f wa f}\l Z] f)\ Zz] Zwkz]f)\ ZZJ (2 24)
J=1

wherew, ;; = w;; (fx) andw[;g = wij(f;[z_“) equal the weights at the final iteration
of the EM algorithm, respectively, whefy and fA were computed. Therefore a

more convenient version of CV can be obtained as
CV(A) ~ OBS()) + Z i Z wniifr(zig) —wi g (i) (2.25)

Based on (2.25) and by using several first order Taylor expassa generalized
approximate cross validation (GACV) can be derived for manized covariate data.

Before we proceed, we would like to establish some notations
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2332 Parametric formulation of 77"

As we previously discussedf’n( f) can be formulate parametrically as
17Ny, fy=—=>"1 p(uilfi) + = F T8 2.26
V@)= ;:1 og jEZl migp(Yilfig) + 5. TN, (2.26)

wheref = (fi1, -, fimys fo1s - fam, )T denotes the vector gfevaluated af z;;, 1 <
i <n, 1l <j<mt, =, 5nT with ¢ = (y;,...,y:)" beingm; replicates
of y; andy, is the positive semi-definite matrix satisfying/(f) = f 75, f. Note
that minimizing/Z" (f) in H is equivalent to minimizing 7" (77, f ) in R+ +mn,

Hence

A~

J;:\ = (JEA(ZH), ey f)\(zlml)a fA(Zzl), ooy f/\(ann))T (2-27)

minimizes (2.26). Similarly, we can denote

~

A= ) T i) A7 o) 7)) (2:28)

the minimizer of (2.26) withith subject omitted.

2.3.3.3 Generalized aver age of submatrices, randomized estimator

To define the GACV and randomized GACV we use the concepgeadr alized
aver age of submatrices and itsandomized estimator introduced in Gao, Wahba,
Klein and Klein (2001)[17] for the multivariate outcomeseal etA be a square ma-
trix with submatricesd;;, 1 < i < n on the diagonal. Denoté;; = (a’,) ., xm;, 1 <

s,t < m,;. Becaused,;’'s may have different dimensions, we calculate for edgh

n mi

_ ! e 1
= DY dh= tr(A) (2.29)

k=1 j=1

and

Vi = (2.30)

1/ (nmi(mi — 1)) 35y Do 0y, Ty > 1.
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Then the generalized averageAf is defined by

o Vi v

. i 0 Y

Aii = (0 = ¥i) Loy sems + i - €z‘€iT = 7 o 7 (2.31)
Vi Yo 0

wheree; = (1,1...,1)T is the unit vector of lengthn;. In this case, the inverse df;;
can be easily obtained by
S S B eiel (2.32)
TG =y T (8= ) (6 + (my — L))

Now we discuss how to obtain a randomized estimatet;pfLete = (eI, ..., 17,

e Cpy

wheree; = (€1, ..., €, ) With eache;; generated independently fromi(0, o2). De-
notee = (éy, ..., €, €, ..., &,)" the corresponding mean vector with replicates of
¢ foreachl <i < n, where¢; = 1/,/m; Z;”:il €;;. Then we observe the following

facts

Ec'Ae = o - tr(A) (2.33)
E{e"Ae—€"Ae} =0 - Z Z ak. (2.34)

k=1 s#t
Thus, a randomized estimate 4f, can be obtained by replacidgand-; with their
unbiased estimates’—¢” Ac and —1 €7 Ae — €7 Ae).

nm;(m;—1)o (

2.3.34 TheGACV and randomized GACV

We now present the result of GACV as follow. Details of theiviron can be

found in Appendix B. Denotéd the influence matrix of (2.26) with respect 15
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evaluated aﬁ. Write

Hyy = * *
B3 H o .. %k
H=| (2.35)
* * .- H,,

2miXymy

where eacttl;; is am; xm; submatrix on the diagonal with respect td @, ..., fim,)” -
Define W; = diag(d”(f(zi1)),....0"(fx(zm,))) the diagonal matrix of estimated
variances. LetV = diag W4, ..., W,,) be the “big” variance matrix for all the obser-
vations. Denot&; = [ — HW with submatrice&s;; = 1., xm, —Hi;W;, 1 <i < non
the diagonal. Now leff;; andG;; denote the generalized average of submatties
andG;;. Then the generalized approximate cross validation (GAGAY) be written
as

Yi — fa(zin)

GACV()) = OBS(\) + Zyz ity ees dim, )G H : (2.36)
Yi — fia(Zim,)

whereyiy (zi;) = V' (f\(z;;)) denote the estimated mean response and

dij = wagi | (Wi — ia(zi5)) (falzsy) Z’wx iwfr(zin)) + 1 (2.37)

In practice, however, computation of the influence matfixor large data sets
is expensive and may be unstable. Note that, in order to ctavipy andG;, we
only need the sum of traces and the sum of off-diagonal entrié?;;’s and G;’s.
Therefore, the exact computation BfandG can be avoided using randomized es-
timates of 4;; andG;;. To do this, we first generate a random perturbation vector
e = (e],...,el)T, wheree; = (€1, ..., 6im;)" ande;;'s are iid from N(0,02). Then

compute the mean vecter= (é,, ..., &, é, ..., &,)" whereg; = 1/,/m; Z;”;l €ij-
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Denotef,”™ and f,7"* the minimizers of (2.26) with the perturbed data-  and
77 + ¢ Similarly, denotef,”(= f,) the minimizer with the original data. To ease
the computational burden, we can gétas the initial value for the EM algorithm of

A7t and f£,7T. Becaused is the influence matrix, we have that
R~ fi7+ He, [T~ [V 4 He. (2.38)
This yields
THen T(f7T — 1), e Hem e (f7 — 7). (2.39)

Thus, a randomized estimatedf; can be obtained as we previously described. Also

it is straightforward to show that
Gen le —W(FIT = f7), @Gexe— WS- [7)  (2.40)

which implies a randomized estimate@f;. In order to reduce the variance of ran-
domized trace estimates, one may diawdependent perturbation vectefs..., €?
and compute for eacti, 1 < r < R the randomized estimaté%;;,l < i < nand

GT
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1 < i < n. Then the R-replicated) ranGACYV function is

Yi — fin(zin)
ranGACV(\) = OBS(\) +— ZZ% s s i, ) (G) T H, :
r=1 i=1 ~
Yi — ,u/\(zimi)
(2.41)

2.4 Covariate measurement error (model)

Covariate measurement error is a common occurrence in mgmgrimental
settings including surveys, clinical trials and medicalds¢s. Suppose that =

(741,...,754)" takes values in the real spakeé. In the presence of measurement error,
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x; is not directly observed but insteafl” = x; +w; is observed, where;, 1 < i <n

are iid random errors, independent(of, ;). To estimate the regression function,
our idea is to treat covariate measurement error as a spasalof randomized co-
variate data. More specifically, eachis considered as a random vector distributed
asx{"" — u;. When the error distribution is known, the distribution farcan be
obtained immediately, and therefore RC-PLE can be direstiployed without any
extra effort.

However, in practical applications, we often face the chag¢the error distribu-
tion is unknown. One common approach in the measurement léeature is to
assume a parametric model for the error density and to estittn@ unknown param-
eters from the data. Let(u;|0) denote the specified error density indexed by a real
vectorf ranging ovel© C R? and letF'(u;|#) denote the corresponding c.d.f. func-
tion. Since our goal is to estimate the regression functiastreated as a nuisance

parameter. Givenf, ), y; has a marginal density of
pl£0) = [ plolat™ = DpCudo)d (2.42)
Thus RC-PLE can be extended by
(0 =~ Zlog [ plule™ = Pl + 590 (242)

In this case, we still need Assumption A.1 to obtain the exisé of the penalized
likelihood estimate. In addition we state the followingraxassumption which can

be satisfied with most parametric models for the error distion.

ASSUMPTION B.1. The c.d.f. functiof’(u|f) is continuous irf for anyu € R?

and the parameter spa@as compact.
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Now we can show the existence of penalized likelihood eg#rog the following

Theorem which is actually a corollary to Theorem 2.2.

THEOREM 2.7.Under A.1, A.2 and B.1, there exi§t € ‘H and#, € © such
that]/\E(f)\, 0)\) = iIlffeHﬁe@ If(f, 0)

Proof See Appendix A.LJ

2.5 Covariate measurement error (computation)

In order to compute an estimator, we extend QPLE describeékation 2.3.1
as follows. Denoté f(), () the parameters estimated at iteratiorLet zj(.t), 1<
ji<m andwj(.t),l < j < m denote the quadrature rule based on the density func-
tion p(u|60®). Note that the quadrature rules can be generated using tteodne
introduced in Section 2.3.2. It is not hard to see that theéep-at iterationt + 1
is to compute the expectation of the penalized Iikeliheoldzzlz1 log p(yi|z§™ —
u;, f)p(ui|0)+3J(f) with respect to the conditional distributiohs|y;, z¢™, f®, 6],
1 < i < n. Using the quadrature rule, ea@h|y;, 2", f),6®] can be approxi-

mated by a discrete distribution with supp({)ﬂ](. ,1 < j < m} and mass function

P(u; = ") = ), where
t) err __ (t) (t)
(2 'CE 9
w = Py { ). (2.44)
Zk O p(yilagT — 2, f©)
Thus the E-step can be written as
gl £® et) ~\ B err (t) AJ
Q(f,01f1,69) = D> wy logp(yila” =27, ) = SI()
=1 j=1

+— Z Zm: w,; - log p(2; |9) (2.45)

=1
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Then the M-step maximize8(f, 0| f®,0®), which can be done by separately max-

imizing a complete data penalized likelihood fof

I A
=YD w ogplyilar” — 27, f) = SI(A) (2.46)

i=1 j=1
and a complete data log likelihood &f

n m

1 0 0
- Z Z w,; - logp(2;7]0). (2.47)

i=1 j=1
Therefore the M-step becomes a standard problem which caoleed by much
existing software. When the EM algorithm converges, we wiitain the QPLE
estimate( f, ).

Finally, we show how to select the smoothing parameierthe case of covariate
measurement error. Note that our goal is to construct a gsta&tor of f, andd is
treated as a nuisance parameter. In other words, we onlyabaré the goodness of
fit of the f,. Therefore\ can be selected in the same way as randomized covariate
data. To do this, we first estimate the error distributiophy|d,) and then determine
each covariate distributioR; according to the relation; = x§"" — u;. After that, the
method introduced in Section 2.3.3 can employed directlyife choice of\.

