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SUMMARY

A powerful technique for inference concerning spatial def@nce in a random field is to
use spectral methods based on frequency domain analysis.wwedevelop a nonparametric
Bayesian approach to statistical inference for the spledeasity of a random field. We con-
struct a multi-dimensional Bernstein polynomial prior tbe spectral density and establish its
theoretical validity as a nonparametric prior. We devisealdv chain Monte Carlo algorithm
to simulate from the posterior of the spectral density. Togt@rior sampling enables us to obtain
a smoothed estimate of the spectral density as well as ¢tedabinds at desired levels. Simulation
shows that our proposed method is more robust than a patiarappiroach and for illustration,
we analyze a soil data example.

Some key word8ernstein polynomial prior; Dirichlet process; Markovaih Monte Carlo; Multi-dimensional Bern-
stein polynomial; Periodogram; Whittle's approximation.

1. INTRODUCTION

Random fields provide a flexible modeling framework for thalgsis of spatially referenced
data that arise in a wide variety of disciplines (Cressie931%5tein, 1999; Schabenberger &
Gotway, 2005). Much research effort has focused on propedgeling and inferring spatial de-
pendence expressed as an autocovariance function in thal gfzamain. A powerful alternative
is to use spectral methods in the frequency domain. Thisr@age further development of spec-
tral methods by delineating a new nonparametric Bayesignoagh to statistical inference for
the spectral density of a spatial random field.

Let {X(s): s € D C R?} denote a random field on the spatial domd@nwhere d is a
positive integer. We assume that the random field is secomhel-ostationary with a con-
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2 Y. ZHENG, J. ZHU AND A. Roy

stant mean function and an autocovariance functitih) = cov{X(s), X(s + h)}. As the
Fourier transform of the autocovariance function, the spédensity is defined ag*(w*) =
27m) % [pa exp(—ih/w*)C(h)dh, wherew* = (w},...,w}) € R% If the spatial domairD is an
integer lattice inZ?, the frequencyw* is restricted to a finite-frequency bard r, 7]¢ and the
spectral density of the random field can be written as,

Frw Zexp —ih'w*)C(h). €Y

hezd

Let D,, denote the spatial sampling locationsihand we suppose thdD,, consists of an
ni X --- X ng integer lattice inZ¢. A periodogram provides a nonparametric estimate of the
spectral density. It is defined as,

2

I(w*) = ZX s) exp(—is'w®)| . (2

(27T) 1= lnl s€D,

Under mild regularity conditions on the autocovariancecfion, the periodogram is an asymp-

totically unbiased estimator of the spectral density. H@mveit is inconsistent and needs to be
adjusted by various smoothing techniques (Ripley, 198¥pd& Gay, 1993; Bohm et al., 2002;
Schabenberger & Gotway, 2005; Robinson, 2007). Statistiterence of the spectral density is
largely based on the asymptotic distribution of the smabieriodogram.

Here we develop nonparametric Bayesian inference for thetsgd density of a random field,
as a novel alternative to traditional asymptotic infereriéer time series, various nonparamet-
ric Bayesian methods were developed to estimate the spdetraity (Choudhuri et al. (2004a)
and the references therein). In particular, Choudhuri e{28l04a) proposed a nonparametric
Bayesian method to estimate the spectral density of a statictime series, where the non-
parametric prior on the spectral density was based on ametiional Bernstein polynomi-
als (Petrone, 1999a,b). We construct a multi-dimensiorein&ein polynomial prior for the
spectral density of a random field. We also establish itsréimal validity. Two- and multi-
dimensional Bernstein polynomials have been developeddiimation of probability densities
(Tenbusch, 1994) and as a prior for Bayesian inference #BpifL999; Regazzini & Sazonov,
1999; Petrone, 2004; Kruijer & van der Vaart, 2008). In matr, Epifani (1999) studied Bern-
stein polynomials on hypercubes and their implication onpamametric Bayesian inference,
while Petrone (2004) developed general theoretical re$aft multi-dimensional Feller opera-
tors, of which multi-dimensional Bernstein polynomial® a& special case. Equipped with the
multi-dimensional Bernstein polynomial prior, we devisélarkov chain Monte Carlo algorithm
to sample from the posterior of the spectral density. Withghsterior, not only a smoothed esti-
mate of the spectral density can be obtained, it also becstraghtforward to construct credible
bands at desired levels and perform inference for other mghn aspects of the spectral density.

2. MULTI-DIMENSIONAL BERNSTEINPOLYNOMIAL PRIOR

2:1. Multi-Dimensional Bernstein Polynomials and the Berimsi2ensity
Let A = [0,1]¢ denote the unit cube iRe. Let k = (ky,...,kg) andl = (Iy,...,1q) de-
note two vectors of nonnegative integers. Define the pastidér! < k if [; < k; for eachi.
Then define the multi-index sum g8, = Y%, .- Y% wherej = (ji,...,js) and
[ < k. Let Cubéj, k) denote thei-dimensional cube of the forr(j; — 1)/k1,j1/k1] x -+ %
((ja — 1)/kq, ja/kq) with the convention that if; = 0, then the interval (j; — 1)/k;, j; /ki] is
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Nonparametric Bayesian inference for the spectral dergitgtion of a random field 3

replaced by the poinf0}. Letk; = H "1 ki, min{k} = I<mn k;, and letj/k denote the vec-

tor (j1/k1,...,ja/kaq). Also, let 0 = (0,...,0) and1l = (1,...,1) denote thel-dimensional
vectors of zeros and ones.

