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Abstract

Multiresolution tree-structured models prove to be attractive for dealing with large amounts of spatial
data. With the multiresolution tree structure, a change-of-resolution Kalman filter algorithm has been
devised to predict spatial processes in a computationally efficient manner (see, e.g., Huang and Cressie,
1997, Huang et al., 2002). In this article, we extend the multiresolution tree-structured model to account
for multiple response variables simultaneously. Despite the increased model complexity, we derive the
theoretical properties of statistical inference and develop direct and fast algorithms for computation. For
spatial process prediction, we develop general theory of optimal projection and generalize the existing
change-of-resolution Kalman filter to accommodate singularity. For model parameter estimation, we
consider a factorization of the likelihood function to ensure computational efficiency. Moreover, under
a fairly mild condition, we derive the distributional properties of both maximum likelihood estimates
and restricted maximum likelihood estimates. For illustration, we analyze simulated data as well as a

real data set regarding major crop distributions.



1. Introduction

For a spatial random process {Z(s) : s € D}, where D is a spatial domain of interest in IR?, consider
a measurement error model Z(s) = Y (s) + €(s), where {Y(s) : s € D} denotes a latent process repre-
senting the underlying truth and {e(s) : s € D} denotes independent measurement errors. Traditional
kriging predicts the latent process Y (-) using the best linear unbiased predictor (BLUP), based on data
Z(s1),...,Z(sy) at sampling locations si,...,s,. However, when the data size n becomes large, the
kriging methods suffer from slow computation because it involves operations of order O(n3). Mul-
tiresolution tree-structured models have been developed in recent years to overcome the computational
difficulties kriging faces by imposing a multiresolution tree structure on the latent process Y (-). The
multiresolution tree-structured model was first proposed by Chou et al. (1994). Huang and Cressie
(1997), Huang et al. (2002), Zhu and Yue (2004) further developed the model to accommodate mass
balance across resolutions and apply the methodology to process spatial data. The main idea is to
partition the spatial domain D into cells {D;; : k =1,...,N;,j =1,...,J} in a nested fashion from
coarser resolutions to finer resolutions, where IV; is the number of cells on the 4% resolution and J is the
total number of resolutions. Associated with each cell is a node and the nodes form a multiresolution
tree structure by in-between-resolution directed edges from a parent node in D, ; on the 4t resolution
to its child nodes in Dy ) on the (j + 1)*" resolution, where the cell Dy j k) is nested in the cell Dj.
The latent process Y (-) is aggregated within each cell to y;x = |D; x| ij,k Y (s)ds for the k™" cell on
the j* resolution. Then the corresponding datum is Zjk = Yjk + € Where €; is the corresponding
measurement error. Coupled with the multiresolution tree-structured model is a change-of-resolution
Kalman filter algorithm for computing the BLUP of y, which consists of a high-to-low-resolution filter-
ing step and a low-to-high-resolution smoothing step. In the high-to-low-resolution filtering step, the
optimal predictor of y is computed based on the data on the higher resolutions whereas in the low-to-
high-resolution smoothing step, the prediction is based on all the data. Thus the algorithm involves
operations of order O(n) and is more attractive than kriging for processing large amounts of data.
Here we extend the multiresolution tree-structured spatial linear model (MTSLM) in Huang and
Cressie (1997), Huang et al. (2002), and Zhu and Yue (2004) to account for multiple response variables

simultaneously. That is, we consider a multivariate version of MTSLM, which we call multivariate



multiresolution tree-structured spatial linear model (MMTSLM). The motivating example is the distri-
bution of major crops in United States and some parts of Canada. The data set is part of a larger data
base of major crops across the world (Leff et al., 2004). Several features of the data challenge both
modeling and computation. One feature is the large size of the data, which are at the continental scale
and consist of thousands of grid cells for United States alone. Another feature is the multiple response
variables corresponding to different crop types. Here we focus on modeling the major crop fractions
and mapping the latent processes representing the true crop fractions.

There are several challenges in extending the multiresolution tree-structured spatial linear model
from univariate to multivariate response variables, due to the increased model complexity. One difficulty
is in the change-of-resolution Kalman filter algorithm. For univariate multiresolution tree-structured
models, the change-of-resolution Kalman filter assumes nonsingularity in the variance matrix involving
y to ensure invertibility in the filtering and smoothing steps. For multivariate multiresolution tree-
structured models, however, the variance matrix may be singular due to possible linear constraints
among the latent variables. Simple adjustment can be made to ensure nonsingularity, but it is in
general cumbersome to adjust the multivariate latent processes. Thus an automatic and more elegant
procedure is needed. The other difficulty is in the statistical inference of the model parameters. In the
literature, a popular way of parameter estimation is maximum likelihood (ML) using an EM algorithm.
While the EM algorithm is numerically stable, its rate of convergence can be very slow. Hence it is
important to devise a computationally efficient algorithm for model parameter estimation and statistical
inference.

Here we propose novel approaches to address both these two concerns. For spatial process predic-
tion, we develop general theory of optimal projection and generalize the existing change-of-resolution
Kalman filter to accommodate singularity. The results are suitable not only for Gaussian processes,
but also general processes with finite second moments. For model parameter estimation, we consider a
factorization of the likelihood function to ensure fast computation. Furthermore, we utilize statistical
linear model theory to derive the distributional properties of both ML and restricted maximum like-
lihood (REML) estimates, which, to our knowledge, has not been explored before. We use computer

simulation to verify the the analytical results and compare the finite-sample properties of MLE and



REML when there is no analytical results.

In Section 2, we describe the multivariate multiresolution tree-structured spatial linear model (MMT-
SLM). We develop general optimal prediction theory and a generalized change-of-resolution Kalman
filter algorithm in Section 3. In Section 4, we establish statistical inference via ML and REML and the
distributional properties. In Section 5, we illustrate the theory and methods by analyzing simulated

data as well as the major crop data set. A conclusion is given in Section 6.

2. Multivariate Multiresolution Tree-Structured Spatial Linear Model
2.1  Model Specification and Assumptions

For the m response variables at each node of a multiresolution tree structure, we use a measurement

error model:

zj,k:yj7k+ej,k; kIl,...,Nj,jZl,...,J, (1)
where z; . = (2jk1, - - -, Zjkm) is an m-dimensional row vector of the response variables, y; ;. = (yjk1, - - -, Yjkm)
is an m-dimensional row vector of the latent processes, and €1 = (€jx1,- .. ,ejkm) is an m-dimensional

row vector of the measurement errors that captures exogenous variability independent of y; ;, for the
k' node on the j* resolution; k = 1, ... yNj, j=1,...,J. We further assume that the measurement

€rrors {e; i} are independent and follow a multivariate normal distribution:
G;JCNN(Om,(I’j); kzl,...,Nj,jzl,...,J, (2)

with mean 0, = (0,...,0)" and variance matrix ®; = diag{¢;1, ..., ¢jm} where ¢;; > 0;i =1,...,m.