Correcting for measurement error is a broad statisticaaeh topic. In the
interest of space, we only discuss the situation when we agagametric model for
the error distribution. It would be possible to extend outimoe to other situations of
measurement error. For example, when additional data ibie such as a sample
from the error distribution or repeated observations fansa;, we may estimate
the error distribution more accurately by using other apphes. Also, sometimes,
the parametric model(u;|¢) may not be available and in this case, we may want
to estimate the error distribution nonparametrically. Séare interesting topics for

future research.
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2.6 Missing covariate data (model)

Now we describe penalized likelihood regression with nmigsiovariate data. We

assume the missing mechanism to be missing at random.

2.6.1 Notationsand model

Letz; = (21, ..., z;4) denote the vector of covariates ranging over a subspace of
R?. By the idea of Ibrahim’s method of weights (Ibrahim, 1990[2nd Ibrahim,
Lipsitz and Chen, 1999[22]), we first assume a parametricainfmt the marginal
density ofz;, denoted ap(z;|¢) > 0, whered € © C R?is a real vector of indexing
parameters. Hergis treated as a nuisance parameter.

Write z; = (2%, 21"%*) wherez?¢" is a vector of observed components arid*
iIs ad; x 1 vector of missing components. Following Little and Rubi20@2)[32],
the likelihood of(f, ) can be obtained by integrating or summing out the missing

components in the joint density f¢y;, ;)

Zlog [, pdas ptaio)aar (2.48)

where [pu, p(yi|zi, f)p(xi|0)da = p(y;|xi, f)p(x;|0) if ; is completely observed.
Then(f,6) can be estimated by minimizing the following missing datagliezed
likelihood:

D
M(f,6) ———Zlog/ p(ilws, £)p(e:|0)da?™ + ST (f). (2.49)

We note that this method can be viewed as an extension of RE-Bkfine

the probability measure ové?:, with respect to the conditional density of

’L mzs

[ mis |xobs 0]

plzilf) 2 € R%, (2.50)

mis :L,obs 0 7
p( | ) fRd D xl‘e)dxmzs ?
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Note that (2.50) is well-defined singe,, p(z;|6)dz}""* < oo from the Fubini's The-
orem. Let
1 ifax e A
8000 (A) = (2.51)
' 0 if x% ¢ A
denote the dirac measure defined fgt*. Consider the product measuféd =
Ogovs X PY . which satisfies that for any Borel sets ¢ R% %, A, ¢ R% and

1, mis

their Cartesian product; x A,, we have

P) (A1 X Ag) = S0 (A1) - P (As). (2.52)

1,mis

Then it is not hard to see that

IM(f,0) ——Zlog/ (yilzi, f )dP9+ J ——Zlog/ p(x;]0)dxi™*
(2.53)

is composed of a randomized covariate penalized likelilmdgdand a log-likelihood

of §. Hence missing covariate data can be treated as a spectaabtesndomized

covariate data, allowing covariate distributions to beilikx

2.6.2 Existence of the estimator
The following assumptions can be easily satisfied in the reggérimental set-

tings.

ASSUMPTION M.1. D! = {a™* € R% : p(x|0) > 0} is compact for all

1<i<nandf € 0.

ASSUMPTION M.2. The density functiop(x|f) is continuous ird for any

r € R? and the parameter spa€eis compact.
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The existence of the penalized likelihood estimate can laeagiteed by the fol-

lowing Theorem which is actually a corollary to Theorem 2.2.

THEOREM 2.8.Under A.1, A.2, M.1 and M.2, there exi§t € H and#, € ©
such thatli”(f,\, 0)\) = inffeHﬁe@ ]/]\V[(f, 0)

Proof See Appendix A.0J

2.7 Missing covariate data (computation)

In order to compute an estimator, we can extend QPLE in the seay as co-
variate measurement error. Den¢fé", 0®)) the parameters estimated at iteration
Letz”,1 < j < m; andn/,1 < j < m; denote the quadrature rule based on the
probability measuré’”’ defined in (2.52). Then the E-step at iteration 1 can be
written as

1 = A
QUFOLF,0%) = =3 > wyy logp(uil=, ) = 5I(f)
1=1

=1 j=1

+— ZZw log p(z,10) (2.54)

lel

where o
t
w® = (y“z” /) (2.55)
Zk 1k p(yl|zzk 7f(t )
Then the M-step can be done by separately maximizing
A
— Z Zw logp(uilay s f) = 57(f) (2.56)

lel

and

n

— ZZU} -log p( Z])|0) (2.57)

lel
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which is computationally straightforward assuming the-éogcavity ofp(z|f) as a
function of. Again, when the EM algorithm converges, the QPLE estimated, )
can be obtained.

In order to select the smoothing parameter, we noteftisad nuisance parameter
and the choice oft only depends on the goodness of fitfaf Therefore, we may
select) in the same way as randomized covariate data. This is stfarglard, since
we can takePf* defined in (2.52) as the covariate distribution. After tihet method
in Section 2.3.3 can employed directly.

Following Ibrahim, Lipsitz and Chen (1999)[22], our methcan also be ex-
tended to the non-ignorable missing data mechanism. Irt#ss, we may specify a
parametric model for the missing data mechanism and incat@d into the penal-
ized likelihood. The extension is similar but more comgiech Thus this is another

topic for future research.

2.8 Numerical Studies

In this section, we illustrate our method by several simadaxamples with co-
variate measurement error and missing covariates. Forsatiiated data set, we
will compare: (a) RC-PLE (QPLE); (b) full data analysis h&faneasurement er-
ror or missing covariates; and (c) naive estimator that igaaneasurement error
or leaves out the observations with missing covariates.e Nwdt the choice of the
smoothing parameter has strong effect on the penalizelhidas estimator. Hence
in order to show the potential gain of our method, for eacla d&t,\ is selected
by both ranGACV and the optimal value that minimizes the Thgoal Kullback-
Leibler distance (TKL), which does not depend on the nuisgrarametef.

1O Oy, f
TKL = = Eyop,. - logM (2.58)
= p(y?|zis f)
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where f* is the true regression functiorf,denotes its estimator ang denotes the

true covariate vector before measurement error or ‘missihgte that tuning by

minimizing TKL is only available in a simulation study whemet"truth” is known.
Our numerical studies focus on Poisson distribution anch@&afi distribution

which are also the cases in our real data set. The goal isistrdite:

e the gain of RC-PLE (QPLE);
¢ the performance of ranGACYV,;

¢ the robustness of QPLE to the choice of quadrature rules.

All the simulations are conducted using R-2.9.1 instaliedéd Hat Enterprise Linux
S.

2.8.1 Examplesof measurement error

Cubic spline regression is perhaps the most popular casenafliped likelihood
regression. We consider the following examples from Biradrand Poisson distri-

butions:
_ 2
() plylr) = p(x)¥(1 = p(x))*¥, y =0,1,2, where
p(x) = 0.63x cos(2mz) + 0.36;
(i) p(ylr) = A(x)Ve 2@ /yl y=0,1,2..., where
A(x) _ 166—18(z—0.4)2 . 56—7@—0.5)2 + 5
(i) Same distribution as (ii) except
A(z) = 102 (1 — 2)°%) + 10*(z*(1 — 2)'%) + 2

which is a modification of Example 5.5 of Gu (2002)[20].
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In each case, we tak€ ~ U[0, 1] and generate a sampleof= 101 (z, y) pairs. For
each sample generated, measurement errors are createtthevitiowing scheme.
We first randomly select fivér, y) pairs as complete observations and then in the
rest of the 96 pairs, random errors are generatee; byu;, whereu;’s are iid either
N(0, %) or U[—4§, 4] for various values of the noise-to-signal ratio (¢gy/var X).
For each generated data set, QPLE is conducted using dith&aussian quadrature
rule or the grid quadrature rule, where the Gaussian quagratle is computed by
thestatmodpackage in R-2.9.1. Note that we generate the same numbedestior
each noisyr;. Simulation results are summarized by the following figures

Figure 2.1 shows the estimated curves from one simulatedsgabf case (i) with
normal error and vau)/var(X) = 0.25. QPLE is computed via Gaussian quadra-
ture where 11 nodes are created for each nejsfPanel (c) plots for each regression
method the box plot of TKL distances (2.58) calculated frdd@ tepeated simula-
tions. We also report in (d) the TKL distances calculatedhi@ $ame simulation

setting except that is uniform (with the same noise-to-signal ratio).

Remark 1 Throughout Section 2.8, the choice of the curves to disptay the
various 100 simulations is primarily subjective but deertede typical of the bulk
of the visual images of the comparisons between the essmateidea of the scatter

in the TKL distances over the 100 simulations may be seereibdR plots.

Figure 2.2 shows the estimated curves from one simulatiorcdse (ii) with
uniform error and vaw)/var(X) = 0.3. We assume thaitis unknown when QPLE
is conducted. At each EM iteration, we use Gaussian quaérand create 9 nodes

for each noisyr;. Panel (c) shows the TKL distances from 100 simulations.ePan
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(b) Normal errors, ranGACV Tuning
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Figure 2.1: Estimated curves and TKL distances for caseRgnels (a) and (b)

compare the target (True) curve, and three estimated cobvtasned from the full

data analysis (Full), the QPLE estimate, and the Naive es¢éim(a) Tuning: TKL,

(b) Tuning: ranGACYV. In (a) and (k) ~ N(0,0.145?), assumed known. Panels (c)

and (d) provide plots of TKL distances. (¢)~ N(0,0.145%), assumed known. (d)

u ~

U[—0.25,0.25], assumed known.
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(d) is obtained in the same simulation setting exceptdhatnormal (with the same
noise-to-signal ratio)y is unknown.

Our results indicate the significant gain of QPLE, when theatining parameter
is selected by either TKL or ranGACV. As we previously disssed, QPLE incorpo-
rates the information about the error distribution and leeaenore informative. Gen-
erally speaking, when measurement errors are ignored stireaged curve of naive
method tends to be oversmoothed and more biased near thes moddoundaries.
Similar phenomenon has been noted for other nonparamegniession methods, for
example, Local polynomial estimate, as in Delaigle, Fan@adoll (2009)[12]. For
the choice of smoothing parameter, the proposed ranGAC#¥fitshthe property of
traditional ranGACV. As simulations suggest, it is capatfi@icking \ close to its
optimal value even whefis estimated.