For a bounded functiot’ : A — R, a multi-dimensional Bernstein polynomial of order=
(k1,...,kq) associated witliz is defined as,

k d
Bra(w) =Y GG/k) [ [ vk (wi), 3)
7=0 i=1
wherew = (wi,...,wq) € A, pjk, (wi) = (I;) 72(1 w3 for0 < w; < 1,5 =0,...,k;,
ki=1,2,... andz =1,...,d. The orderk can be mterpreted as a multi-index parameter that
controls the smoothness Ekg, with a smallerk; associated with a smoother function along
dimensioni. WhenG is a distribution function withG(0,1,...,1)=---=G(1,...,1,0) =

0, we will refer to the Bernstein polynomial as the Bernsteistribution function associated
with GG. As a special case of Theorem 1 of Petrone (2004J; i bounded (or continuous),
the Bernstein polynomiaby, ¢ in (3) provides a good approximation of the functiéh In our
application the functiorG will always be a probability distribution function and hend;, ¢
will be a probability distribution function ok as well.

A multi-dimensional Bernstein density, the derivative led Bernstein distribution function, is
defined as,

ad

d
bra(w) = 78‘816 alw Zuk c(i) I Bwiji ki — 3i + 1), 4)
i=1

Owy - -

whereuy, () are mixing weights and(-; a, b) denotes the probability density of a Beta distri-
bution with parametera andb. The mixing weightsu;, (/) are the probabilities of Culfg k)

underd. It follows thatuy ¢(j) > 0 andz 1 uk,c(j) = 1 and thus the Bernstein density

in (4) is a probability density orh. If G is a probablhty distribution function with a continuous
probability densityy, then it can be shown thagtcan be approximated uniformly by a sequence
of Bernstein densities(b;, (w)}, as shown in the following Theorem 1. For completeness, we
include in this theorem properties relating to the Bermstkstribution function as well.

THEOREM 1. If a functionG : A — R is bounded on the unit cub& and let By,  be the
associated Bernstein polynomial defined3) Then asmin{k} — oo, we haveBy, ¢(w) —
G(w) at each point of continuitgw of G. If G is continuous oM\, then By, ¢(w) — G(w)
uniformly onA. In addition, ifG is a probability distribution function with a continuous oty
g on the unit cubeA and by, ¢; is the associated Bernstein density function define@)nthen
bi,c(w) — g(w) uniformly onA.

2:2. Multi-Dimensional Bernstein Polynomial Prior

LetII denote the space of probability distribution functions®and equidI with its Borelo-
field 7 generated by the topology of weak convergence. We definedommamulti-dimensional
Bernstein distribution function as the random functiontw form By, ¢ in (3), where the order
k is anN“-valued random variable and givénthe coefficient is7(j/k) with G being a random
probability distribution function o\ whose atoms aréCubdj, k), j < k}. The random multi-
dimensional Bernstein distribution functions define a piulity measure on the spacél, 7)
as to be established in Theorem 2 which we will refer to as airdirhensional Bernstein
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4 Y. ZHENG, J. ZHU AND A. RoY

polynomial prior and denote by. The parameter of is the joint probability distribution of
andG and is denoted &B.

Since any continuous density dncan be uniformly approximated by a sequence of Bernstein
densities, we can define a measure on the space of continanagiels oA by defining a mea-
sure on the set of Bernstein densities. Laienote the space of continuous probability densities
on A and equifI with the Borelo-field 7 generated by the topology of weak convergence. We
define a random multi-dimensional Bernstein density as daanfunction of the fornb;,  in
(4), where the ordek is anN“-valued random variable and givénthe mixing weightsu (5) are
random withuy, = (ug(4) : j; = 1,...,k;,i = 1,...,d) belonging to the’k; — 1 dimensional
simplex,

k

Si = {uk(j) Fug(f) > 0, Y uk(j) = 1}. (5)

Jj=1

When induced by a random probability distribution functi@nhwe denote the vector of mixing
weightsuy, asuy . In order for the proposed multi-dimensional Bernsteinypolmial prior
to be a valid nonparametric prior, a well-accepted critei®that it should have full topological
support, in the sense that it is able to reach the entire spigm®bability distribution functions
II. In Theorem 3, we will show that the multi-dimensional Béens polynomial prior developed
here meets this criterion.

2-3.  Prior for the Spectral Density

Although not crucial, we rescale the spectral dengityin (1) to f on A such that,f(w) =
f*(2rw —m), wherew € A and27rw — 7 = 2wy — 7, ..., 21wy — 7). We normalizef to

q(w) = f(w)/T, (6)

where the normalizing constant= | A f(w)dw. Alternatively, as a reviewer suggested, a prior
may be imposed directly ofi*. We suspect that this would require some form of rescaling of
bounded functiorz in order to apply a Dirichlet distribution, an issue that wil avestigate
further.