For the latent process, we assume a linear regression mean structure:
Yk = :B;-’k,3+uj7k; kE=1,...,N;, j=1,...,J, (3)

where ;. € IRP is a p-dimensional column vector of covariates for each response variable of z;, 3 is a
p X m matrix of regression coefficients and w; , = (ujkl, ... ,ujkm) is an m-dimensional row vector of the
residual process. Further, we assume that the tree structure is homogeneous such that within a given

resolution, the number of children for each node is the same. We model the residual process {u;} by



a multiresolution tree structure:

,u’ll,k ~ N(Om721)7 k=1,..., Ny,

uch(j,k:) = 1njuj,k +wch(j,k); k= 17 . '7Nj7 .7 = 17 ceey J - 17
w;’k ~ N(Om,Zj); k:1,...,Nj,j:2,...,J, (4)
where Uep(jp) = [u’ch(jk L ,u’ch(jknj)]/ is an n; x m matrix that denotes the n; children of u;y,
ch(j, k,i) is the i** child node of (3, k), 1o, = (1,...,1) and wepp) = [wéh(jk 1y ,w’ch(jknj)]’ is an

n; X m matrix that denotes the n; error terms of ch(j, k) and captures random fluctuations independent
of w; 1. More specifically, the child nodes of (j,k) are {(j+1,(k—1)n;+1),...,(+1,(k—1)nj+n;)}
and hence the i*" child node is ch(j, k,i) = (j + 1, (k — 1)n; +1i) for i = 1,...,n;. Here X1 is an m x m
variance matrix that captures the covariance among the m residuals in uq , and X; is an m X m variance
matrix that captures the covariance among the m error terms in wj .

For generality, we assume a flexible correlation structure among the children w.(;r). Let u =
[u] 1., 4] y,]" denote the collection of the residual process on the coarsest resolution. Then we model
w1 by an N7 X m random matrix that follows a normal distribution (see, e.g., Appendix C, Lauritzen,

1996):
w1 ~ NNy sm (ON, xm, H1 @ 37), (5)

where Oy, xm is an Nj X m matrix of zeros, H; is an Nj x N; correlation matrix that captures the
correlation among the root nodes and ® denotes the Kronecker product. We further model the error

term wep(j k) by an nj x m random matrix such that:
wch(j,k) ~ NNij<0anM7 Hj+1 & 2]-1—1)7 k= 17 vy N]7 ] = 17 RN J — 17 (6)

where H j;1 is an n; xn; correlation matrix that captures the correlation among the child nodes ch(j, k).

2.2 Alternative Model Specification via Vectorization

For notational convenience, we proceed to vectorize the individual scalar nodes in the multiresolution
tree structure. Let (0,1) denote an imaginary node on the imaginary 0% resolution, which has the Ny

root nodes as its child nodes. Then Ny = 1, ng = Ny, and ch(0,1) = {(1,1),...,(1, N1)}. For the j



resolution, let the vector node {j,k} = {(j,(k — 1)nj—1 +1),...,(j,(k — 1)nj—1 + n;j—1)} denote the
group of nodes that share a common parent, where k =1,...,N;_1 7 =1,...,J. In fact, the common
parent of {4, k} is the scalar node (j — 1,k) on the (j — 1) resolution (i.e {j,k} = ch(j — 1,k)). We
also define the parent vector node of {j, k}, pa{j, k}, to be the vector node that contains the scalar
node (j — 1,k) (parent of {j,k}) on the (j — 1)** resolution. Since the number of vector nodes on the
§™ resolution is the number of (scalar) parent nodes on the (j — 1) resolution (i.e. N;_1), we have
k=1,...,N;_ for {j,k}.

Now, we define a vectorization operator — such that for an nxm matrix A = [a;], i=1,...,n, j =

1,...,m, vec(A) = A= (@11, -+, Qlmy -+, Qnly- -+, Gnm) . That is A is vectorized by row to form an

nm-dimensional column vector (see, e.g., Chapter 16.2, Harville, 1997). Now let

—

Zik = Zen-1k) Yik =Yen(—1,k) Ujk = Gen(j-1,k)
Wik = Gen-1k) €jk = €n(i-1k) Xjk = Ten(j—1,6) @ Im, (7)
denote the vector of response variables, the vector of the latent processes (original and residual), the

vector of the error terms, the vector of the measurement errors, and the matrix of the covariates, all of

which correspond to the vector node {7, k}. By the fact that for matrices A, B and C,
vec(A+B)=A+B and vec(ABC')=(A® C)B (8)

((B.5), Appendix B, Lauritzen, 1996), the MMTSLM can now be rewritten in the vector form as:
Zj,k = Yj,k + €k, €k~ ]\7(()%._1771,1'”]._1 & <I>j); k=1,... ,Nj_l, j=1,...,J, (9
Yj,k = Xj7kB + ijk, (10
Ul,l ~ N(Onoma-Hl ®21)7 (11

Uj,k = Aj,kUpa{j,k} + Wj,ka Wij ~ N(OnjflmaHj ® Ej); k=1,... ,Njfl, 1=2,...,J, (12

where B = B, Ajr=D;;®1I, and Dj} is an nj_1 X nj_o matrix consisting of 1,,_, in the it" column
and O,;_, in the other columns if the scalar parent node (j — 1, k) is the it" node within the vector node

pa{j,k}. Here W are mutually independent and are independent of U ;i) -



2.3  Model Properties

For the MMTSLM defined in (9)-(12), we now explore the mean, variance, and covariance struc-

ture of the variables in the model. For this purpose, we denote the N;_; variables on a given gt

resolution by Z;. = ( 3—71,...,Z;’Nj71)’, Y=Y, ;-’Njil)’, Uj; = ( 971,...,U;’Nj71)’, and
Wi=Wj,,...,W} Nj,l)/ for the response variables, the latent processes (original and residual) and
the error terms. Also let X ;. = | ;71, cee ;-7Nj71]’ denote the covariates on the j** resolution.

By (11) and (12), Uj+1~ = (INj & 1nj & Im)Uj. + Wj+1-> E(U]) = Oij, V&I‘(Ul.) = H| ® X,
and var(Uj11.) = (In; ® 1p; @ Ip)var(U;.)(In; @ 1y, @ Ip) 4 var(Wii1.), where var(W; 1) =
I, ®Hj11®3j4155=1,...,J — 1. A simplification of var(Uj}.) gives:

Var(Uj') = IN]‘71 ® Hj ® Ej + INj—z ® ijl ® (lnjfl]';’l»j_l) ® Ejfl
+. 4+ IN1 & H2 &® (1n2"'nj—11;12--~nj_1) & 22

HIng @ H1 @ (Lngoony 1 Ly, ) @15 j=1,...,J. (13)

Further, cov(U;.,Uj.) = var(U;.)(In; ® 1;%,__”]_,_1 ®@1Ip);1<j<j <J. A derivation of var(U;.) and
cov(Uj;.,U}j.) is given in Appendix A.

Next, by (10), E(Y ;) = X, B, var(Y;.) = var(Uj.), and cov(Y;.,Y;.) = cov(U;,Uj.) =
var(Uj.)(In; ® 1;%__%]_,,1 ®@Iy,); 1 < j < j" < J. Hence the latent process {Y;} features a linear
regression mean. Moreover, the variance-covariance structure of {Y;;} is identical to that of {Ujx}
shown in (13). Finally, by (9), £(Z;.) = X;. B, var(Z;.) = var(U;.) + In; @ ®;; j = 1,...,J. Also
cov(Zj., Zj.) =cov(Y;,Y ) =cov(U;,Uj.) = var(U;.)(In; ® 1%,,_”]_/71 @Ip);1<j<j <J.

The MMTSLM presented here is suitable for modeling observations that are available at different
resolutions, such as those that are collected from multiple sources. However, in practice, there are
usually only observations on one resolution, such as those that are collected from a single source. Here,
we will focus on the single-source case of MMTSLM, even though the MMTSLM is suitable for the
multi-source cases. We let @ = (B’,n’,¢’)’ denote the model parameters for the MMTSLM, with the
regression coefficients B, the parameters 1) for the among-node correlation matrices {H; : j =1,...,J},
and the parameters ¢ for the within-node variance matrices {3; : j = 1,..., J}. To ensure identifiability,

the measurement error variance ®; is assumed to be known for the MMTSLM and can oftentimes be



estimated from external data (see, e.g. Zhu and Yue, 2004). Note that when the measurement error
variances are larger, the predicted values of {Y'; .} tend to be smoother; whereas when the measurement

error variances are smaller, the predicted values of {Y ;} tend to be closer to the original data.