We summarize the influence of quadrature rules on QPLE atr&igB, using
case (iii) with normal error and vér)/var(X) = 0.25. In the computation, var)
is assumed to be unknown ands selected by TKL. We consider four QPLE esti-
mators (QPLE1, QPLE2, QPLE3 and QPLE4) computed via, réispdc Gaussian
quadrature, grid quadrature, Gaussian quadrature whemvrongly assumed to be
uniform and grid quadrature whenis wrongly assumed to be uniform. We first
compare these quadrature rules by setting the number osr{éateeach noisyt;)
to be 11. The top two panels show the estimated curves fronsiomglation and
panel (c) reports the TKL distances calculated from 100 ktrans. Then we study
the influence of the number of the nodes. On panel (d), we ploe&ch quadra-
ture the mean TKL distance (based on 100 simulations) véngusumber of nodes.
From the simulation results, we observed no significaneckfice between Gaussian

guadrature and grid quadrature, though, as we expecteds@alwquadrature is more
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Figure 2.2: Estimated curves and TKL distances for case Hanels (a) and (b)

compare the target (True) curve, and three estimated cobvtasned from the full

data analysis (Full), the QPLE estimate, and the Naive es¢éim(a) Tuning: TKL,
(b) Tuning: ranGACV. In (a) and (k) ~ U[-0.273,0.273], § = 0.273 assumed un-
known. Panels (c) and (d) provide plots of TKL distancesu(e) U[—0.273, 0.273],

§ = 0.273 assumed unknown. (d)~ N(0,0.158%), o = 0.158 assumed unknown.
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efficient. Surprisingly, even with a wrong error distrilartiprespecified, the poten-
tial gain of QPLE is still significant. Hence we may say thatl@Rs robust to the
choice of the quadrature. We also note that QPLE does noiresglarge number of
guadrature nodes to compute a good estimator. There is raht gaun to create more
nodes if we already have enough. Hence, in our numericargmpets, we generally
compute 7-12 nodes for each noisy or missing component indhariates.
2.8.2 Examplesof missing covariate data
In this section, we consider Franke’s “principal test fumat
T(z) = 3 (1224002 -22)/a | 3 (01 +1)2/49+922+1)/10)
4
+%e<<9x17>2+<9x23>2>/4 _ é€<<9m4>2+<9x27>2> (2.59)

which was used as a test function of smoothing splines in \W&h®83)[38].7'(x)

is shown in Figure 2.4. Consider the following examples

(i) Binomial distribution:p(y|x) = ( ’ >p(x)y(1 —p(x))>Y, where
)

p(r) = —(T'(x) + 0.198); (2.60)

(ii) Poisson distributionp(y|z) = A(x)Ve=2® /y!, where

A(z) = 15T (z) + 3. (2.61)

In each case, we tak& = (X;, X,) ~ UJ0,1] x [0,1] and generate a sample of
n = 300 observations from the distribution Y, X'). Afterwards, a missing data is
created in a way that if > 3 in case (i) ory > 10 in case (ii), we randomly take one

of the following actions with equal probability: (1) delete only; (2) deleter, only
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(a) Normal errors, correctly assumed normal (b) Normal errors, incorrectly assumed uniform
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Figure 2.3: Estimated curves and TKL distances for case (i ~ N(0,01452),
assumed unknown. Tuning: TKL. Panels (a) and (b) give thgetacurve, and
estimated curves from Full and Naive estimate. Panel (a)peoes the Gaussian
quadrature (QPLE1) and the grid quadrature (QPLE2) wheerttogs are correctly
assumed to be zero-mean normal (with unknown variance)pandl (b) compares
the Gaussian quadrature (QPLE3) and the grid quadratureE@Rvhen the errors
are incorrectly assumed to be uniform (with unknown ranga);and (b) use 11
nodes. Panel (c) plots TKL distances, using 11 nodes. Pdh@lgts mean TKL
versus number of nodes. The dotted upper and solid lowes tigygresent the mean

TKL for the naive method and the full data analysis.



Figure 2.4: Franke’s principal test function
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Figure 2.5: Estimated functions pfx,, ) and TKL distances for case (i). (a) Full
data estimate. (b) QPLE estimate. (c) Naive estimate. Yfén (a), (b) and (c)
are tuned by ranGACV. (d) Box plots of TKL distances when tuhg TKL and by

ranGACV.
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and (3) delete both; andz,. On average, we create 47 incomplete observations (out
of 300) in case (i) and 61 incomplete observations in cage (ii

We will test our method by thin plate spline regression. Idesrto implement
QPLE, we specify for: a bivariate normal distributiofV (., ), wherey = (1, pi2)”
andX = {o;;}2x2 (an arbitrary covariance matrix) are to be estimated. Ahdzd
iteration, we construct for each incompletea Gaussian quadrature rule, wheie
nodes are created for each missing component. Simulasoiftsere summarized at
Figure 2.5 and 2.6.

Figure 2.5 and 2.6 show the estimated functions where thetnmg parame-
ter is tuned by ranGACYV. The bottom right panel reports thd.THstances based
on 100 simulations, when is selected by TKL and ranGACV. The performance of
QPLE is also impressive in the case of missing covariate dthdte that most incom-
plete observations appeared near the ‘peak’ of the testitumdn this case if these
incomplete observations are left out, we will miss the infation about the peak, as
indicated by the naive estimator. On the other hand, by pa@ting most informa-
tion in the data including the observations with partiallissing covariates, QPLE
provides encouraging results, even though we actuallyifsgpe@ wrong covariate

distribution.

2.8.3 Casestudy

In this section, we illustrate our method on an observatidata set that has been
previously analyzed, by deleting some covariates, and toemparing our method
with the original analysis and the naive method of droppifesfivith missing co-
variates.

The Beaver Dam Eye Study is an ongoing population-based stualje-related

ocular disorders. Subjects were a group of 4926 people ageb4years at the
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Attributes unit range code
systolic blood pressure mmHg 71-221 sys
serum total cholesterol mg/dL 102-503 chol
age at baseline years  43-86  age
body mass index kg/m? 15-64.8 bmi

taking hormone replacement therapy yes/no yes,nborm

history of heavy drinking yes/no  yes,no drin

Table 2.1: Covariates for Pigmentary Abnormalities

start of the study who lived in Beaver Dam, WI and were exanchiaebaseline,
between 1988 and 1990. A description of the population ataildef the study at
baseline may be found in Klein, Klein, Linton and Demets @$29]. Pigmentary
abnormalities are one of the ocular disorders of intereshat study. Pigmentary
abnormalities are an early sign of age-related macularraegéon and are defined
by the presence of retinal depigmentation and/or increest@thl pigment.

Lin, Wahba, Xiang, Gao, Klein and Klein (2000)[31] and GacahWa, Klein
and Klein(2001)[17] considered only the= 2545 women members of this cohort.
11.88% of them showed evidence of pigmentary abnormalities. Theynéned the
association of pigmentary abnormalities with six otheilaites at baseline, by fitting
a Smoothing Spline ANOVA (SS-ANOVA) model. The six attribatare are listed in
Table 2.1.

Let p(z) be the probability that a subject with attribute vectoat baseline will

be found to have a pigmentary abnormality in at least oneatyggseline.
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The model fitted was of the form

f(x) = constantt fi(sys) + fa(chol) + fi2(sys, chol) (2.62)

+ dage - age + dpp; - bni + dporm, - La(horm) + dgypin - Io(drin).

Herex denotes the vector of covariates listed in Table 2.1 And is the logit form

of the probability: f(x) = log 1f<;(;).

The data analysis is summarized in Figure 2.7, which is &dpdom Lin, Wahba,

Xiang, Gao, Klein and Klein (2000)[31]. On each panel, wd tile estimated proba-
bility of pigmentary abnormalities as a functionabfol, for various values ofys, age
andhorm. Note that we only plot fobmi= 27.5 anddrin = no, becausbmihas rel-
atively small effect in the fitted model while only 152 out &85 subjects haverin

= 1. Hence Figure 2.7 is adequate to demonstrate the estimsseciation patterns.

Generally speaking, highehol was associated with a protective effect. How-
ever, whenchol goes from 250 to 350 mg/dL, a “bump” appears on the estimated
curves. This phenomenon provides us a good opportunitystool method. In
order to ‘hide’ the bump, we create a data set with missin@gates by deleting
some attribute values for those subjects whose cholestebeitween 250 and 350.
Consequently, 517 subjects with incomplete data are aesté values ofsys bmi
andhormrandomly removed. More exactly, 30 subjects missggibmiandhorm
109 subjects missed botlysandbmi, 118 subjects missed bolysandhorm and
260 subjects missed only one attribute value.

We shall first claim that the methodology in this chapter carektended to SS-
ANOVA models without any extra effort, as illustrated in Agdix C. In this case,
QPLE can be conducted following Ibrahim, Lipsitz and Che®9d)[22]. We first
model the joint covariate distribution via a sequence ofdimeensional conditional
distributions. Note thatage chol, drin) are always observed and hence we do not

need to model them. Also, very few subjects hdvén = 1, hencedrin will be
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ignored in the modeling. Givera@e chol), we adopt a bivariate normal distribution
(sys bmi) ~ N(u, ), wherep = (pq, p2) With g, = ago + agiage + agachol, k =
1,2 andX = {o;;}2x2 is an arbitrary covariance matrix, and this andX are to
be estimated. Now conditionally on other attributkes;m is modeled via a logistic
regression model

exp{aso + asjage + asachol + azzsys + azgsbmi}
1 + exp{asy + az1age + azachol + aszsys + azsbmi}’

p(horm =1) =

Following this construction of covariate distributionsdamsing the method de-
scribed in Section 2.3.2, a quadrature rule can be obtam@adsively at each EM
iteration. In the computation, the numbers of nodes geeéifatr sys bmiandhorm
are 10, 10 and 2 respectively. Results of QPLE are given arr&ig.8. Figure 2.9
shows the naive estimator computed over the 2068 subjetitswtimissing covari-
ates.