We impose a multi-dimensional Bernstein polynomial printtlee normalized spectral density
¢ and independently impose a prior enFollowing (4) and (6), we let,

k d
f(w) :Tzuk,G(j)Hﬁ(wi;juk‘i—jz‘+1)a (7)
j=1 i=1
where G follows a Dirichlet process such that for any partiti¢d,, ..., A,,} of the sample

spaceA, them-dimensional random vector 6f(A;) follows a Dirichlet distribution,
{G(A1),...,G(Apn)} ~ Dirichlet{ M Gy (A1), ..., MGo(An)}, (8)

where M is a weight parameter and is a base measure (Muller & Quintana, 2004). We will
abbreviate (8) taG ~ D(M,Gy). A diffuse prior onG may be obtained by setting/ to a
small number and settin§f, to a uniform distribution omA. Finally, we let the ordek have

a probability mass functiop(k) > 0, for £ € N? and let the normalizing constant have a
probability density or(0, co). We assume that, k, andr area priori independent. The prior
for f induced by the product of priors ai, &k, andr satisfies the conditions of Theorem 3 and
thus has full topological support.
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193 3. POSTERIOR FOR THESPECTRAL DENSITY
194 3.1. Dirichlet Process Representation
195 We let the order of the Bernstein polynomials be restrictedhe formk = k1 so that the
196 posterior computation simplifies considerably. We willeefo the common valug as the order
197 of the Bernstein polynomial prior. Following Sethuramaf@44), we represerd as an infinite
188 mixture of point masses &, = (Zy1,...,Z¢q) ~ Go as,
200 >
201 G = ZPZ(SZW )
202
203 where § denotes a point mass functiom, = V;[[,,(1 —Vj), with V, ~ Beta(1, M),
204 71, 7Zs,..., V1,Va, ... are independent of each other and are the parameteaisinfthe rep-
205 resentation (9). To achieve a finite parameterization, weckite the series in (9) at a largeand
206 representy by G = Y1 pedz,, wherepy = 1 — 31, py, Zo ~ G and is independent of the
207 other parameters.
208 The rescaled spectral densifyin (7) becomes,
209 kl - L
210 F@) =730 | S G = 0/ < Zax £ i = D/ < Zaa <
j=1 - ¢=0

212 ’ )
213 i e
213 < [T plasink -+ 1) (10)
215 ] ) .
216 It suffices to consider a finite number of parametésszy, ..., 2, Vi, Vo,..., Vi, k, andr.
gg 3-2. Posterior for the Spectral Density
219 In practice, the periodogram is computed at a finite set ofiEpfrequencies,
220 2 |n; — 1 2w | n;

Q=Lw = (wf,...,w)) 1wf=-"] = 2=,
33; {w (wl, ,wd) w; nl\‘ 5 J, ,ni \‘QJJ s ,d},
223 where|- | denotes the floor function. Then, the periodogram can beedeas the Fourier trans-
224 form of the sample autocovariance function,
225 2t %
296 I(w* o) oynw Z h) exp(—ih/w*), (12)
227 hezZ,
228 wherew* € Q, Z, ={-nm+1,...,n1 —1} x---x {=ng+1,...,ng— 1} and C(h) is a
229 sample autocovariance function.
230 For evaluating the negative log-likelihood function up t@@nstant, we use Whittle’s ap-
231 proximation1/2 3" ..o {log f*(w*) + I(w*)/f*(w*)}, where the summation is over the set of
232 Fourier frequencies i, I is the periodogram (11), ang* is the spectral density (Whittle,
22431 1954). Thus the posterior &y, Z1, ..., Zr, Vi, Va, ..., Vi, k, T is proportional to,

235

236 I1 exp[——{logﬂ ) + HHM )M 1H90 20)p , (12)
237 wrea

238 wheref(w) is specified in (10) witbv = (w* + 7) /27 andgy is the probability density of7y. A

239 simulation study to be shown in SectiorL%lemonstrates the posterior consistency empirically.
240 However, it is challenging to establish posterior consisyetheoretically. We believe that the
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6 Y. ZHENG, J. ZHU AND A. ROY

main difficulty is to develop a contiguity theory in the spiwf Choudhuri et al. (2004b) for time
series, which we are currently investigating.

3:3.  Markov Chain Monte Carlo for Sampling from the Posterior

To sample from the posterior (12), we implement a Gibbs sangid update the parameters
componentwise. For the normalizing constanive assume a conjugate Inverse Gamma prior
and sampler according to its full conditional distribution. Moreovese updatel; and Z,
by a Metropolis-Hastings algorithm. In particular, we leetproposal distribution o¥; in the
Metropolis-Hastings update have a uniform distribution[Bn— e, V; + €], wheree, depends
on/in order to match the posterior variance of the correspantfin The proposal distribution of
Zyis selected in a similar manner. Based on experimentaticthéocasel = 2, it appears that the
choice ofe; = 1/{¢ + 2(n1n2)"/?} works well. To determine a suitablg we note that a largelt
is better in terms of accuracy of the approximation, buteases the amount of computing time.
Again, based on experimentation, we find it suitable tdlet max{20, (n;n2)"/?}, where20 is
chosen to keep sufficiently large for moderately large lattice sizes. Theam of the posterior,
denoted ag, is used as the smoothed estimate of the rescaled speatsitydg and thus, the
spectral density* is estimated by *(w*) = f{(w* 4+ 7)/27}. The2.5!" and97.5"" percentiles
of the posterior spectral densities are obtained in a simitnner, which are used to construct a
95% credible band of *.