2.4  Mass Balance Property

The mass-balance property introduced by Huang et al. (2002) and featured in Zhu and Yue (2004)
can be readily included in the MMTSLM defined in (1)—(6) as a special case. A multiresolution tree
structure is mass-balanced if the average of all the children’s values is equal to their parent’s value.
That is, nj_l (1;Ljych(j,k)> = Y,k Where Yo = [y’ch(jk’l), . ,y’ch(j’k’nj)]’ is an n; x m matrix that
denotes the children processes of y;;; 7 = 1,...,J — 1. The following conditions are sufficient for an

MMTSLM to have mass balance:
nj_l (léljuch(j’k)) = wu;y; and nj_l (1;zjl'ch(j,k)> = m;k, k=1,....,N;, j=1,...,J -1, (14)

where the rows of the matrix Ty k) = [Ten(jk,1)s - - - ,il:ch(j7k7nj)]/ correspond to the children covariates of

;. It follows from (4) and (14) that 17, wep(jx) = Op,. If we assume that H; is compound symmetric,

“dnsdn
n; TN

then we can obtain Hy = Iy, and Hj1; = %(Inj - 11 }1’]); j=1,...,J —1 where Iy, is the

Ny x Nj identity matrix. Further, we can simplify (13) to:

n;_1 ni_9 1
U.) = —1 = Ivo% +Iv. 1. .1 S hn S S >
Var( .7) njfl_l N]® J+ N]71®( nj—1 n]71)®(nj72_1 J 1 njfl_l .7)
ni 1
+...+1IN® (1n2"'nj711:12--~nj_1) ® (nl 17 Ny — 123)
1 .
FIN, @ (Lngony 1 Loy, _y) @ (B0 — - 122); j=1,...,J, (15)
and cov(U;.,Uj.) = var(U;.)(In; ® 14Lj---nj/,1 ®Ip); 1 <j<j <.J. When the response variable is

univariate with m = 1, (15) reduces to (9) of Zhu and Yue (2004).

3. Generalized Change-of-Resolution Kalman Filter

In this section, we consider optimal prediction of the latent process in the MMTSLM (9)-(12). First
we consider prediction of the residual process Ujj. It is well-known that the best linear unbiased
predictor (BLUP) is the conditional mean E(U ;| Z) of the latent process U} given the observations

Z. For normal distributions, the BLUP is also the best unbiased predictor (see, e.g., Section 3.2.3,



Harvey, 1989). Computing E(Ux|Z) usually involves operations of order O(n?) and can be computa-
tionally inefficient for a large n. For a univariate response variable, a change-of-resolution Kalman-filter
algorithm has been developed to obtain the BLUP, which exploits the multiresolution tree structure
and involves operations of only order O(n) (see, e.g., Chou et al., 1994; Huang et al., 2002; Zhu and
Yue, 2004). However, the existing BLUP theory and change-of-resolution Kalman-filter algorithm for
univariate MTSLM assume that any variance matrix involved is nonsingular and thus invertible. For
MMTSLM, however, a variance matrix can be singular and for a normal distribution, it is said to be
singular normal (see, e.g., Chapter 2.7, Searle, 1997). An example would be when the m latent variables
in U, are subject to linear constraints. One approach to deal with the singular normal problem is to
reduce the dimension of the residual process by transforming the residual process to a new variable that
has a nonsingular variance (see, e.g., Appendix D, Luettgen, 1993).The dimension-reduction approach
can be cumbersome in the case of multiple response variables, because different problems may require
different ways of reducing the dimension. Thus it is unclear how to extend the BLUP theory and
the change-of-resolution Kalman-filter algorithm from univariate MTSLM to MMTSLM. Here we de-
velop general theory of optimal prediction, based on which we derive a generalized change-of-resolution
Kalman-filter algorithm. Our approach bears similarity to Luettgen (1993) and Luettgen and Willsky
(1995), which also allows for singular variance matrices, but our approach is more general, because we
allow for multiple response variables, flexible mean and variance structures, and missing observations.
Further, our derivation of the change-of-resolution Kalman-filter algorithm is based on general theory of
optimal prediction and does not assume normal distributions, which can be of independent interest in
the Kalman filter literature. Related work includes Jgrgensen et al. (1999), which considered optimal

prediction theory for longitudinal data.

3.1 General Optimal Prediction Theory

Following the notation in Chapter 2 of Brockwell and Davis (1991), we consider the space L?(Q, F, P),
which is the collection of random variables defined on a probability space (2, F, P) with finite sec-
ond moments. Here we abbreviate L?(Q,F,P) to L?. For y1,y2,y € L?, define an inner product
(y1, y2) = E(y1y2) and a norm (or distance) as ||y||= (y, y)é = /E(y?). Equipped with this inner
product, L? is a real Hilbert space (Example 2.2.2, Brockwell and Davis, 1991). For z1,...,2, € L?, de-



fine a closed subspace of L% as 3p{1, 21,...,zn} = {p+5iz1+.. .+ Bnzn: nE€R, Bi€ R, i=1,...,n}.
For y € L?, the optimal linear predictor of y in term of {z; € L? : i = 1,...,n} is defined as the el-
ement in Sp{l,z1,...,2,} that has the smallest distance from y. Theorem 2.3.3 of Brockwell and
Davis (1991) establishes the existence and uniqueness of the optimal linear predictor. Now, we ex-
tend the definition of optimal linear predictor to multivariate random vector Y = (y1,...,ym). We
define the space L2, as the collection of m-dimensional random vectors whose elements belong to L2.
For Y1,Y2, Y € L2, define an inner product as (Y1, Y3) = E(Y|Y3) and a norm (or distance) as
Y= (Y, Y)é = VEXY'Y). It follows that L2, is also a real Hilbert space. For Z = (z1,...,2,) € L2,
define a closed subspace 3p{Z}™ of L2, as the collection of m-dimensional random vectors whose el-
ements belong to sp{1, z1,...,2,}. Then the optimal linear predictor of Y given Z is defined as the
element in Sp{Z}™ that has the smallest distance from Y. Adopting notation from Jgrgensen et al.
(1999), we denote the optimal linear predictor of Y given Z and the corresponding mean-squared pre-
diction error (MSPE) as Y|Z ~ [myz, Cy|z] where my |, denotes the optimal linear predictor of Y’
given Z and Cy|z = E[(Y —myz)(Y —my|z)'] = var(Y —my ;) denotes the corresponding MSPE.
For ease of notation, we sometimes write m(Y|Z) = my |z and C(Y|Z) = Cyz.

For Y € L2

m»

we use Y ~ [py, Xy y] to denote that the mean of Y is py and the variance is

(ﬂy), YXyy Xyz

o , we establish the following results about the optimal

Y
Syy. For (z) ~
Yzy Xzz
linear prediction.