Note that only the subjects with incomplete data contaiormfation about the
bumps. Consequently, the naive estimator omitted thes@gusading to monotone
decreasing probability curves. In words, high cholestapgears to generally lower
the risk of pigmentary abnormalities especially in the glderm = no group, aside
from the “bump”, from the full data analysis shown at Figuré. However the naive
estimator appears to make this risk decrease substantiallg rapidly due to miss-
ing the “bump” completely, while the QPLE did an excelleni jof recovering the
original analysis—the QPLE estimated curves are very dim$eose of the full data
analysis. This can be understood from the fact that mosteo$titjects with incom-
plete data missed only one or two (out of six) covariates.ddenost information is

still retained in the missing data.
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Figure 2.7: Probability curves estimated from the full datelysis. This figure
is adapted from Figures 9 and 10 from Lin, Wahba, Xiang, GdejnKand Klein

(2000)[31]. Each panel plots the estimated probabilityighpentary abnormalities
as a function of cholesterol, for four different valuessgt. The six panels corre-

spond to different values afge andhorm, whendrin=no andomi=27.5 are fixed.
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Figure 2.8: Probability curves obtained from QPLE. Eachebaiots the estimated
probability of pigmentary abnormalities as a function oblesterol, for four different
values ofsys. The six panels correspond to different values@f andhorm, when

drin=no andomi=27.5 are fixed.
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Figure 2.9: Probability curves obtained from the naive rmadttEach panel plots the
estimated probability of pigmentary abnormalities as afiam of cholesterol, for
four different values ofys. The six panels correspond to different valuesgf and

horm, whendrin=no andbmiE27.5 are fixed.
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2.9 Concludingremarks

We have presented a direct extension of penalized liketimegression to the sit-
uation when the observed covariates are probability spadesregression function
is estimated by minimizing a penalized likelihood that irpmrates distributional in-
formation of the covariates. Numerically, we compute adiitmensional estimator
after approximating the integrals in the likelihood fulctiby quadrature rules. Us-
ing the same approximation, GACV and its randomized verbare been derived
to select the smoothing parameters. Our method is compngly efficient, as it
only requires a small number of quadrature nodes to obtaood gstimate. A direct
implementation of our method is to handle incomplete catardata such as covari-
ate measurement error and partially missing covariategshdrexamples we have
investigated, the resulting estimator substantially etftgmed the naive estimator

and appeared to be close to the full data analysis.
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Chapter 3

Estimating the degrees of freedom for penalized likeli-
hood regression

3.1 Introduction

We are concerned with penalized likelihood regression fatadrom a non-
Gaussian exponential family. Lé&§;, z;),7 = 1, ..., n ben independent observations,
where eacly; denotes the response and eacHenotes the covariate information. In
this chapter we assume that, =;),7 = 1, ..., n are completely observed. The goal is
to fit a probability mechanism, assuming that the conditidigribution ofy; given

x; has a density in the exponential family without the nuisgrex@ameters

pilzi, ) = explyi - f(zi) — b(f(2:)) + c(y:) }, (3.1)

whereb(-) andc(-) are given functions with(-) strictly convex. Penalized likelihood

regression estimateisin some function space by minimizing a penalized likelihood
B =23 logpulan, )+ 2(6) 32)
A - n - 0g p\Yi |4, 9 9 .

where J(-) is the penalty functional which controls the flexibility gfand A is the

regularization parameter which balances the tradeoff &etwmodel fitting and the
penalty. In Chapter 2 we have reviewed the important stnatihenf is estimated
in some reproducing kernel Hilbert space (RKHS) akieg) is a quadratic norm or

semi norm penalty. In this case (3.2) is commonly known asiieed likelihood
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regression or regression splines with RKHS penalty. Basidgression splines, in

this chapter, we also consider a LASSO model, assuming angdiia form of f
Np
=+ Y ¢Bi(w), (3.3)
j=1

whereg;(-),1 < j < Ng are known basis functionsV is the number of the basis
functions and:;, 1 < j < Np are the coefficients to be estimated. In this ca&g)

stands for the LASSO penalty

J(f) = Z lcl. (3.4)

Both regression splines and the LASSO require a good chditieeoregular-
ization parametel. For regression splines with quadratic (semi) norm penalty
Xiang and Wahba (1996)[44] proposgeher alized approximate cross validation
(GACV) which works well for Bernoulli data. Zhang, Wahbanl_Moelker, Ferris,
Klein and Klein (2004)[47] extended the GACV to the case ofrideilli data with
continuous covariates and the LASSO penalty. The GACV Isagith the Kullback-
Leibler (KL) distance between the true regression funcfioand the penalized like-

lihood estimatorf,
m * Zi 9 3-5
HI = Z e { S S ©9)
where the expectation is taken ovgr~ p(y|z;, f*) independent of;. In practice it

suffices to work with the comparative KL (CKL) distance

n

CKLY) = + 3™ [t b)), (3.6)

1=1
whereu! = E{y?|z;, f*} denotes the true mean response #nd= f\(z;). Based

on a leaving-out-one argument and several first order TaWdpansions, a GACM)
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can be derived as a proxy of CKL)

Ttr(H) 320 viyi — i)
n n—tr(WY2HWY2) ’

GACV()) = OBS(\) + (3.7)

where

OBS()\) = % Z (=i fxi +b(fxi)) (3.8)

i=1
denotes the observed log-likelihogd,; = b'(f\;) denotes the expected mean re-
sponse,

W = diag” (fa1), - ' (fan) (3.9)

is the diagonal matrix of estimated variances @&hds so-called the influence matrix
of the penalized likelihood (3.2) (more details can be foumckiang and Wahba
(1996)[44] and Shi, Wahba, Wright, Lee, Klein and Klein (2)[@2]).

Alternatively, one may want to use some model selectioraitto choose\,
such as Akaike information criterion (AIC)(Akaike, 1973[&nd Bayesian informa-
tion criterion (BIC) (Schwarz, 1978[40]). In this case theykssue is to estimate the
degrees of freedom as a model complexity measure. Steibissed risk estima-
tion (SURE) theory (Stein, 1981[35]) provided a rigoroudimgon of the degrees
of freedom for Gaussian data. Given an arbitrary fitting pcaoe, leti?/, 1 <i <n
represent the estimated mean responses, wherdy;, ..., 4,)? denotes the vector
of responses. It is shown (Efron, 2004[14]) that the Stede®nition of the degrees

of freedom is equivalent to

n

df = Z cov(fil,y;)/o?, (3.10)

i=1
wheres? is the common variance. Efron’s optimism theory (Efron,£[04@]) further
generalized this result togclass of error measures (Efron, 1986[13]) including the

exponential family distributions. Following Efron’s optism theory, the degrees of
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freedom can be defined by

df = " cov(f,vi), (3.11)
i=1

where fiy is the estimated natural parameter. Note that

> coo(fl ) = D B{f i — o)}, (312)

=1 =1
whereu; = Ey;. Thus (3.11) equals the generalized degrees of freedomrtfe a
Wong, 1997[46]), as noted in Lin, Wahba, Xiang, Gao, Kleid &tein (2000)[31].
In this chapter we derive an estimation of the degrees oflreefor penalized like-
lihood regression, using a first order Taylor expansion. him tASSO model the
degrees of freedom can be estimated by the number of nonaefficeents. After
that we discuss the relationship between the GACV and theeds@f freedom. We
show that the GACV provides an alternative estimation oidégrees of freedom.

We will as well be able to generalize our methods to the véiablection prob-

lem with multivariate Bernoulli observations. Multiplenary outcomes arises fre-
quently in the many experimental settings, such as sunaysronmental studies
and medical researches. Commonly there is a suspicionbse butcomes are cor-
related. The most general way to account for all possiblestatrons is assuming a
multivariate Bernoulli distribution. LeY” = (Y7, ..., Y )? be aK —dimensional ran-
dom vector. From Whittaker (1990)[43], the joint densitynofiltivariate Bernoulli

distribution can be written as

P(Yi =y1,., Yie = yx:) = p(0,0, .., 0) = 7w)lp(1, 0, .., 0)lwrt=(1=0s)
cp(1,1, ., 1) =] (3.13)
wherep(0, ...,0), ..., p(1, ..., 1) are the probabilities for each possible observation of

Y. In practice it is more convenient to use the logistic form(®fL3) in statisti-

cal model fitting. In this case the model parameters are thetiwls ratios which
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measure the associations between outcome variables. Gdrpa\Klein and Klein
(2001)[17] combined a smoothing spline analysis of vaea(®S-ANOVA) model

and a log-linear model to build a partly flexible model for tiuariate Bernoulli

data. In this chapter we first derive a truncated log-lineadeh which ignores the
higher order associations. The model parameters can beatst via the LASSO
algorithm. Then we propose an augmented response techoigintain the GACV.

We show that the degrees of freedom of the LASSO can be estihadther by the
number of nonzero coefficients or the GACV.

The rest of the chapter is organized as follows. In Secti@w& describe how
to estimate the degrees of freedom for penalized likelin@gglession. In Section
3.3 we study the variable selection problem with multivieriBernoulli observa-
tions. Section 3.4 estimates the degrees of freedom of tHeS@Awith multivari-
ate Bernoulli observations. Simulation examples can baddo Section 3.5. We

present a discussion in Section 3.6.
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3.2 Estimating the degrees of freedom for penalized likelihood re-
gression

3.2.1 Estimatingthedegreesof freedom for penalized likelihood re-
gression

The degrees of freedom defined in (3.11) can be estimatedlasgo

i - icomff,yi)
ZE {E {(?z

= Z var(y;)E, { a”;}i

i=1

Q

(yi . ,Ui) + fi(yi:”“yii))(yi _ ,Ui) ‘ yiz}}

m}

ivar(yi)Ey{%Z }, (3.14)

Q

=1
where the first approximation is given by first order Taylopa&ssion. Given a data

set, (3.14) suggests to estimate df by

df = im(yi)afiy. (3.15)

=1
Now we describe our computational techniques. For perdilikelihood regres-

sion (3.2), it is straightforward to show that

i) = Sy
i=1 ¢

= YV (faihis
i=1

- &WH) (3.16)

= tr(WY2HW/?), (3.17)
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whereh;; is theith diagonal element of the influence matfix Letﬁ = (fars s )T

andﬁ/\ = (ILL/\l, ...,,LL/\n)T. Then

Ofix _ Ofir 0y
dy  afy Oy

= WH. (3.18)

Thus we may conclude that the degrees of freedom can be éstifoya the trace of
the influence matrix of the mean response.