3.4, Alternative Priors

As an alternative to the Dirichlet process prior 16r we investigate a more general family
of stick-breaking random measures. The stick-breakingrptre of the form (9), but with more
generall, ~ Betday, by) (Ishwaran & Zarepour, 2000; Ishwaran & James, 2001). Iniqaéetr,
we consider the two-parameter Poisson-Dirichlet procass,known as the Pitman-Yor process
PY(a,b) defined as a two-parameter stick-breaking random meastingpaiameters, = 1 —
aandby =b+ lawith0 <a < 1,b> —a (Pitman & Yor, 1997). The higher-order terms in the
infinite-mixture representation of the Pitman-Yor process again truncated. Witthh= 0 and
b = [, the Pitman-Yor process reduces to a Dirichlet processtharexample of the Pitman-
Yor process is the stable-law process with parametetsa, b = 0, and0 < « < 1. In general,
with ¢« = « and b = g3, the prior of V; is Betal — «, 5 + o). We impose diffuse priors on
the parameters of the Pitman-Yor process and devise a Maitkawn Monte Carlo algorithm
to sample from the posterior of th&y, 71, ..., Z;, V1, Va,..., V1, k, 7 as before. In addition
to a uniform distribution, we also consider a diffuse truacanormal distribution as the base
measurdsy.

4. THEORETICAL PROPERTIES OFBERNSTEINPOLYNOMIAL PRIOR

The random Bernstein distribution function of the form (B8)uces a probability measure
on the space of probability distribution functions.

THEOREM 2. LetlIl denote the space of probability distribution functions be tnit square
A equipped with the Boret-field 7 generated by the topology of weak convergence. Then the
Bernstein distribution functions induce a probability reeser on (11, 7).

The probability measure induced in Theorem 2 is the Bemgielynomial priorr with pa-
rameterP, whereP is the joint distribution of andG.

Next, we establish the validity of the Bernstein polynonpabr =. Let G, = {g1,...,9n}
denote a collection of real-valued continuous functionshanunit cubeA, wheren = 1,2, .. ..
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289 For any probability distribution functio® € IT ande > 0, define a weak neighborhood @fas,
290

291 Ng, Q) = {Q* € Il : max /ng* — /ng‘ < e}. (13)
292 9€Gn

293 Let IT; denote the subclass of all continuous probability distidyu functions onA. For any
294 e > 0, define a strong neighborhood @f < 11, as,

295

206 Ne(Q) =1{Q" €111 : sup |Q"(w) — Q(w)] < e} (14)
297 weh

298 THEOREM 3. Letthe prior on the order parametérsatisfyp(k) > 0for all k € N and given
299 k, let the conditional priom(-|k) on the mixing weights;, have positive density with respect to
300 the Lebesgue measure BA*1—1 for all u; € Sy, andSy, is defined in(5). Then,

301

302 (i) = has full topological support ofll, 7'), in the sense that for all choicesofg,,, @ € I and
303 e > 0, we haver{Ng, (Q)} > 0, whereNg, (Q) is defined in(13).

304 (i) = has full topological support orfll;, 77), in the sense that for all choices ef> 0 and
305 Q € 11, we haver{ N.(Q)} > 0, whereN,(Q) is defined in(14).

28(75 Theorem 3(i) states that if the probability distribution Jofs positive over the entire séf¢
308 and for anyk € N¢, the conditional distribution ofi;, given k is nonzero at every point i},
309 then the Bernstein polynomial priar has full topological support ofl in the sense that every
310 weak neighborhood i has positiver-measure. Under the same condition, Theorem 3(ii) states
311 that any neighborhood of a given continuous probabilitytriistion function has positiver-
312 probability, where the neighborhood is defined in terms obakogorov-Smirnov distance. The
313 two parts of the theorem ensure that every probability ihigtion on the unit cubé\ is in the
314 topology of weak convergence of the Bernstein polynomiwr@nd moreover, every continuous
315 probability distribution is in the topology of uniform coakgence of the Bernstein polynomial
316 prior, provided that the distributions(k) andp(u|k) have full support.

317

318

319 5. NUMERICAL EXAMPLES

320 5-1. Simulation Study

321 For the simulation study, we focus on the cabe 2 and vary ther x r sampling grid by
322 letting » = 5,10, or 20. For each grid size, we simulate data from a stationary aoiloigic
323 Gaussian process. The mean of the Gaussian process i9)s&eaconsider the Matérn class of
324 autocovariance function§'(h) = o(h/2p)"2K,(h/p)/T'(v), whereh = ||h|| denotes the dis-
325 tance of a spatial lag, o is a variance parametes,is a range parameter, ands a smoothing
326 parameter (Cressie, 1993). We tet= 1, but vary the range parametetand the smoothing pa-
327 rameterv. We letp = 1 or 3, corresponding to a shorter and a longer range of dependé/ee
328 also letr = 1/2 or oo, corresponding to the exponential model and the Gaussiateimd/e
329 simulate 100 data sets for each combination,qf, andv.