THEOREM 1. For Y = (y1,...,ym) € L2, and Z = (z1,...,2,) € L2, the optimal linear predictor of

Y given Z exists and is unique with E(my|z) = py and cov(Z,Y — my|z) = Onxm-

THEOREM 2. For Y = (y1,...,ym)’ € L%, and Z = (z1,...,2,) € L2, the optimal linear predictor
Y’Z ~ [my‘Z,Cy|Z] 18 gz’ven by my|Z = MKy + EYZZ}Z(Z - MZ) and CY|Z = Eyy — Eyzzgzzzy
where EJZ“Z 1s the unique Moore-Penrose pseudo inverse of Xzz. If Y and Z have normal distributions,

then my 1z = E(Y|Z) and Cy |z = var(Y|Z).

The proof of Theorems 1 and 2 are given in Appendix B1. Theorem 1 establishes the existence and

uniqueness of the optimal linear predictor whereas Theorem 2 gives the explicit forms of the optimal

10



linear predictor and the corresponding MSPE. Although we restrict our attention to random variables
with finite second moments, the variance matrix does not need to be nonsingular. Further, the results
apply to but are not restricted to the case of normal distributions. Finally the theorems provide us
with an elegant way of deriving a generalized change-of-resolution Kalman filter algorithm where the

variance matrices are not necessarily nonsingular.

3.2 Generalized Change-of-Resolution Kalman Filter

Using Theorems 1 and 2, we derive here a generalized change-of-resolution Kalman filter algorithm
based on the MMTSLM (9)—(12), which provides an efficient way of computing the optimal linear
predictor {ﬁjk ck=1,...,N;_1,j=1,...,J} and involves two steps: a high-to-low-resolution filtering
step followed by a low-to-high-resolution smoothing step. In the filtering step, the algorithm moves
from finer resolutions to coarser resolutions, recursively computing the optimal predictor of the latent
process, based on the data on the relevant higher resolutions. Once the coarsest resolution is reached,
the algorithm goes back from coarser resolutions to finer resolutions, recursively computing the optimal
predictor of U ;;, on each resolution based on all the data. In the final step of the recursion, the optimal
prediction of {U;}, given all the data, is achieved.

Denote {5/, k'} < {j, k}if {j’, '} is a descendant vector node of {j, k} and let v; , = Z{Z;; is observed}

denote whether all the observations at {j, k} are observed. In the high-to-low-resolution filtering step,

we start with the finest resolution J and compute for £k =1,..., Nj_q:
Uspor = MUkl Zacrsny) =V, Var(Vag+ In,, @ ®)) (2 — X 14B), (16)
Vikik = CWUikl Zacrsny) = Vik —vuVik(Voas+ In,, @ @)V, (17)

where Zgeryiy = {vxZ sk} and Vg = var(Ug) = (1n,_,15,, ) ® (Z}]/_:11 i)+ H;® X; can be
obtained from var(U ;.) in (13). As we move from the resolution j = J — 1 to the coarsest resolution

j =1, we compute for a given vector node {j, k},

Ujneniiriy = MUkl Zacteniininy) = BentiniyUehljkib|chlki} (18)
Viklehikiy = CWUjklZactenijniyy) = Bch{j,k,i}Vch{j,k,i}|ch{j,k,i}Blch{j,k,i} + Repgjpays  (19)
where Zgeiny = 12w = v = LT K'Y < {4, k}}, ch{j, k,i} denotes the ith vector child node of

{4:k}, Bengimay = VikAuray Vi Bentirsy = Vik = VikAuGra Venggwiy Acnliniy Viks i =

11



1,...,nj_1, and + denotes the Moore-Penrose pseudo inverse. Here V'; = var(U;x) = (1,,_ 11lnj ) ®

(er 12j) + Hj @85 and Vg = var(Uengrg) = (In;15,) ® (ZJ/ 1 3j) + Hjp1 ®Xj4q can
be obtained from var(U;.) and var(U 1.) as defined in (13). Further,

nj—1
Ujnie = MU klZog0) = Viklik (Z V] KenGkiy U, kch{]m}> (20)
nj_1 +
Vj,k\j,k = C(Uj,k’Zrle{ij;} { 7.k + Z 7, k\ch{j ki} — ka)} ) (21)
Uinie = mUislZacting) = Vi {Va‘,k:(fnjfl 9 ;) (Zik = Xy B) + (V0030 U 0 J22)
Vj,k\j,k = CUjklZaetjny) = Vj,k|j,k - Vj,kvj,k\j,k(vj,ku,k +1In, ,® q)j)_lvj,k\j,ka (23)
where Zj, i1y ={Zjp sy =LK < {5,k {5 K'Y # {4, k). At the end of the filtering step,

the root vector node is reached and hence the BLUP for {1,1} is:

Uip = mU|2) = ﬁl,m,b V1,1 =CU1,112) = V1,1|1,17 (24)

)

where Z ={Z;, :vjr=1,k=1,...,N;_1,j =1,...,J} consists of all the observations.

In the low-to-high-resolution smoothing step, we move from the coarsest resolution j = 2 to the

finest resolution j = J and compute for a given node {j, k} where k =1,..., N;_1:
Ui = mU;xlZ) =Ujpjn+ Tk Upatiny — Upaginpiin)s (25)
Vik = CWUZ) =V i+ Tik(Vioaginy = Vatistie) Tk (26)

where J ;. = Vj,klj,kB;,kV;ra{j,k}U,k and Bjj = Vpa{j’k}A;-,kV;fk.

In Appendix B2, we prove (16)—(26) using Theorems 1 and 2.
3.3 Optimal Prediction of {Y 1}

The optimal prediction of the latent processes {Y .} is achieved in two steps. First we assume that
the model parameters @ = (B’,n/,¢’)" are known and combine the regression mean and the predicted
residual process {U x }: My, |z, 0 = XjxB+m(U;x|Z; 6). Then we plug B into the formula My, . |Z; 6

to obtain the predictor:
Yik= My, 1lZ; B = XjnB + My, 6l Z; B¢ (27)
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where B = [X'var(Z) ™' X| [ X'var(Z)~' Z] is the generalized least squares (GLS) estimate of B. By
arguments similar to Harville (1985), the predictor Yj,k is the BLUP (see Appendix B3). The MSPE

of the elements in Yj,k can be obtained from the diagonal elements of the matrix:

where V.. = cov(Uj, Z), D = (var(Z))™', and X = [X', : v = 1]'. Finally we plug the
estimates of 7, ¢ into (27)—(28) to obtain the empirical BLUP and the corresponding empirical MSPE.
To compute the MSPE’s (28) efficiently, we propose an algorithm based on the generalized change-of-

A

resolution Kalman filter as follows. First, we compute C(U;x|Z) = Vj by the generalized change-
of-resolution Kalman filter. Then, we obtain var(B) using (34) to be shown in Section 4. To compute
(Xjk — Vji..DX), it suffices to compute V. DX efficiently. We treat, for the moment, the
covariates in X as observations and process them using the generalized change-of-resolution Kalman

filter. More specifically, let X = [X(l), cees X(pm)], where X @ is the i column of X. Fori = 1,...,pm,

Uj,k N Onj,lm Vie Vik..
x® Oy ) \Vi.. V+@

where N = m 3}, vjknj—1 is the dimension of Z, V = var(U), ® = var(e), U = (Uj; : vk =

we assume

9

1),e = (€}, + vjx = 1)'. Since m(Uj7k|X(i)) = Vj,k,.v.DX(i), we can use the generalized change-
of-resolution Kalman filter to compute m(Uj’k]X(i)) as we do with m(U|Z). Thus V.. DX =
[m(UM]X(l)), ce m(Uj7k|X(pm))] and the operations remain to be of order O(n). A similar approach
can be taken to compute the covariance of the BLUPs using an operation of order O(n) (see Appendix

B3).