For penalized likelihood regression with quadratic normgy, computation of
the influence matrix for large data sets is expensive and reaynistable. Follow-
ing Lin, Wahba, Xiang, Gao, Klein and Klein (2000)[31], we ynaroduce a ran-
domized estimate of tr/'/2 HW'/?) without doing any explicit calculation. More
specifically, we first put a small perturbatien= (¢, ...,¢,)” ony. Let Y and fy**
denote the penalized likelihood estimates with respegtdady + . And denote
TV = (2, o ()T and fY7° = (fV(2y), .0, fUT(2,))T. It can be shown
that

TWIW2PHW e 2 W (fVT° = f1). (3.19)

Therefore a randomized trace estimate Ofitt/2H117'/2) is given by

ne” W(fy fute f/\)

el'e

tr(WY2HWY?) ~ (3.20)

In order to reduce the variance of randomized trace estimmatemay draw?r inde-

pendent perturbations, ..., ¢* and obtain & —replicated randomized trace estimate

W~ F)

(e/)Tel

R
df(\) = (W2 HW'?) ~ Z (3.21)

For the penalized likelihood regression with the LASSO [tgnthe degrees of

freedom can be estimated by the following result:



95

PROPOSITION 3.1.Let N denote the number of nonzero coefficients in the
LASSO estimate, then

df(\) = tr(W'/2HW/?) = N. (3.22)

Proof of Proposition 3.1. Shi, Wahba, Wright, Lee, Klein and Klein (2008)[42]
showed that for penalized likelihood regression with theSIS®O penalty,

tr(WY2HWY?) = N.
The proposition now follows by (3.17).
Proposition 3.1 shows that the degrees of freedom of the I(GA&S be estimated

by the number of nonzero coefficients. This generalizesdbelt of Zou, Hastie and
Tibshirani (2007)[48] for Gaussian data.

3.2.2 Thereationship with the GACV

The GACV is a proxy to the CKL distance. Write
1 n
CKL(A) = OBS(A) + Zl Frilys = pa)- (3.23)

We note the fact
E {Z f)\i(yi — ,uz)} = Z CO’U(f,\z'a yz) (3-24)
=1 =1

which is exactly the degrees of freedom. Therefore analegmthe AIC, the GACV

estimates the degrees of freedom by

oy W) DT iy — )
df(\) = n— (W 2HIW2) (3.25)
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As in Shi, Wahba, Wright, Lee, Klein and Klein (2008)[42])ewnay also derive a
BIC-type generalized approximate cross validation (BGACV

Llogntr(H) > " vi(yi — p)
BGACV/()\) = OBS(\) + — i= . (326
A = OB — (W 2 H W) (3.26)

Most applications of penalized likelihood regression trkeep

tr(WY2HWY?) < n. (3.27)

For example, in the LASSO estimation, the number of nonzeedficients is usually
expected to be much smaller than the sample size. In thiswasgbserve from

(3.25) that
GHN) o tr(pr) iz YW = 1) (3.28)

n

which is close to VY2 HWY2) = tr(HW).

3.3 Variable selection with multivariate Bernoulli observations
3.3.1 Log-linear models

In this section we are concerned with the variable selegiroblem with multi-
variate Bernoulli observations. It can be verified that tigidtic model for the joint
distribution (3.13) can be written as

K
Wy, 1) =D FBi(y)+ > [*Bisy) + - + [ Bua k(y) — b(f), (3.29)
7=1 i<k
wheref = (f*, /2, ..., f*-%)T denotes the vector of natural parametéts;, ; (y) =

Yi, X y;, -+ X y;, denotes the observed main effects and interactions and

b(f) =log(1+Y e+ ¥ 4o g es™ ) (3.30)
J Jj<k
with
Sjle...j’r — Z fjs 4 Z fjsjt 4+t fj1j2~~~j'r. (331)

1<s<r 1<s<t<r
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Each parametef/1/2--Jr represents a log odds ratio
fj1]2 I = = log OR( Y, Y, ... Y], | Yo (J12d2,0dr) — 0)7 (3.32)

whereY_, denotes the subset of vectbr exceptY, and (3.32) can be computed

recursively by
log OR(Y1) = log{P(¥; = 1)} — log{1 — P(¥; = 1)} (3.33)
and

lOg OR(YD ) )/(k—l)v Yk) = lOg OR(YD ) )/(k—l) ‘ Yk = 1)
—1og OR(YA, ..., Y1) | Yi = 0). (3.34)

Thereforef12, f13, ..., 12K can be used to measure the association between out-
come variables.

Note that it is not practical to estimate all th& — 1 model parameters whelid
is large. Since higher order associations are usually sfdeentific interest, we may
want to “truncate” the full model (3.29) by ignoring the heghorder associations.
Suppose that we are interested in the associations up to wrda truncated log-

linear model can be obtained by setting the higher order tluty @atios to be zero

K
=Y B+ P Biy)++ Y B, G (y)=b(E),
j=1

i<k J1<g2...<jm
(3.35)
wheref = (f1, ..., fK-m+1-K\T gnd
i<k
with
.. R Sj1j2---jr’ If . S -
= (3.37)

Zlésﬁr et + Zl§t1<...<tm§r Jradtedtm i > m.
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Whenm = 1, (3.35) reduces to the main effect model. In this cE&eare indepen-
dent. Whenn = K, (3.35) is the same as the full model (3.29).

Clearly (3.35) has fewer parameters to be estimated. Cemsglthe joint dis-
tribution (3.13), we will show that the truncated log-lineaodel only estimates the
lower order probabilities (i.ep(- - - ) with no more thann 1's in the outcomes). To

simplify the notation, let us denote
po = P(Y =(0,0,...,0)") (3.38)

and
Djijo...jr = P(le =Y, ==Y, =LY (jjo.j) = 0). (3.39)
Now we state the following result which describes the joistrébution with respect

to the truncated log-linear model.

PROPOSITION 3.2Suppose that” = (Y1, ..., Yx)? is a multivariate Bernoulli
random vector having a log density.85), then for any: > m we have that

m—1

r—m-+t—1 L
p12 ) t( ) % Z 1Og(p]1---3m—t)

t=0 t 1<j1< e jm—t < Po

(3.40)

Proposition 3.2 can be shown by combining Lemmas 3.3-3@wbelhe proofs

of lemmas are given in Appendix A.
LEMMA 3.3. Under the condition of Proposition 3.2, for amy< K, we have
that

exp{S!* "} = Pz, (3.41)
Po
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LEMMA 3.4. Under the condition of Proposition 3.2 < r < K, then

-1

S}f...r _ (_1)t( r—m+t—1 ) Z Sitwim—t| (3.42)

¢ t 1< 1< gt <7

3

Il
o

whereS7172-Ja js defined in 8.31).

The proposition is now proved by combining Lemma 3.3 and Lan3d. Note
that Proposition 3.2 is true for any superscrjpfs...j,, Since we can always per-
muteY; ,Y;,,.... Y to the firstr positions. Proposition 3.2 show that in the joint
distribution with respect to a truncated log-linear mode, may treat the lower or-
der probability as free parameters. In this case the higitargrobabilities can be

determined by (3.40).

3.3.2 TheLASSO estimation and the GACV

Suppose that we haveindependents observationigi), z(i)),7 = 1, ..., n, where
eachy(i) = (y1(i), ..., yx(i))T stands for the response vector withoutcomes. For
the truncated log-linear model (3.35), a LASSO estimatorlma obtained by mini-

mizing a penalized likelihood

1< . . m Midzedr NBC
> laly@) E@O) +D | D Dol (343)
[t r=1 |Lj1<jo-<jr t=1

wheref = (f1, ..., fE-m+L-K)T and eachf?172J has a specific linear model
PR (a(i)) = @) e Bia(). (3.44)
t=1

Hereg,(:),1 < t < Np are known basis functionsyp is the number of the basis

functions and:/'/>"7" 1 < t < N are the coefficients to be estimated.
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Now we derive the GACV for the LASSO model. L&t denote the true model
and f, denote the LASSO estimator. It is straightforward to shoat tine CKL

distance with respect t,(y, f) can be written as

CKL(A Z - Z f )= > R @@)pni

i<k

Z I (i) s ]m()w@(x(i)))], (3.45)

J1<<Jm
wherep;, ;. (1) = E{Bj, ;. (Y)|z(:),f*} denotes the true mean response. Let us

define

B(y(i)) = (Bi(y(1)), Ba(y(0)), ., Bia(y(@)), ., B—m1..x(y(0)))"  (3.46)

theaugmented response of y(i) and denote

M('l) = (:ul (2)7 :LL2(Z>7 ey 12 (Z>7 EE) /'LK*erl...K(i))T (347)

the mean of the augmented response. Then

CKLY) = = 3 [~ 2 (2(0)) + b(E (=) (3.48)

i=1

Hence the leaving-out-one-subject cross validation cavbb@ned by
oV = - Z[ TR (@) + b ()|

= OBS(\) + 1B( (i) (Er(x (i) — £ (2(3)),  (3.49)

whereﬂ’“ denotes the estimation with tlith subject left out and

OBS(Y) = [~ B(y(i))"f:(a(9) + b{E (x(0)) (3.50)

n
is the observed log-likelihood. To evaluate QV, We firstly introduce a new version

of leaving-out-one-subject lemma with respect to the augeteresponse (3.46).
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LEMMA 3.5. (Leaving-out-one-subject lemma) For fixeahd a new augmented

response), let h,[i, Y] be the minimizer of

= ln(y(k), £z (k))) = YE(x(i)) + b(E (2 (i) + nJa(F). (3.51)
ki

Thenh, [z’,u[;ﬂ (z’)] = £l Here J,(f) is the second term ir8(43) and
pi (0 = B{BOY) (i) £}

Proof See Appendix A.(J

Let
f = (ﬁ‘(:c(l))T,if(x(z))T, ...,ﬁ‘(x(n))T)T (3.52)

be the evaluation df and

1 12 2 K—m+1..K K—m+1..K\T
€= (Cly ey Ny €1y oy Chgyy -0 €1 o CN ) (3.53)

be the vector of coefficients. Denote

B(a(i) = (Bi(2(2)), Ba(x(D)), ..., By (x(2)))" (3.54)
the evaluation of basis functions ovefi). Then

Bla@)y™ 0 0
0 Bl=1)" 0
0 0 Ba(1)"

Blam)® 0 0
0 Bla(n)” 0
0 0 Bla(n))"

(qn)x(¢Np)
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K>+...+(K ) is the length

. H 1 K
IS the grand design matrix, whege= ( ) + (
1 2 m

of ¢. Thus we have thdl(z) = Dc. Denote

W, = var (B(y(i)) ’x(i), ﬁ})) (3.56)
the estimated covariance matrix for the augmented respoviste