330 For each simulated data set, we apply the nonparametricsgayenethod developed above
331 to estimate the spectral density. For the Gibbs sampler M#tropolis-Hastings updates, we
332 let the order of the Bernstein polynomials have a probabitiassp(k) = cexp(—0.05k2). We
333 set the weight parameter fd = 1 andGy to a uniform distribution in the Dirichlet process for
334 specifying the prior of+. The burn-in length is 1,000 and the Monte Carlo sample dteelaurn-
335 in is 6,000. Letf* denote the posterior mean of the spectral density. To edéilihe accuracy

336 of f* as an estimate of the true spectral dengity we define anl;-error ast* —flh =
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Table 1.Median and interquartile range of the; -errors in the estimation of spectral
density functions

Grid Size  Method Exponential Gaussian
p=1 p=3 p=1 p=3

5x5 NBE 0.42(0.35,0.50) 0.58(0.52,0.67) 0.31(0.28,0.36) 7@®B53, 0.66)
PE 0.16 (0.10,0.29) 0.20(0.13,0.29) 0.33(0.28,0.42) @4®, 0.51)

10 x 10 NBE 0.33(0.28,0.38) 0.48(0.45,0.52) 0.18(0.15,0.23) 90047, 0.51)
PE 0.07(0.04,0.11) 0.23(0.17,0.28) 0.25(0.22,0.31) (0517, 0.58)

20 x 20 NBE 0.29(0.27,0.31) 0.44(0.43,0.46) 0.13(0.12,0.13) 2@®28, 0.35)
PE 0.04(0.02,0.06) 0.11(0.06.0.17) 0.21(0.20,0.23) (0519, 0.54)

NBE, nonparametric Bayesian; PE, parametric Bayesian

fw*e(_w ] x[0,7] | /*(w*) — f*(w*)|dw*. Note that, due to the symmetry of the spectral density

f*, we only focus on thé-error of f* on (—m, «r] x [0, 7.

For comparison, we devise a parametric approach for estigmtite spectral density. Regard-
less of the data generating mechanism, we assume that tihemafireld is a Gaussian process
with an exponential model as the autocovariance funafi¢h) = o exp(—h/p), whereo is a
variance parameter angdis a range parameter. We apply a fully Bayesian approachtiinas
the model parametersandp and thus the posterior of the spectral density. In particwa de-
velop another Markov chain Monte Carlo algorithm to draw Mo@arlo samples of the model
parameters from the posterior distributioncoindp. We then obtain the posterior of the spectral
density according to the parametric form and let the pasteriean be the estimate of the true
spectral density*. The Li-error of the spectral density estimate is computed in tieesaay.
The burn-in length is set to 1,000 and the Monte Carlo sampéeaster burn-in is 6,000.

Table 1 gives the median and interquartile range ofltherrors based on 100 simulations for
the three grid sizes and two spatial models. When the truigcavariance function follows an ex-
ponential model, the mediaky -error of the nonparametric Bayesian estimate becomedesmal
and thus the estimation becomes more accurate with inagagid size. The corresponding
medianL;-errors of the parametric Bayesian estimate, in contrastsmaller, because the cor-
rect exponential model is used to fit the data. There tendg tmdre variation in the.,-error
with the parametric Bayesian approach. When the true autmiemce function follows a Gaus-
sian model, again as the grid size increases, estimatioheo$pectral density becomes more
accurate. This is in contrast to the corresponding medigierror of the parametric Bayesian
estimate, when the model is misspecified as an exponentidéimexcept the case of= 5 and
p = 3, the Li-error is smaller with the nonparametric Bayesian estimagain there is more
variation in thelL-error using the parametric Bayesian approach.

5.2. Soil Data Example

For illustration, we analyze a soil property data set feadun the geoR package of R (R De-
velopment Core Team, 2008). In the example, soil samples w@lected on &5 x 10 regular
grid and soil chemical properties were measured. Here wesfon the catium exchange capabil-
ity and apply the nonparametric Bayesian method to obtarptsterior of the spectral density.
Figure 1(a) and (b) show the posterior means 8% credible bands of the spectral density
on thelog,, scale atv; = 0 andw; = 0 respectively. Figure 1(c) and (d) show the surface and
contour plot of the posterior estimates on thg,, scale. These figures reveal a larger peak at
w* = (0,0) and two smaller ones at frequencies arogr@.5,0) and(2.5,0). Furthermore, we
perform sensitivity analysis of the prior selection andrtiein features of the posterior estimates
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Fig. 1. Spectral density function estimate on Ibe, , scale using nonparametric
Bayesian (av] = 0 (b) w3 = 0 (both with a 95% credible band); (c) surface
plot; (d) contour plot.

are similar under different Pitman-Yor process priors andedomeasures. Figure 2 shows the
contour plots of the posterior mean on tbeg;, scale for the three forms of the Pitman-Yor pro-
cess combined with two different base measures. We addithantoothness of the posterior do
not differ much among the various stick-breaking priors #relbase measures.