4. Model Parameter Estimation and Inference

Here we consider both maximum likelihood (ML) and restricted maximum likelihood (REML) estima-
tion of the parameters in the MMTSLM (9)-(12). Let Z = (Z}, : v = 1), X = [X, s v = 11,
U= (Ujy : vk = 1), and e = (€}, : vx = 1)’ denote the vectorized observations, covari-

ates, underlying residual process, and measurement errors and let V' = var(U),® = var(e). Then

13



Z ~ N(XB,V + ®) with log-likelihood function:
N 1 1
log £(0) = —=log(2r) — ; log|V + @[ — (Z - XB)(V+®)"Y(Z-XB), (29)

where @ = (B’,n’,¢’) is the vector of model parameters, N = 'mzj’k. vj,kMj—1 is the dimension of Z,

and V + @® is invertible by Lemma 3 (ii) in Appendix B2. The restricted log-likelihood function of Z

is:

_N-opm
2

—%(Z—XB)’(V—!—(P)_I(Z—XB), (30)

1 1 1
log £.(n,¢) = log(2) + 3 log | X'X| — 5108 |V + @[ - S log 1X'(V+&) ' X|

where B = [X/(V 4+ ®)"'X|"'X'(V + ®)~'Z is the ML estimates (MLE) of B (see, e.g., Smyth
and Verbyla, 1996). Recall that REML estimates (REMLE) of the variance parameters (n/,¢{’) use a
marginal likelihood function that does not depend on the mean parameters B. Moreover, REMLEs and
MLEs are asymptotically equivalent under mild conditions (see, e.g., Richardson and Welsh, 1994).
Direct computation of both the MLEs and the REMLEs may not be feasible for a large data size. In
Huang et al. (2002) and Zhu and Yue (2004), statistical inference is based on ML only and the MLEs are
obtained using an EM algorithm where the latent process is treated as observable but missing. While
the EM algorithm is stable numerically, it often requires a large number of iterations before conver-
gence is achieved. Here we propose a direct algorithm, which is a Newton-Raphson type and involves
factorization of the likelihood function according to an ordering of the nodes in the multiresolution tree
structure. Further, we consider the distributional properties of MLEs and REMLEs, which has not

been addressed before.

4.1 Factorization and Fast Evaluation of the Likelihood Function

We order the Nz = 3 ;1 vector nodes on the multiresolution tree structure and let Z = (Z, ..., Z', )’
denote the response variables where Z; is the vectorized observation corresponding to the i** vector

node according to a particular ordering. Then the likelihood function can be factorized to
Nz

L(O)=f(Z110) ][ F(ZZi11, ... Z1;6)

=2

where f(Z;|Z)_1,...,7Z1;0) is the conditional probability density function of Z; given Z;_1,...,Z1,

and 0; [ =2,..., Nz. For normal distribution, to evaluate £(8), it suffices to determine the conditional
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mean E(Z|Z;_1,...,Z1;0) and conditional variance var(Z;|Z;_1,...,Z1;0); | = 2,...,Nz. More
specifically, we define a function s : {j,k} — s(j,k) where s(j, k) is the order of vector node {j, k}
and Z3, = {Zjp vy = 1,85, k) < s(j,k)} (Luettgen, 1993). Using an algorithm similar to the
generalized change-of-resolution Kalman filter in Section 3 (see Appendix D for details), we can obtain
the BLUP ﬁjk = m(U,k|Z3 ) and the corresponding MSPE ij =CWUjkl|Z5p); k=1,...,Nj1,
j=1,...,J. Thus the conditional mean and conditional variance are:

~

~ s
Zj,k = E(Z]7k|Z;k) = m(ZJ,k|ijk) = XjJCB + Uj,k?

Aji = var(ZplZ5,) = C(Zin|Z54) =V, +In,, ® @,
and the log-likelihood function can be factorized into:

N 1 1 a5 _ a5
log £(6) = —~ - log(27) — 5 > log|Ajkl - 5 > (Zjn—XjuB-Uj )N [ (Zjx — X ;4B -Uj,),
Vi,k=1 Yj,k=1
(31)
where A, is invertible because Lemma 3 (ii) in Appendix B2. To compute the restricted log-likelihood

log £.(n, ), we utilize the property that A, and ﬁjk do not depend on B. It is straightforward to

show that,
1 1 , 1
log £:(n,¢) = —§(N—p’m) log(27r)+§10g| Z X551 X k] — 3 Z log A x|
V5 k=1 V5 k=1
1 _
—5log| D XA Xl
V4, k=1
1 N ~_S _ S ~S
) Z {(Zj,kr - XjxB — Uj,k)/Aj,li(Zj,k - XjxB — Uj,k)}a (32)
V5 k=1
where
-1
B = | > XjA X > XA Zix| - (33)
V5, k=1 V5, k=1
Moreover, we can obtain
-1
var(B) = [X'(V+@)'X] = | X AT X (34)

Vi k=1
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The factorization of the likelihood functions ensures a fast computation of the log-likelihood and the
restricted log-likelihood function. Thus we can obtain the ML and REML estimators using numerical
maximization. The variances of the MLESs are approximated by the inverse of the observed information

: _  9%logL() ?logL(0) { 1y, }
matrix 1(0) = 000~ ¢valuated at the MLEs. For B, we use —z-gr = Zv =1 kA E Xk
and for the other elements of I(0), we use numerical differentiation. Similarly the variances of the REM-

LEs are approximated by the inverse of I.(0) = —%% evaluated at the REMLEs.

4.2 Analytical Results

For analytical results, we restrict our attention to single-source data without any missing values.
Thus the MMTSLM is Z = XB + U +e, where Z = (Z,,..., 2"y, ), U= (Uy,....,.U}n, ),
e= (e, .,en, )V, X = b1 XN, ] and B = B. That is, Z ~ N(XB,Q), where
Q=V+® V=var(U), ®=var(e) = Iy, ®P;, and ®; is a full rank m x m diagonal matrix which
is assumed to be known or estimated from external data (see, e.g., Zhu and Yue, 2004). Further, we

restrict our attention to the case where € can be decomposed into:

J
=> a;(A;0Fy), (35)
j=1
where a; = Nj/N; =nj---nj_1;7=0,...,J -1, a5 =1, A; = aij[INj@)(laJla )] isan Ny x N
matrix with j =0,...,J and ¥, is an m x m semi-positive definite matrix with j = 1,...,J. Define
J
DjEZak\Ilk; j=1,...,J.
k=j

Here we assume that € and D; are invertible. We consider two special cases of (35). One case
involves independence among the child nodes. From (13) and H; = I nj_1; J = 1,...,J, we have

Q=var(Z) = ijl a;j(A;@W¥;), where ¥; =3;7=1,...,J—1and ¥; = 3;+ ®;. The other case

involves mass balance. From (15), we have = var(Z) = Z‘»]_ a;jAj; @ ¥;, where ¥y =3 — — —L_->,
U= S - oS =2, — 1 and ¥y = LS 4 8y
We define the following m X m matrices of sum of squares
SSo(B) = (2—zB)Ay(z —x0) (36)
SS;(B) = (z—zB)[A;—Aj4|(z—zB); j=1,...J (37)
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]~

SST(B) = (z—zB)As(z—xp)=(z—zB)(z—zp) =) 55;(B), (38)

=0

where z = [2,,....2 v | & = [z51,.. . zgn,), w = [y, uh ], and € = [€),..., €y ]

/
are written in matrix forms based on the scalar nodes, for ease of presentation. It is obvious that
z=zf+ut+eand Z=2Z, U=u,e=¢€, X =zxzx®1I,,, and B :B. Hence from (29) and Lemmas 8
and 9 in Appendix C, we have

J

Nym 1
log £(0) = ~ 2™ log(am) — 1 [Ny log|Dy| + >N, = -1 og D
]:
1 J
5 [1SS0(B) DT + Ztr[ssj(ﬂ)pj—l]] (39)
j=1
Similarly, from (30) and Lemmas 8 and 9 in Appendix C, we have
J
Nj—p)m 1 1
o £.(m.¢) = — P 0g(5m) 4 Liog | XX| — L[Ny log [Di| + 3N, - Nji)log ||
j=2
1 11 . ,
~510g| X' X[ — | Y er{SS;(B)D; '] + u[SS0(8)Dy ] (40)
j=1

where (3 is obtained from vec(8) = B = [X'Q ' X]"![X'Q'Z].