Wign)x(gn) = diagWy, ..., W,,). (3.57)

Define
B(y) = (By(1))", ..., B(y(n))")" (3.58)

theqn x 1 vector including all the augmented responses. Then penslizelihood

(3.43) can be written as

n m Np

I(B(y), ) :% —B(y)"De+Y b(ﬁ(x(i)))] S e Y g
=1 r=1 [1<j<..<jr<K =1

(3.59)

Suppose that, is the minimizer of (3.59). Let us put a small perturbationtbe
augmented responggy)+¢, and letr, . denotes the new minimizer of (3.59). From
the KKT condition of (3.59), ife is small enough, zero elements©f will remain

to be zero inc, .. Suppose there am®¥ nonzero elements in, at the locations of
{a1,...,an}. Let&, andc, . be the sub-vector af, andc, . at these locations. And
let f)(qn)xN be the matrix composed by the, ..., ayth columns ofD. Now write

E:\ = Dc) = 5@/\ a.rldf/\76 = l)(l:‘/\76 = Zj(ﬁ)\’e. We have that

fre — B\ = D(Erc — &) (3.60)
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From a first order Taylor expansion, we have that

ol -
O = a(g\ (B(y) + €, (B/\,e)

ol N 01, N .
a@ (B(y)7 C/\) + aéaé’f (B(y>7 (B)\)((E/\,e - @)\)

+ epmer (B E)(B) + < B))
= (B, e (Ere — ) + o

Q

The second equality is due to the fact thatis the solution forB(y). Direct calcu-

lation yields
021 L
W(B(y), &) = DTWD. (3.62)
and
021 ) .
W(B(y%@) =-D". (3.63)

Plug (3.62) and (3.63) into (3.61) and note thHtIV D is always invertible, we have
that

Ere — @y ~ (DTWD) ' D7e. (3.64)
Therefore (3.60) implies that
f\. — fy ~ He, (3.65)
where
H = D(D"WD) D" (3.66)
is the influence matrix for the penalized likelihood (3.99t ¢ — 0, we have that

Off
d0B(y)

= M. (3.67)
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Write

I | (3.68)

gnxqn
whereH;; is theq x ¢ submatrix on the diagonal with respect®dy(:)).

It can be seen from Lemma 3.5 that
£ (2(i) — a(2(0) ~ Ha(p15, () = B(y()))- (3.69)
In addition it is easy to verified that
R OEINOERAGRIEO) ESNCION] (3.70)
Combining (3.69) and (3.70) we have that
f((i)) — £ (@(@) ~ (I — HiWi) ™ His( By (i) — (). (3.71)
Plug (3.71) into (3.49), we obtain the approximate cros&latibn (ACV)
ACV()) = OBS(\) + % Z B(y(i)" (I = HqWs) ™ His( By (i) — pa(i)). (3.72)

A generalized version of (3.72) can be obtained if we replgand(/ — H;;W;)
by their average matrices. In this chapter we use the gernedadverage of subma-
trices introduced in Gao, Wahba, Klein and Klein (2001)[13lppose we have
matricesA; = {a; s }4xq then the average of diagonal and off diagonal elements can

be computed by

1 « 1 n
0= o ;tr(z‘li)a V= m Z Z @ ey ko - (3.73)

i=1 ky£ko
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Thus the average matrix is obtained by

o v gl
B . N8 ey
A= —Ngxgty-ee = - (3.74)
v 0
And its inverse can be computed by
-1 1 g T
A7 = ——1g — ee”, (3.75)

(0 =70+ (g—1))
wheree = (1, 1...,1)7 is the unit vector of length.

LetQ; = I — H;;W;, then the GACV can be written as

d—r

GACV(}) = OBS(A) + ZB )T QTH(B(y(i) — pa(i),  (3.76)
whereQ and H are the generalized averageshfand /.

3.4 Estimating the degrees of freedom of the LASSO with multi-
variate Bernoulli observations

In the framework of Efron’s optimism theory, the degrees reetlom can be
defined by

n m

=33 3 o @), By (w(0)), (3.77)

i=1 r=1 j1<---<jr

Using a similar approximation in Section 3.2.1, (3.77) carebtimated by

=22 2 <Bh...jr<<>>>ale oy e

i=1 r=1 j1<--<jr
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From (3.56), (3.57) and (3.67), we can show that

df(\) = tr(WH)
= tr(WD(D"WD)~'DT)
= tr(D"WD(D"WD)™)
= N. (3.79)

whereN is the number of nonzero coefficients in the LASSO estimaié&refore

we have the following result:

PROPOSITION 3.6.Let N denote the number of nonzero coefficients in the
LASSO estimates, then
df(\) = tr(WH) = N. (3.80)

Now we look at the GACV estimation of gf). Firstly the CKL distance can be

written as
CKL() = OBS(\) + - Z (@) (Bly(@) - p(i).  (3.81)
Note that 7
(S BGOT Bu@) - @)} = S5 X conl I (wli)), By (1)
- = ;?1A3:1j1< N (3.82)

di(A) =" By(i)" QT H(B(y(i)) — pai)). (3.83)
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Therefore the BGACV can be defined by

BGACV()) = OBS(\) + Uog”ZB YO H(B(y()) — pa(i).  (3.84)

3.5 Numerical studies

We have presented two estimations of the degrees of freedtinch result in

four tuning methods to select the regularization pararseter
(@) GACV;
(b) BGACV;
(€) AIC = — 371, log p(y(i)|(i), £) + Str(WH);

(d) BIC = — 7 log p(y(i) (i), £) + L &2t (W H).

In this section we illustrate these methods by two simul@&eaimples of bivariate
Bernoulli observations. All the simulations are conductisthg Matlab 7.9.0529

installed in Red Hat Enterprise Linux 5.

3.5.1 Simulation settings
Consider the bivariate Bernoulli distribution:
pyle,£) = exp{f*(@)yr + [*(2)y2 + [ (2)yr1y2 — b(E(2))},
where
b((z)) = log(1 + exp{f'(2)} + exp{f*(x)} + exp{f'(x) + f*(z) + f*(2)})

andz = (21,9, ..., 95)7 is composed o025 covariates. We consider the following

two examples
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fl(fL') = -3+ 21‘1 -+ 21’2
() § f2(x) = =34 223 + 224
2 (x) = =3 + 225 + 276

fHx) = =3 + 22 + 229
(i) § f2(x) = —4+ 1.5z3 + 1.524 + 1.527 + 152
[ (x) = =3 + 235 + 223

\

In each case we assum&, j = 1,...,25 to be iid random variables distributed as

Bernoulli(0.5) and generated a samplenot= 500 observations from the distribu-
tion of (X,Y). For each sample generated, the LASSO estimation is cosaiast

follows. We first assume that

25

fr(x)=p"+ Zc;xt, r=1,212. (3.85)

t=1
Then estimate;’s by minimizing the following penalized likelihood

12 25

1 ' ' PO ) A Y
—E;bgpw(mx(z),ﬁ) + 322 7+ 7; @ (3.86)

Note that in (3.86) we used the sarketo penalize the main effects and f2.

3.5.2 Resaults

Table 3.1 and 3.2 summarize our simulation results. Therégieession functions
(with constant omitted) are shown at the top of each table.ntimbers show the rel-
ative frequencies of each covariate being captured byeotisply, GACV, BGACY,
AIC and BIC, out of 100 repeated simulations. The last colypmasents the average

number of false covariates captured in the 100 simulations.
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ft 2r1 219 Tp, k# 1,2
12 2r3 2wy T,k # 3,4
2 25  2x6 | 11,k # 5,6

GACV | 098 099 097 099 1.00 1.0 8.07
BGACV | 0.86 0.88 0.87 0.87 0.63 0.63 3.91
AIC 099 099 099 099 100 1.00 7.31
BIC 098 098 0.97 096 1.00 1.00 3.20

Table 3.1: The relative frequency of each covariate beipgucad by, respectively,
GACV, BGACYV, AIC and BIC, out of the 100 simulations. The tnggression func-
tions (with constant omitted) are shown at the top of theetablhe last column

presents the average number of false covariates captutied D0 simulations.



ft 2x1 219 Tp, k #£ 1,2
f2 1.525 1.5z4 1.5z7 1.5x3 T,k #3,4,7,8
[ 2r9 213 Tk #£2,3
GACV (094 098 048 043 050 046 100 1,00 3.55
BGACV | 045 058 0.24 0.10 0.14 011 096 093 143
AIC 093 098 046 044 045 049 100 1,00 3.88
BIC 0.83 093 041 032 032 036 100 1,00 245

Table 3.2: The relative frequency of each covariate beipgurad by, respectively, GACV, BGACYV, AIC and BIC, out

of the 100 simulations. The true regression functions (withstant omitted) are shown at the top of the table. The last

column presents the average number of false covariatesredgn the 100 simulations.

0L
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Generally speaking, BGACV and BIC assign a large penaltyhendiegrees of
freedom, leading to a sparse estimation. This propertyusllysdesirable when the
true model is of low dimension while the sample size is large.a result, in both
examples, BGACV and BIC outperformed GACV and AIC with muelwér false
covariates captured. On the other hand, there is no signiifitterence between two
estimations of the degrees of freedom. We can see that Biy@tlslioutperformed
BGACYV on Table 1 but GACV slightly outperformed AIC on Table 2

3.6 Discussion

In this chapter we have shown that the degrees of freedomeioalized like-
lihood regression can be estimated by: (1) the trace of ttheeimce matrix of the
mean; and (2) the GACV. The two estimations can be extend#uetvariable se-
lection problem with multivariate Bernoulli observations this case the trace of
the influence matrix of the mean is equal to the number of noneeefficients. In
our numerical studies the two estimations of the degreagetibm are comparable.
In some simulations AIC (or BIC) outperformed GACV (or BGALWhile in other
simulations we observed the opposite.