6. SHAPE RESTRICTION FORBERNSTEIN POLYNOMIALS

For density estimation problems, it is important that therlB&ein polynomial density can be
restricted to an admissible class of densities with cegammetric/shape properties of the target
density. For spectral density problems, such shape résiricare not common. However, in
certain circumstances, prior information may be availarié¢he geometric shape of the spectral
density. For example, smoothness of the random field may pesed by specifying decreasing
spectral densities with more contribution from lower frequies. Therefore, it is desirable that
the Bernstein polynomial prior capture such shape regtrist It is well-known that the one-
dimensional Bernstein polynomials retain shape propegieh as monotonicity and concavity
of the function generating the coefficients (Lorentz, 1988& investigate similar properties in
the multi-dimensional case with the objective of specifysihape restrictive priors.

The derivatives of the Bernstein polynomial are given by,

a|a‘ d ;! k—o . . d
mBk,G(W) = {( H m} Z: VeG(j/k) Hpji7ki—ai (wi), (15)

i=1 7=0 =1
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(@ (b)

e,

W

omega2

mega2

omega2

Fig. 2. Contour plots of spectral density estimate onltigg, scale using non-

parametric Bayesian under different prior of the distriboiz and the base mea-

sureGy. (a) G = Dirichlet process(=o = uniform; (b) G = stable law process,

Gy = uniform; (¢)G = Pitman-Yor process7o = uniform; (d)G = Dirichlet pro-

cess(Go = normal; (e)G = stable law process;, = normal; (f)G = Pitman-Yor
process(=o = normal.

where V is the forward difference operator and = («,...,aq) is a multi-index with
la] = a3 + -+ aq4. Let d; denote the vector with all ones except a two at the
place. Then the Bernstein density is monotonically indrepsalong thei’® coordinate if
Al Jows - - - 9w By, ¢(w) > 0 for a = d;. Clearly, from (15), a sufficient condition for the
Bernstein density to be increasing along ttfecoordinate is that%G(j/k) > 0. Following ar-
guments in Chang et al. (2007), the set of Bernstein polyatsmvith coefficients monotonically
increasing along th&” coordinate will be dense in the set of continuous functiomshe unit
cube which are monotonically increasing along tffecoordinate, equipped with the topology
of uniform convergence. Prior positivity of weak neighboods of functions increasing along
thei’* coordinate can be proved in the same manner as in Theorem 3.

Convexity of the coefficients does not guarantee global exity of the resulting polynomial.
When the Bernstein polynomials are defined on the simpleanGt& Davis (1984), Chang &
Feng (1984), Sauer (1991) among others gave sufficient wonslifor the Hessian of the Bern-
stein polynomial to be semi-positive definite in order todnawnvexity. Sauer (1991) defined two
alternative notions of convexity that are inherited frora ttoefficients of the Bernstein polyno-
mial. However, when the functions are defined on the unit cabeh results are not available.
Even though exact convexity is not retained, convexity efdbefficients does guarantee asymp-
totic convexity of the polynomials. By results of Butzer §8), if the density associated with the
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coefficients admits continuous cross-partial derivatiupso the second order, then the cross-
partial derivatives (up to the second order) of the Bernstieinsity will converge uniformly to
the corresponding derivatives of the target dengityHence, ifg is convex, one can find &
such that ifmin{%;} > K then the Hessian of the associated Bernstein polynaB)ia} will be
nonnegative. If a prior op is restricted to the set of convex probability densities and{%; } is
large, then the corresponding random Bernstein densitybe&itonvex with large probability.

For specification of prior it is necessary to specify a randoeasure on the restricted space of
continuous convex densities on the unit cube. For the omesional case, a sufficient condition
for the Bernstein density to be convex is tRatuy, ¢ (j) > 0 for each;. In the multi-dimensional
case, an obvious class of functions for which the Bernsteimsitly is convex is where separa-
tion of variables occurs. That is, the target density is efftrm g(w) = Zle w;gi(w;), where
w; > 0 andg; are convex. However, from a practical point of view, thisde testrictive in the
sense that such Bernstein polynomials can only model colwretions in which separation of
variables occurs. This would require that all cross-phde&xrivatives vanish everywhere. In the
two-dimensional case, the requirement that cross-pai@alatives vanish everywhere can be
relaxed. We present a set of sufficient conditions for coityex the Bernstein density in the bi-
variate case in the following proposition. It will be convent to denote the coefficients, ¢(j)
ascj = cj, ... j,- We definec;, ;, = 0 if either j; < 0 or jo < 0.

PROPOSITIONL. Let By (w) be the Bernstein distribution defined (@) and let the corre-
sponding Bernstein density bg(w) defined in(4). Thenby, ¢(w) is convex if:
(i) V&9¢ ., >0andV2e; o > 0forall j; andjo.
@iy Ve, o, = 0ifeitherj; = 0or ja = 0.
(i) @y, jo,i1,1 = 0fOr j1, 52,11, > 0 where,

Qjiatrts = 3112V 3 Ve 15,1V O ey 1y, 1 — (o + 1) (L + 1)V Doy, 5, V0 Ve,

Condition (i) guarantees that the Bernstein density is egratong each direction. Condition
(ii) imposes the condition of vanishing cross-partial datives along the boundary of the unit
square. Condition (iii) is a type of local convexity conditiat any interior point. Clearly, if the
coefficients are convex along each direction and the craggapdifferences vanish everywhere
then conditions (i)-(iii) are satisfied. Thus, the condioof the proposition are weaker than the
condition of separation of variables. It is not immediatellgar how to sample coefficients from
the set of coefficients that satisfy conditions (i)-(iiijufher simplification of the conditions to
make them amenable to prior specification is a topic of futasearch.