To obtain the MLEs and REMLESs, we differentiate the components of (39) and (40) with respect to
the parameters. Using Lemmas 10 (ii), 11, and 12 in Appendix C, we differentiate log £(0) in (29) with
respect to B and differentiate log £(0) in (39) and log L.(n, ¢) in (40) with respect to Dj_l;j =1,...,J

such that
p= 218LO) _ yig-17 xo-ixB (41)
0B
A QosL(8) | FDi—5(SSi(B)+SS(B)) ifj=1 W)
J = — - N )
oD;! N=Niei pr - 198,(8Y if=2,...,J
a2 ogLe(n.¢) BD; -3 [tr[P(Al ® Qh,-)]}hi — 5(SS1(B) + SSo(B))  ifj=1 )
- -1 - N o
L 9D Nt D) — 4 [0lP((4; - A) @ Q)] —4SS(B) it =2,....J.

where we use [g(h,i)]h' to denote a matrix whose (h, 7)™ element is g(h,), P = X [X'Q ' X| - X/,
7

and Qy,; is an m x m matrix with 1 for the (h,4)"" element and 0 otherwise. For an element 6; € (n’,¢’)’,
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by Lemma 10 (vi) in Appendix C, the score functions are:

o o 1, 0D
OoL®) _ tr[(ala gf_g‘”)( a;i )] (44)
(0] * ) O * ) ! 8D'_1

a1 gg:ei(n 0 _ tr[(al gaf;j—(? N'( e )]. (45)

THEOREM 3. For the MMTSLM (9)-(12), under (35), the score functions in (41), (44), and (45) are

unbiased. That is,

Olog L(6 Olog L(0 dlogL(n, AN
B (P ) =0 B (P ) —0 m (FETE) —0 tor o o). (40)

It is obvious that E(b) = 0. Lemma 13 given in Appendix C shows that E(M;) = Opxm and
E(M;) = 0pxm for j =1,...,J. Thus Theorem 3 follows.

4.3  Special Cases

Here we derive the explicit forms of MLEs and REMLEs when « = 1y,, X = 1y, ® I,,, B =
(11y .-y i) and B = (1, ..., pn)’. That is, the MMTSLM only has intercepts in the regression mean.
Let a denote the MLE of a and @ denote the REMLE of a. By (41)-(43) and Lemma 14 in Appendix

C, we obtain

B=51h,% EB) =B, var(@) = [(X'01x) 1 = D1
D, = N%Ssl(ﬁ), E(Dy) = MDDy, var(Dp;) = N]blgl(D%hi + Dy1pyD1yi) .
D;= WSS]-(B), B(D;) = D; var(Djpi) = W(Dim + DjppDyii); j=2,...,J
D; = WSS]-(B) E(D;) = D;, var(Djni) = W(Dim + DjppDijii); j=1,...,J

where we note that ﬁj = ljj for j =2,...,J and Dy, is the (h, i) element of Dj;j=1,...,J,h,i=
1,...,m. That is, the MLEs and REMLEs of 3 and D; are all unbiased, except the MLEs on the
coarsest resolution. Furthermore, we could obtain the exact distributions of the sums of squares S5;(-)

as follows.

THEOREM 4. For the MMTSLM (9)-(12) that has a constant mean for each response variable, under
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(35),

~

SSO(B) = Omxma

SS;(B) ~ Wp(Nj—Nj_1,Dj); j=1,...,J

where Wy, (N; — Nj—1,Dj) denotes an m-dimensional Wishart distribution with N; — N;_1 degrees of

freedom and parameter D;. Furthermore, {SS;(B) : j = 1,...,J} are mutually independent and are
independent of ,3

The Wishart distribution is defined as in C.9 of Lauritzen (1996). The proof of Theorem 4 is given
in Lemma 15 of Appendix C. The results give the exact distributions of the sums of squares SS;(-),
which are the building blocks for D;. The independence among these sums of squares is also a nice
feature, which facilitates the computation of variances in many cases. Even though the results here are
specifically for the MMTSLM, the techniques used for derivation could be of interest in the linear model

theory literature.

4.8.1 Compound symmetry When the matrices ¥;; j = 1,...,J are further parameterized, more
explicit forms of the MLEs and REMLEs may be available. Here we consider the case where ¥;
has a compound symmetry structure with diagonal elements ;1 and off-diagonal elements 1jo; j =
1,...,J. Thus the m x m matrix D; also has a compound symmetry structure with diagonal el-
ements dj; and off-diagonal element djp, where d;; = Zi:j apr and djp = Zi:j ape; § =

1,...,J. Equivalently, D; = (dj1 — dj2)I, + djol1), where j = 1,...,J. It is easy to verify that

Dj_1 = mu m — mlmllm) has a compound symmetry structure with diagonal elements
5= djlidﬁ - d]-1+(22—1)dj2 and off-diagonal elements df, = 7dj1+(_7:];21)dj2; Jj=1,...,J. We have ob-
. dlog £(0) dlog L,(M,C) . oD ) oD;'
tained 2D and oD in (42)-(43) . Now we compute —5—. Using (44)-(45), o = I,,
and %Dd—il =1,,1,, — I,,, we obtain,
i = v tr[SS1(B)] ifj=1 )

eSS () =2,
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6r[SS1 (8) (L1, — )] ifj =1

djy = W) ! (49)
(Nijjj)m(mfl)tr[SSj B) (Al —In)] ifj=2,...,J
~ 1 “
o= e tr[SS;(B)] ifj=1,...
iy — ! 60[SS;(B) (Ll — In)] ifj=1,....7 (51)

(Nj = Nj—1)m(m — 1)

where we note that d}-i = cijz- forj=2,....J, i=1,2.
Using Lemmas 5 (vii), 15 (iii) and (v), and 16 in Appendix C, for j =1,...,J,

E(tr[SS;(A)))
var(tr[SS;(B)]) = 2(N; — Nj_1)m(d3, + (m — 1)d3)
E(tr[SS;(B)](1m1y, — Im))
var(tr[99;(B)) (L1}, — Im)] = 2(Nj — Nj—1)m(m —1) [6@1 +2(m — 2)dj1dj2 + (m* — 3m + 3)d,

= (Nj — Nj_1)mdj1

= (Nj = Nj—1)m(m — 1)djs

Then

E(dn) = M- 1d11, var(dyy) = 2(]]\\;7%;,@1)(%1 + (m —1)di,)

E(dj1) = dj, var(dj1) = vy (G + (m = 1)d3) j=2,....J

E(d2) = N}Vl Ldis, var(dia) = % [dll 2(m — 2)dy1d12 + (m? — 3m + 3)d3 ]

E(dj) = dja, var(djz) = Gv—n Ly | B+ 20m = 2djidga + (m? = 3m+ 3)d%| =2,
E(dj) = dji, var(dj;) = m(d2 (m—1)d) j=1,....J

E(dj) = dja, var(djz) = (x| B+ 20m = 2)djudia + (m? = 3m 4+ 3)d%)| j=1,.