The techniques developed in this chapter can be extende¢ddotuations. For
example, we may want to estimate the degrees of freedom tarwdigh missing
covariates or covariate measurement error. Though the Gég@ivhation is immedi-
ately available from Chapter 2, we still need to do a lot of kviar fully understand
the degrees of freedom in the presence of incomplete datévatked from the real
data sets, we also want to extend our methods to deal withahable selection
problem with multiple continuous outcomes. These couldrnberesting topics for

future research.
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Chapter 4

Concluding remarks

Penalized likelihood regression with RKHS penalty is wydeted as a power-
ful non or semi parametric regression tool in data analysishis thesis we present
an important extension to randomized covariate data. Tintdlugterm “randomized
covariate” has little practical meaning, it provides us edttetical foundation in the
incomplete data analysis. In Chapter 2 we have shown theeexis of the penalized
likelihood estimate for randomized covariate data in thesgal smoothing spline set-
up. This result can be treated as a necessary conditiondgoehalized likelihood
regression with incomplete covariate data since any ojiper of incomplete covari-
ate can be treated as a special case of randomized covémiateler to minimize the
penalized likelihood, we suggest to use an EM algorithm dbasequadrature rules.
This implementation of the EM algorithm is computationdtgndly as it does not
require a large number of quadrature nodes to get a goodastinfFrom our ex-
perience a quadrature rule with 7 to 12 nodes for each incetepbvariate usually
yields a very good approximation. In this case, the EM atbariusually converges
very rapidly.

In this thesis our discussion of missing covariate datanmstéid to the missing
mechanism of missing at random. In practical applicatibogever, itis more likely
to face a non-ignorable missing data mechanism. In this saseus biases in the

estimation may result if we do not model the missing data meism. Thus we need
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to extend our methods to the non-ignorable missing data amesim. A straightfor-
ward solution is to specify a parametric model for the migsiata mechanism and
incorporate it into the missing data penalized likeliho®dis is an interesting topic
for future research.

Our work on the degrees of freedom of penalized likelihoagtession can be
extended in several directions. One interesting diredida estimate the degrees of
freedom for data with missing covariates or covariate messant error. Though the
GACV estimation is immediately available from Chapter 2,stit need to do a lot of
work to fully understand the degrees of freedom in the presefincomplete data.
Another interesting future direction is to deal with theiglte selection problem

with multiple continuous outcomes, which is motivated frtma real data sets.
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Appendix A: Technical proofs

Proof of Proposition 2.1. Any linear combination of measurable functions is
still measurable. Therefore it suffices to prove tHaf is complete. Leff, f5, ... be
a Cauchy sequence g and f* be its limit in H. Thenf,, fs, ... converge point-
wise to f*. Note that the pointwise limit of measurable functions ibatmeasurable

function. Thereforef* € Hg. O

To simply the notation in the proofs of Lemma 2.4-2.6, let$ide
Li(t) = yi - t = b(t) + c(y:) (A.1)

the log-density as a function of the natural parameter. THenis strictly concave

and bounded from above. Therefore there are three possiés of the limit of;(¢):

(1) lim L(t) =1 and lim li(t) = —oo; (A.2)
(2) lim [(t) = —o0 andtlir+n Li(t) =1;; (A.3)
3) tlilin l;(t) = —o0 and tlifrn li(t) = —o0 (A.4)

wherel; = sup, [;(t) < oo.

Proof of Lemma 2.4. Without loss of generality, we suppose that A.1 is satisfied
with the firstm cases (hence they are completely observed). In order to lsbimma
2.4, we first prove that under A.% """ | log p(vi|z;, f) is positively coercive over
Ho. Suppose to the contrary that this is not true. Then thesgseaiconstant’ > 0
and a sequency; }ren C Ho With ||gx|[ = 1 such that

m

= Lk ge(2:)) <U, keN. (A.5)

i=1
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Since the unit spherfy € H, : ||g||» = 1} is sequence compact, there exists a

subsequencéyy, } jen converging to some* with [|g*|[;, = 1. We claim that

<0, if ibelongsto Case 1 as (A.2)
g*(z;) ¢ >0, ifibelongsto Case 2 as (A.3) (A.6)
=0, if ibelongsto Case 3 as (A.4)

Suppose to the contrary that (A.6) is not true: Hfelong to case (1), theyf(x;) =

a > 0. Since{gy, }jen converges tg*, there existsV > 0 such that

gk, (7)) > a/2, forallj > N. (A.7)
From (A.5), we have
Li(ky - g, (1)) = —U =) I, > —o00, jEN. (A.8)
s#i

This is a contradiction of (A.2) since when> N

Similar contradiction can be observed whdrelongs to case (2) or case (3). There-
fore the claim in Equation (A.6) follows.

Now let go be the unique maximizer of)" | l;(g(z;)) in H,. Considerg, + rg*
with > 0. Combining (A.2)—(A.4) and (A.6), we can see that

m

> lilgolwi) +rg* (@) = 3 Llgo(s), ¥r > 0. (A.10)

=1
But this is a contradiction. Hence " | log p(y;|z;, f) is positively coercive over

'Hy, which means that

gl = 00 = =D " Li(g(:)) = +o0, g € Ho. (A.11)
i=1
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SinceH = Hy®'H; whereH; denotes the subspace of smooth functions, we have
the orthogonal decompositiogh= g + h whereg € Ho(\Hp andh € H; (| Hsz.
The Lemma can be proved in steps.

(i) ||~]| — +oo. In this case

I e—- 1
IR(f) > — > L+ Al — +oo. (A.12)
=1

(i) ||| < U for someU > 0 but||g||zy — +oo. In this case
()| = [(h, K (x| < K (@ 20) < U - KV, a0), i=1,2,..m
which implies that
f(@i) = g(zi) + h(zi) = g(x;) + O(1), i =1,...m, [[h][ <U.

Let||g||x — oo, we have

n

) = =23 log [ pluln. pp

i=1 X
1 m n _

> o) o)+ b)) = 30

=1 j=m+1
= 1Zm:l(( O(1 Ly I
= =S ulgle) +0m) -~ S 7,

=1 j=m+1
— 400 (A.13)

where (A.13) follows from the claim in Equation (A.11).

The Lemma is now proved by combining (i) and (ii)J

Proof of Lemma 2.5. Let { f; } ey be a sequence iH g which converges weakly
to f*. Itis easy to see thdtf, } ey @lso pointwise converges §§. Since pointwise

limit of measurable functions is still a measurable functig* € Hp. From the



a4

continuity of [;(t), {!(x())}, « pointwise converges te:(/"(*)) over X;. Note
thatel(/+(#:)) < ¢l and every constant is integrable with respectta F;, P;). By
the Dominated Convergence Theorem, we have that
lim [ e gp — / @ gp. (A.14)
k—o0 X; X;

The Lemma now follows sincleg(-) is continuous.

Proof of Lemma 2.6. Let { f; } reny be a sequence iH 3 which weakly converges
to f*. Consider the orthogonal decomposition of egghy f. = gr + hy with
gr € Ho(VHp andhy € Hi () Hp. Itis straightforward to see thadt,, }.cn weakly

converges ta*, the smooth part of*. Therefore we can write
0 < ([ = h*|IF, = ||Pwl , + 1127113, — 2(he, 7). (A.15)
Let £k — oo, we observe that
0 < Timinf ||l 3, — [1A*]3 (A.16)

and the Lemma is proved by definitionl

Proof of Theorem 2.7. For any fixedd € ©, by Theorem 2.2/ (f,6) is mini-
mizable inH. Let
A . IE
T(0) = min I,'(f,6) (A.17)

denote the minimum penalized likelihood giverWe claim thatl’(6) is continuous.
For any sequencéd, }reny € © that converges t@*, let £y, and P. denote
the probability measures di? with density functiong(u|6,) and p(u|6*). Since

F(ulfy) — F(u|6*) for anyu € R? P, weakly converges td%.. Note that, for
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any fixedf € H, G(u) £ p(y;|2¢™ — u, f) is a real-valued, continuous and bounded

i

function onR?. Thus [ G(u)dPy, — [ G(u)dP,-. Equivalently, that is

/ p(yi|x§” — Uy, f)p(ui|9k)dui - / p(yi|x§” — Uy, f)P(UiW*)dUz' (A-18)
Rd Rd

which implies that/?( f,6) is continuous ird for any fixedf. This is sufficient to
prove the continuity of’(¢). The theorem now follows from the compactnes®of
.

Proof of Theorem 2.8. For any fixed) € ©, by (2.53) and Theorem 2.2} ( f,6)
is minimizable inH. Thus, we can define

noE gpei?g M(f,0). (A.19)

We claim thatl’(0) is continuous.

By Assumption M.1 and M.2, there exists§ > 0 such thatp(z;|0) < U for
all z"s € DY, 0 € © and1 < i < n. Now for any sequencéd, }reny € O that
converges t@*, p(y;|z;, f)p(z;|0x) pointwise converges to(y;|x;, f)p(x;|6*). Note
thatp(y;|z;, f)p(x:]0,) < €-U and any constant is integrable on the compact domain
DY. By Dominated Convergence Theorem, we conclude that

lim p(yi|zi, f)p(xiwk)dx;”is = /ep(yi|xi, f)p(:pi|9*)dx§”i5 (A.20)
D

k—o00 Do
1

which implies that/{( f, 0) is continuous ird for any fixed f. This is sufficient to
prove the continuity of’(¢). The theorem now follows from the compactnes®of

4

Proof of Lemma 3.3. It is straightforward to show that

P(Y = (0,0,...,0)") = exp{—b(f,,)}. (A.21)
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By (3.35), the right hand side of (3.41) is

SEODUED DI EE D DR L)

1<j<k<r 1§j1<"'<jmin(m,r)ST

x exp{b(f,,)}

_ GXP{Z fj + Z fjk: 4. Z fjl"'jmin(rn,r)}
j=1

1<j<k<r 1§j1<"'<jmin(m,r)ST

— exp{$/27} O

Proof of Lemma 3.4. The lemma can be proved by induction. Obviously, (3.42)
holds form = 1. Suppose that (3.42) holds for =k <r — 1. Form = k + 1, we

have that

1200 J1 e Jk+1 12--r
Sl = E f + 55

1<ii<<gpy1<r

= Z (Sjl"'jk+1 _ Si;l“'ij) + Sl?mr

1<ii<<jgpy1<r

= > g oo S 5T I(A22)

1<j1<<Jp415r 1<j1<<Jp1<r
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Note that (3.42) is true fomn = k, so we observe that

E : JiJk+1 12-1

1<j1 < <Jr41<r
k-1 ¢ o
— Z Z(_l)t< ) Z Gy dng
1<j1 < <jis1 <r £=0 U7 1<hy<o<hy_y <k+1

k—1

B (_1>t< r—k—1+t ) Z Gt

t t 1<j1< < jp_y<r

DI IEDY 2, S

t=0 1<j1 < <1 <r 1<hy <--<hp<k+1

I
=)