7. FURTHERDISCUSSION

In summary, we have demonstrated that the multi-dimenkiBeanstein polynomial prior
provides a way to smooth a Dirichlet process and a convepgaimeterization that enables non-
parametric Bayesian inference for the spectral density iindom field. Although uncommon
for spectral density estimation, shape restriction is ebginterest in general density estimation
problems. We have attempted to address shape restrictibrgcknowledge that further work
will be needed to make it truly usable for practical probleinsaddition, parameterization other
than that by multi-dimensional Bernstein polynomials mayawrth investigating. For example,
for spectral density that is continuous and bounded awanw fzero, logistic density may offer
an alternative parameterization wi{w) = exp{g(w)}, whereg € £2(A) (Lenk, 1988). One
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529 possibility is to represen as the realization of a Gaussian process, which naturatlyces a
530 prior. Another option may be to represenby a spline basis and impose Gaussian prior on the
531 coefficients of the representation. We will investigatehsatternative approaches in our future
532 research as well.

533

534

535

536 APPENDIX 1: PROOF OFTHEOREM 1

537 Proof. For anyl <1 < d, letp;,;, denote the probability mass function of Binomial(w;).
ggg By the variance formula, we ha@fﬁzo(]‘i — kiwi)2pjiki = kw;(1 — w;). Therefore,

540

541 > Pik (@) < Y Gk — wi)piik (wi) /6 < will — w;)/(K:d?)
542 Jitlgi/ki(wi) —wi| >0 Jitldi/ki—wi| >0

543 < 1/(46%k;) < 1/(46% min{k}),

544

545 . : .

546 where the Iast_lnequallty ho!ds §|nce(1 —w;) <1/40n]0,1]. _

547 By assumption, the functio&' is bounded, sayG(w)| < M on the unit cube\. Letw be a
548 point of continuity. Then for a given > 0, we can find & > 0 such that ifw;” — w;| < 6, i =
549 1,2,...,d,implies thaG(w") — G(w)| < e. Let BY = {ji : |ji/ki — wi| <} andB} = {j; :
550 |ji/ki —wi| > 0}. Lete; be either 0 or 1 and lef] Bi* = B* x --- x B} be a rectangular
551 subset of thel-dimensional latticg 1, ...,k } x -+ x {1,...,kq}. Then we have,

552

553 k d

554 Glw) - Bro@) = |3 [ (G/K) - >] T pie ()

555 =0 i=1

556

557 < > |GG/ - th ki (wi)

558 =

559 sels

222 + Z G(j/k) — ks (wi)

562 jel1B;? : [[e#0

563 d

564 <e+2M > J]piwlw)

565 ]GH B:‘ : Hei;éO i=1

gg‘; < e+ 2M{[1 + (482 min{k}) )7 — 1. (16)
568

569 Whenmin{k} is sufficiently large, we havgs(w) — By, ¢(w)| < 2e. If G is continuous then it
570 is uniformly continuous on the unit squate, and for anye > 0, we can find & such that for
571 two pointsw andw™, if |w;” — w;| < 4, i =1,2,...,d, then|G(w') — G(w)| < €. Thus, (16)
572 holds for somé that is independent @b and thusBj, :(w) converges ta@(w) uniformly.

573 If G admits a continuous density then the coefficients;,(j) in by ¢ are given byuy ¢ (j) =
574 fCuij,k) g(n)dn. Sinceg is continuous oM\, we can findM, such thatg(n) < M, for all
575 n € A. Sinceg is uniformly continuous om\, we can find &), such that for two pointsv

576 andwt, if |w —wi| <3y, i =1,2,...,d, then|g(w') — g(w)| < e. Also, note thatlk; =
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1/Vol{Cubdj, k)} andB(ws; ji, ki — ji + 1) = kipj,—1,k,—1(w;). Hence,

k

d
> [uci) - gwvolicubdi. | i T ps1i-1(s)

j=1 =1

u d
Z[/Cuba . ")_g(“’)’dn} Ll T R G
Js

]:1 =1

bl - )] =

Changing the variablg to j — 1, and replacing with ¢, in the definition ofB;*, we have

o) =g < X | [ gt gt kIHpJ“ ot (@)
jEHB? ubg;+1,k)
+ > /c ba lg(n) — \dn' lepJu ki—1(wi)
jEHB:i iHEHéO upne&;+1,k)

d
< e+2M, > [T 2iiki-1(wi)
jEIIlﬁi:IIei#Oizl
< e+ 2M{[1 + (852 min{k}) "¢ — 1}. (18)

Becausé), is independent of andw, we have the result. a

APPENDIX 2: PROOF OFTHEOREM 2

Proof. We extend the proof of a one-dimensional case in PetronéQ&)9gquip the spacd
of probability distribution functions on the unit squafewith a Borelo-field 7 generated by
the topology of weak convergence. L, the set of positive integer lattice ikdimension, be
equipped with the power s@(N9). LetQ = N? x II, B(2) be the product-field P(N%) x T,
and P be a probability measure o2, B(2)). For eachk € N? andG < TI, define an operator
from Q toII as,

k

d
Bra(w) = G(iw)/k) [ [ pim: (i)
i=1

Jj=0

wherej(w) = (j1(w), - .., ja(w)) andjs(w) = 0if w; <0, ji(w) = j; if 0 < w; < 1andj;(w) =
k; if w; > 1. For fixedk andG, By, () is a probability distribution function ifl.