We note that the MLEs and REMLESs are all unbiased with the exception of the MLEs on the coarsest
resolution. In fact, other than the coarsest resolution, the MLEs and REMLESs of the parameters are
the same in the case of constant regression mean. Now we reconsider the two special cases: H; = I,;_,;
j=1,...,J, which we call the independence case, and Hy = In,, H11 = %(Inj - L 1nJ1§LJ) j=

1,...,J — 1, which we call the mass-balance case.

4.3.2 Independence case Here € and Dj;j = 1,...,J are in fact invertible because of Lemma

3 (ii) in Appendix B2. It is easy to obtain 3; = ¥; = %(D] —Dj1); j=1,...,J —1 and
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X;=W;—-®;=D;— ®;. Using (47) and Lemma 15 in Appendix C, we have

Si=L(Di-Dy),  EE) =% -8 var(Sm) = 2 [var(Dp:) + var(Dayy)]
3 = a(Dj - Dju1), E(%) =%, var(2jn;) = a%[var(bjm) +var(Djpapi)l; J=2,...,J—1
S, =D, &, E(ﬁ)J) =X, Var(ﬁ)Jm) = %Var(bﬂn-) (53)
3 = %(Dj —~Djy1), E(X) =%, var(E ;) = ai?[var(f)jhi) +var(Djyip)]; j=1,...,J -1
Y;=D;—®,, E(Z)) =%, var(Zp;) = %Var(bjm)
where we note that ﬁ)j = 2j for j=2,...,J.
If 3; has a compound symmetry structure with diagonal element ¢;; and off-diagonal element oo;
j=1,...,J and ®; has a compound symmetry structure with diagonal element ¢; and off-diagonal
element 0, then the m x m matrices D; has a compound symmetry structure with diagonal element d;;
and off-diagonal element dj; where dj; = Zi:j apor1 + ¢g and djo = Zi:j apore; j=1,...,J. Hence
using (52), we have
G11= 2(dn —dy),  E(6n)=on— %, var(on) = 1[Var(cz 1) + var(dar )]
oj1 = a-(djn —djrn1), E(6j) = o, var(d;) = 3 L [var(dj1) +var(dj111)] j=2,...,J 1
61 =dsn — ¢, E(651) =0, var(6.71) = var(d)
619 = Z(dia —dp),  E(612) = 010 — 42, var(612) = l[var(ci 2) + var(dss)]
bGjo = a%(czﬂ —dj119), E(Gj2) = oo, var(6jo) = = L [var(dje) 4 var(dji19)] j=2,...,J —1 (54
619 =djs, E(62) = 02, var(d72) = ar(dJ )
Gj1 = a%(czjl - de 1), E(G1) = oj1, var(Gj1) = ai?[var d 1) +Va.r(dj+11)] j=1,...,.J—-1
G =dn— by, E(G1) =01, var(é.1) = var(d1)
Gjo = a%_(deQ - Jj+12), E(Gj2) = 0jo, var(Gjo) = 1 [var(d 2) —|—Var(dj+12)] j=1,....J—-1
G0 =dys, E(Gy2) =02, var(& y) = var(d )

where we note that 6;; = gj; for j =2 , i =1,2.
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4.3.8 Mass-balance case Here 2 and Dj;j = 1,...,J are in fact invertible because of Lemma 3

(ii) in Appendix B2. Moreover

a1+ Py lfj =1
D; = Zak\Ilk: . o (55)
k=j nj:fliljjti"] ifj=2,...,J
Hence using (47), we have
2 =1 (D1 - @), E(Z) =% - %, var(3p;) = Hvar(Dip)
1 J (11
~ 1A ~ ~ o 1\2 ~
3 = e LD, - ®,), EE;)=3;, var(25;) = %var(pjhi); j=2... {56)
2
3 =1(D - 9)), E(2) =%, var(Zyp) = éVar(Dun)
= -1, F = = 112 ~ .
2] = nzjil (Dj — q)J), E(Ej) = Zj, Var(zjhi) = (njaz#var(Djhi); ] = 2, ceey J

where we note that ﬁ)j = f]j forj=2,...,J.

If we assume X; has a compound symmetry structure with diagonal element ;1 and off-diagonal
element oj2; j = 1,...,J and ®; has a compound symmetry structure with diagonal element ¢; and
off-diagonal element 0, then the m x m matrices D; has a compound symmetry structure with diagonal
element dj;; and off-diagonal element dj> where di1 = ay011 + ¢y, di2 = a1012, dj1 = %Uﬂ + oy
and djo = %O’jg; j=2,...,J.

Hence using (48)—(52), we have

11 = 2 (di1 — ), E(6n) =on — g, var(6n) = al—%var(cill)

o1 = "= (dj — ¢4), E(651) = oj, var(gj1) = ("jgg__l” var(dji) j=2,...,J

12 = Edaa, E(612) = 010 — 42, var(612) = a—%var(czlg)

o = My, E(6j2) = 052, var(Gj2) = (”’gj{l” var(dj) j=2,...,J 57
011 = %(dll —¢7)), E(611) = o011, var(G11) = var(di)

o =M = 00). B =op,  var(en) = M van(dn) G =20

012 = éd}g, E(612) = 012, var(dig) = al—%var(dlg)

G0 = M, E(572) = 02, var(3j2) = M var(d) j =2,
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5. Data Example

Here we illustrate the methodology developed in Sections 2-4 by a real data set concerning the distri-
bution of major crops in the United States and some parts of Canada (Leff et al. (2004)). The study
area ranges from —124.5° to —67° in longitude and from 25° to 49.5° in latitude (Figure 1). The data
describe the fraction of a grid cell occupied by three major crops, namely, pastures, cereals and oilbear-
ing crops. Three-dimensional perspective plots of the three major crop fractions are shown in Figure
2. Furthermore, we consider topography, including elevation, slope, and cosine of aspect, as potential
covariates. In particular, we focus on modeling and predicting the latent processes representing the true
major crop fractions.

For constructing a multiresolution tree structure, we consider 32 cells on the coarsest resolution
(Figure 1) and a 4-resolution quad-tree so that each of the 32 cells on the first resolution j = 1 is
further divided into 4, 16, 64 subcells for the finer resolutions j = 2,...,4. Within each cell on the
finest resolution, the crop fractions of the three major crops (pastures, cereals and oilbearing) form a
multivariate datum for that cell. The cells that lie outside the study area are considered to have missing
values and thus do not affect the statistical inference. Thus the MMTSLM model has three response
variables for the fractions of pastures, cereals and oilbearing crops and three covariates for elevation,
slope, and cosine of aspect. The linear coefficients 3 is a 4 x 3 matrix where the first row corresponds to
the intercepts (11, 512, 413), and the other three rows correspond to the slopes for the three covariates,
elevation (821, B2, B23), slope (031, F32, O33), and cosine of aspect (f41, 42, f13), respectively. On the
4t resolution, the error terms in the MMTSLM are assumed to have a compound symmetric variance
structure parameterized by (oj1, p;), where o} is the variance and p; is the correlation coefficient of the
variance matrix 3;, j = 1,...4. The correlation matrix H is an identity matrix and H;, j = 2,...,4
are correlation matrices assuming mass balance. The variance of measurement errors on the finest
resolution is set at ¢4 = 50, based on an exponential variogram fitting of the data.