_(r—k:—1+t> Z Gkt

t 1< 1 <oy <1

) k—l(_l)t [< r— (k—1t) ) Z it dnms

=0 E+1—(k—1) 7 1<ii<<jp_o<r

B ( r—k—1+1 ) Z Sjl"'jk—ti|

t 11 <o <y <r
r—k+t—1 o
= [(—1)7?( ) Z SJl"'Jk—ti| (A.23)
t=0 t+1 1<j1 <<t <r
The last equality is due to the fact that
n n n—1
( ):< )+< ) Vn>m (A.24)
m m—1 m—1
Now plug (A.23) into (A.22), we observe

k

D S S B S
S

5=0 1< 1 <o s <1

Hence (3.42) holds fomn = k + 1 and the lemma is proved by inductionl]
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Proof of Lemma 3.5. For anyf other thanﬂ’g’“, it is straightforward to verify
that

— b @) (2 (0)) + b (@ (i) < =k (@) E(2(3)) + b(E(2 (i) (A.26)
Now we have that

=Y Ly ) B (k) = ) ET (@) + O (2(0)) + (8 )

ki

< =D laly(R), B (k) — p 6T (23)) + (8 (2(1)) + na(8)
ki

< =D (k) E@(R))) — @) TE(2 () + b(E(2 (i) + na(E)
ki

The first inequality is due to the fact th@t’“ minimizes

= 5" L (y(k), E(@(k))) + nJx(8) (A.27)

ki

and the second one is due to (A.26).
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Appendix B: Derivation of GACV

Our GACYV is derived based on the cross validation functia@%2 Let us use
the notations (2.21) and (2.22). It can be seen from (2. 285", w! /£, (=)
can be treated as a function ﬁj 7. Note thath is expected to be close Dﬁu

Thus using the first order Taylor expansion to exp@’a w), Z]fA (zi;) at fM, we

have that
JBS BN P 7l 9 >0 wi (1)
CV(\) =~ OBS\) + _Zyi(f)\i _ fA[z }>T j ((19 SR
n i=1 T i
di
= OBS()‘ Z?Jz f)\z fm_l (Bl)
dimi

wherew;;(7) anddij are defined by (2.20) and (2.37), respectively. Thus, it rema
to estimatefM fA . To do this, we first extend the leave-out-one lemma (Craven

and Wahba,1979[11]) to randomized covariate data.

LEMMA B.1 (leave-out-one-subject lemma) Lé#;, t) = y; - t — b(t) + c¢(y) be

the log-likelihood function and
- - n
=2 log > myexp{l(ys, f(27))} + I (f) (B.2)
i=1 j=1

,whereg = (7,7..., 51T with ;T = (y;, ..., ;)T beingm; replicates ofy;. Suppose
thatT = (71,...,7,,)7 is @am; x 1 vector andh, (i, ,-) is the minimizer inH of

7Y, f), whereY = (7,7, ... 57,77, 771, .. 7,.7)T. Then
h)\(i7 Mg 7') f)\ (Bs)

WherefA minimizes— >, ., log > 7™ m; exp{l(yi, f(2r;)) } + =2 J(f), and
/m (b’(fA (zﬁ)), o b’(fA (Zimi)))T is the vector of means corresponding to
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=i
=,

Proof of Lemma B.1. Firstly, we claim that
U (7)) A7) 2 10 (R ), f(2)s 1< < i, Vf € H (BA)

This follows since

DI M) t) _ o il ,
o = V([ (=) =B (1)

and using the fact tha@% —b"(t) < 0. Thereforel(b’(f (zw)) t) achieves
its unique maximum fot = f{’](zij)

Definey = = (7., ... 5Ly, (AN, G2, ... 7.5)T. Then for anyf € H,

NG = —log Y myexp{i (fy (ziy)), f2i)}
j=1

— ZlOngﬂ'kj exp{l(yw, f(2r;))} + n—)\J(f)
k;;éi Jj=1
> logz mig exp{L(V (£ (29)), 3 " (23)))
S tog > mexp{llye )} + 2 I0)

k#i j=1
> —log Y myexp{l(t (i (27)), [ (=)}
j=1

S pl—i nA A
= log Y mg exp{llyn, fi (=)} + 5 ().
ki j=1
The firstinequality is due to (B.4) and the second one is dtieetéact tha;fA mini-
mizes— ", log > mij exp{l(yi, f (21j)) }+2 J(f). Thus we havé, (i, ,u[)\ZZ], 3)
=0
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Consider the parametric form of the penalized likelihoo(ir26) and denote
_’[_i} = (gl y ’yz 1 (ﬂ[\z })T gz—{l? tt gnT)T' (BS)
Then Lemma B.1 says that

B = (P ) 7 am)s A ) A G )T (B)

minimizes/Z" (571~ f). Note that

f/\ = (fA(Zn), s fA(Zlm1)> f/\(zm), o f,\(znmn))T (B.7)
minimizesIZ"(7, f). Thus
a]ZH ., a]Z,H oo
=0, 27 £ =o0. B.8
af<f)\) af(y ) (B.8)
Using first order Taylor expansion, we have that
[ZH R
0 = DGt
of
a‘[/\ZH — azlf’n kK _‘[ aQIZH - x —»[—'} —»
- — ) + - = ) ) v
oF (%, /) 8f6fT(y AT =)+ ayafT(y IC v)
Ui S SO B O (S
:ﬁ—»*,* M + _ —**’*—‘[71}_—‘
8f8fT<y U= 1) agjafT( NI v)
(B.9)

where(i*, f3) is a point betweeny, f1) and(;7 =, £,0°7).
Consider any arbitrary vectgir= (fT, ..., f7) with f; = (fu1, ..., fim,)" being an

m; x 1 vector. Forl <i <nandl <s,t <m,, let's denote
{ () [14 (1= wal )l — U ()] s =1
) (f )fzs(yz b,(fzt))a if s 75 t
£y = | e U = 0w =
wis(f )wie(f ) (yi — ' (fis)) (g — V' (fir)), if s ¢
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—

Define submatrices;(f ) = (bgt(f)> andD;(f ) = <d§t(f)> ~and let
D

Mg XMy

B(f) = diagBi(f ), ..., B.(f ) andD(f ) = diag Dy(f ), ..., n(}li ) be block

diagonal matrices. Then direct calculation yields

PRI S PIM S R
—— (", fx) = —=D([fy) + Xy, A yo, fy) = —B(fy). B.10
of 8fT(y fA) N (f/\) A ag,afT(y f)\) n ( ,\) ( )

Therefore, from (B.9), we have

o= B = =(D(R) + 050 B G- 5 7). (B.11)
ApproximateB( }) andD( }) by B(f\) andD(f3). Then denote

H = —(D(f,) + nZy) ' B(f)) (B.12)

the influence matrix off’n(g, f) with respect t(fevaluated aﬁ. From (B.11), we

have
Fa— A 0
o B0 | = | gy - B.13)
f; _ f“[*i] 0
" AT Z m; X1
Write
Hyy = * *
x  Hog -+ *
H=| (B.14)
* x* .- H,,
Z mixz m;

where eachH;; is am; x m; submatrix matrix on the diagonal with respect to

(fi1, -, fim:)T. We observe from (B.13) that

—

i — _:\[i_i] ~ Hy(y; — ﬁ[\_zl}) (B.15)
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Recall that,uM’] (T (z0)), 0 (F (zim,)))T s & vector oft/(+) evalu-
ated atfm . Hence, using a first order Taylor expansion to expénd at fri, We
have

At = e = W57 ) (B.16)
wherelV; = diag(t”(fx(zi1)), ... b (f(zim,))) is a diagonal matrix of variances.

Combining (B.15) and (B.16), we can show that

fAz‘ - f;[i_i] ~ Hj (?7 M[ Z])
= Hu(yi — iy + fixi — Ng\zl])
~ Hu(f — fixi + Wil fai — £, (B.17)

Now, an approximation of i — fA ! can be obtained by solving (B.17)
P = B % Loy, — HWa) ™ Ha(, — fira)- (B.18)

Plug (B.18) into the CV function (B.1), we obtain the approaie cross validation
(ACV) function

ACV()) = OBS(\)+ Zyz s - Qi) (I sem, — HiaW3) ™ Hig (Gi— i) (B.19)

WhereCTB\S(/\) is givenin (2.19). Defin&;; = 1,,,,«m;, — H;;W,;. Then a generalized
form of approximate cross validation (GACV) can be obtaibgdeplacing eacli/;;
andG;; with the generalized average of submatrices defined in Y2134t [,; and

G,; denote the generalized averagehf andG;;. Then the generalized approximate
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cross validation (GACV) can be defined

GACV()) = OBS(\)+ Zyl s oo i )G H (7 — i)
— —%Zlomeg‘exp{yifA(zz-j)—b(fk(zij))} (B.20)
=1 j=1

Yi — fia(zi)
+ — Zyl iy ooy Aim,) G’ YH, :
Yi — fia(Zim,)
We remark that if all the:;’s are exactly observed, then the above GACV function
will reduce to the original GACV formula in Xiang and Wahb®@b)[44].
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Appendix C: Extension to SSANOVA model

Smoothing spline analysis of variance (SS-ANOVA) providegeneral frame-
work for multivariate nonparametric function estimatiomhe application is very
broad. To extend the methodologies of Chapter 2, it suffceshow that the penal-
ized likelihood for SS-ANOVA model can be formulated in tloerh of (2.3). The
following arguments are derived from Wahba (1990)[39].

The penalized likelihood of smoothing Spline ANOVA moddtea the form of

n b
1) = = S logplulr 1)+ 3 MallBfI (€.1)
=1 B=1

wherer are nonparametric subspaces (smooth spaces) which ameeasso be
RKHS with reproducing kerngk? (-, -) andP! projectsf ontoH?. Now For\; > 0,
defineH; = >°7,_, &H] with norm

b
19130, = D AsllBInll . n € Ho (C2)
B=1

It can be shown thakt{; is a RKHS with a reproducing kern@jg:1 th(s,t).

Then we can write that
1 n
L(f) = == > logp(yils, f) + |IPaf I, (C.3)
=1

whereP, projectsf € H onto’H;. SetJ(f) = ||P.f||3,. Then the above expression
takes the form of (2.3). Therefore our discussion in Chaptean be extended to
SS-ANOVA model.
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