A mappingH from (2, B, P) to II is a random distribution function, if and only if for each
fixed k andw, the real functionH}, .(w) on €2 is all-valued measurable function (Billingsley,
1999). Furthermore, if a random distribution functiéhis a measurable map froii§2, 3, P)
to 11, the distribution off is a prior probability measure ofil, 7). In this case By ¢(w) is a
random Bernstein polynomial, because for eaemdw, By, .(w) is a random variable iflI, 7).
Therefore,By, ¢(w) induces a prioer on (I1, 7). O

APPENDIX 3: PROOF OFTHEOREM 3

Proof. LetG,, = {g1,...,9n} denote a collection of real-valued continuous functionshen
unit cubeA, wheren =1,2,.... Let Q € II be a probability distribution function id\ and
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let e > 0. As in Petrone (1999a), to show thathas full topological support ofII, B), it suf-
fices to show thatr{Ng, (Q)} > 0 for all choices ofn, G,,Q ande where Ng, (Q) is de-
fined in (13). Fixn, G,, Q, ande. For anyk € N?, let B, denote the set of Bernstein probabil-
ity distributions inTI that have ordek. We can findk* such thatB,- o € Ng, /2(Q). Then
T{Ng, (Q)} > 7{By~ N Ng, /2(Q)}. Let By« € By« be any Bernstein distribution with order
k*. Then by definition,

bi~ (w Zuk ' H (wis Ji, ki = Ji + 1),
i=1

for someuy- = (ug=(j),5i =1,...,kf,i=1,...,d) € Sp-. Let R = mzéx supg(w). Then, it
9E€Yn weA
is easy to show that,

max
gegn

[ iz | gdBk*,Q\ < RO fuge — uge ol

where||ug — ug= glloo = max|ug-(j) — ur= o(j)|. Therefore,
J

T{Ng, (Q)} > m{B- N NG, 12(Q)} > p(k")p({up- : [urs —upe glloc < €/ (2R(PKD))} | k).

Because the sdtu € Sp- : [|ugs — up 0|0 < €¢/(2R(%k}))} has positive Lebesgue measure
and the conditional priop(-|k*) has positive Lebesgue density ovgr, we have part (i).

Now, we prove part (ii). Let/(Q*, Q) = sup,, |Q*(w) — Q(w)|. Then similar to the proof of
part (i), we have,

T({Q* €Il : d(Q*,Q) <e€}) =7 ({Bk@*,k €N Q* €1y : d(By g, Q)| < e}) .

Now d(By,g+, Q) < d(By,q+, Br,g) + d(Br,g, Q). SinceqQ is a continuous probability distri-
bution function, By, o converges td) uniformly over the unit squaré. Therefored(B, ¢, @)
can be made arbitrarily small by choosindn{%} large enough. Furthermore, for anyc A,

k

| B,q+(w) — Brg(w Z

Q*(i/k) = Q/k)

ki (wl)

< max Q" (G/k) - <j/k>' < Mlurg- kgl

Using the argument given in the proof of part (i), we have figt O
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APPENDIX 4: PROOF OFPROPOSITION1
Proof. The determinant of the Hessian matfixis,
k1—2 ko k1 ko—2

[H| = {kakaks = (ks = 1) Y- 37 30 > V0%, .90 Dy,

J1=0 j2=011=0 I2=0

D1 (k1—2) (@W1)Pjaks (W2) D1y ky (W1)P1y (ky—2) (W2)}
k1—1ko—1ki—1ko—1

- {k‘%k% Z Z Z Z vt 1)0]'1,]'2V(17 1)Cl1,l2

71=0 72=0 1;=0 l>=0
pjl(kl—l)(wl)pjgkzz—l(w2)p11k1—1(w1)p12(k2—1)(w2)}-

Thus, using condition (ii) and after some algebra the dateam of the Hessian is equal to
T, + T, where,

k1—2 ko k1 ko—2

T = {kkalln = Dz = 1) D 330 3 9@ 05,002,

J1=0 j2=01;=0 I2=0
P (k1 —2) (W1)Pjaka (W2) Pty by (W1) Pl (ky—2) (W2) }>

with the restriction that in the sum eithgris zero and/ot; is zero. The ternTs is,
ki—1kp—1ki—1ko—1

To=kk Y > > > G+ ) U+ D)7Q ot

J1=0 j2=0 1;=0 l2=0
Dy (k1 —1) (@W1) P ks —1(W2) Py ky —1(W1)Piy (ko — 1) (W2)-

By condition (i)77 > 0 and by condition (iii)I5 > 0. By condition (i) the diagonal entries &f
are non-negative. Hencél is semi-positive definite. O
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