The MLEs and REMLEs of the model parameters are given in Table 1. Also reported are the
standard errors of the MLEs, where the standard errors of the estimates of (0j1,p;),7 = 1,...,4, are
based on the approximate information matrices and the standard errors of the estimates of 3 are based

n (34). Given the fitted MMTSLM with the corresponding MLEs, the generalized change-of-resolution
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Kalman filter algorithm described in Section 3 is applied to obtain the BLUP of fractions of pastures,
cereals and oilbearing crops. Since the difference between the MLEs and the REMLEs is very small,
we consider here only the MLEs for prediction. In particular, the change-of-resolution Kalman-filter
algorithm is first applied to the detrended data and the estimated trend is then added back to obtain the
final prediction of the crop fractions. Figure 2 shows the best predicted values of crop fractions. Also
shown are the root MSPEs associated with the predicted values. The prediction surfaces are in general

smoother than the raw data surface, but the main features of the original data seem to be retained.

6. Conclusion

Here we have developed a multivariate version of the multiresolution tree-structured model. Despite
the increased model complexity, we have derived fast computational algorithms for both prediction of
the latent processes and inference of the model parameters. For latent process prediction, we have
established optimal prediction theory and a generalized change-of-resolution Kalman filter algorithm
that accommodate singular variance matrices in the latent processes. For parameter estimation, we have
established distributional properties of both maximum likelihood and restricted maximum likelihood.
The analytical results show that there is only difference between the two estimation methods on the
coarsest resolution of the multiresolution tree structure for certain cases. We have also conducted
Monte Carlo simulations that have verified both the theoretical results and the numerical algorithms
(see Appendix E for details). Finally we have illustrated the methodology by a real data set concerning

the major crop distributions.
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Figure 2: 3D perspective plots of observed fractions (first row); predicted fractions (second row); root

mean squared prediction errors (third row) of pastures, cereals, and oilbearing crops
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Tables

011 pP1 021 P2 031 p3 041 P4

MLE 131.49 0.0070 94.15 -0.11 77.20 -0.10 33.85 -0.041
StdErr 20.97 0.11 0.72 0.032 0.25 0.049 1.79 0.020
REML | 131.24 0.0068 96.11 -0.10 79.14 -0.10 32.57 -0.037
StdErr 0.40 0.11 0.13 0.12 0.13 0.049 0.30 0.038

B11 P12 P13 P21 B22 Ba3 Bs1 Bs2 B33 Ba1 Ba2 Bas

MLE 31.13  29.18 16.07 0.010 -0.0088 -0.0055 -0.000055 -0.000045 -0.000051 1.43 0.084 -0.21
StdErr 1.13 1.13 1.13 0.0011 0.0011 0.0011 0.000018 0.000018 0.000018 0.70 0.70 0.70
REML | 31.38 29.15 16.01 0.0099 -0.0088 -0.0054 0.000055  -0.000043 -0.000050 1.42 0.080 -0.20
StdErr 1.13 1.13 1.13 0.0011 0.0011 0.0011 0.000018 0.000018 0.000018 0.70 0.70 0.70

Table 1: Maximum likelihood estimates (MLE) and restricted maximum likelihood estimates (REML)

of the model parameters and the corresponding standard errors.
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Appendix A: Variance and Covariance of MMTSLM
Proof of (8). Let A be an m x n, B be an n x g, and C be a p x ¢ matrix. From Appendix B of
Lauritzen (1996), if A = [a;;] and C = [¢,4], then (A® C);y js = a;jbrs where (A® C);y js is the (ir, js)
element of A ® C'. Similarly, from Appendix B of Lauritzen (1996), we have

vec(ABC"); = (ABC')ir = Y (A ® C)ipok Bur = (A ® C)ip.vec(B),

vk

where vec(ABC");, is the ir-th element of column vector vec(ABC’), (ABC');, is the (i,r) element of
ABC' and (A® C);y,. is the ir-th row of (A ® C), B,y is the (v, k) element of B and the last equality
holds because B,y is the vk-th element of column vector vec(B). Hence vec(ABC') = (A® C)vec(B).
U
Proof of (9)-(12). From (1)-(6), we have

Zen(j—1k) = ych(j—l,k) +€ch(j—1,k); k= 1,...,Nj, ] = 1,...,J
Yen(j-1k) = wch(j—l,k)ﬁ_'_uch(j—l,k); k= 17-"7Nj7 J=1....J
Uen(j—1k) = DjkUch(pai—1k) t @Pen(-1,0); K=1,....Nj, 5 =2,...,J

where D} is an n;_1 X n;_p matrix consisting of 1,, , in the i-th column and 0pn; , in the other
columns if the scalar parent node (j — 1, k) is the i-th node within the vector node pa{j, k}. Then using
(7) and (8) and vec(Uen(pa(j—1,k))) = Upa{jk}, We obtain (9)—(12). O
Proof of (13). To verify (13), we note that var(U;.) = H; ® 3; and

var(Us.) = (In, @ 1y, @ Iy)var(U1.)(In, ® 1, ® Ipy,)' + var(Wy)

(

= (In®1,, @I,)(H1@31)IN, @1y, @I,) + Iy, @ Hy @ %)
(Iny @1y, @ L) (H1 @1 @ 1) (In, @ 1y, @ Iy) + Iny @ Hy @ 3o
(

IN1HIIIN1) ® (1n1I11;zl) & (ImEII;n) +IN1 R Hy® 3o
= Hi®(1,1,)9% + Iy @ Hy® 3

= INl®H2®22+H1®(1n11/m)®217

where I in the third equality is an 1 x 1 identity matrix. Assuming that (13) holds for var(U};.), by
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induction, we obtain:

var(Ujp1) = (In; ® 1y, @ Iy)var(Uj. ) (In; ® 1, @ Iy)' + var(W i 1)
= (In;®1,,®I,)|In,_ , @H; 0%+ 1IN, , @ Hj 1 ® (1, 1), )@,
+oo+ Iy, ®Hy ® (1n2...n]._11;2.._nj71) ® 3o
+In, @ H1 ® (1m...nj711;1,,,nj71) @ |(In; @1, @I,) + Iy, @ Hjp1 ® By
= InyoH; 100+ 1y, , 0 H;® (1,1, ) @3,
+.o +In, @ Hy ® (1nye, 1;2.._nj) ® 3

+Iny @ H1 @ (Lpyon; 15y, ;) @ B,
where the last equality holds because for h =0,...,5 — 1,

(IN]. ® 1nj ® Ip) (INh QHp 1 ® (lnhﬂu-nj_l 1 ) ® 2h—l—l) (INJ- ® 1n]- ® Im)/

Npt1Nj—1

= (In, ®1,, @ 1,,) ([INh © Hie1 © (Luyy ooy i Loy sy, )] © 1 @ 2h+1) (In, ®1,, @1,
= (INj N, @ Hpy1 @ (Lnyyyoomy 1;1h+1-~nj1)]Ile> ® <1nj111/nj> ® (Im2h+1I;n)

= INh ® Hh+1 ® (1nh+1“'nj711/TLh+1~~nj,1) ® (1nj 1%) ® Eh-i-l

= INh ® Hh+1 ® (]'n}H»l"'nj 1;’Lh+1"'7’l]’) ® Eh“l‘l

For the covariance:

COV(Uj., Uj’-) = COV(Uj., (INjL1 ® 1n]-/_1 ® Im)Uj/—L)

= cov(Uj, Uj'—l-)(INjul ® 1;1]'/71 @ In)

= cov(U;,Uj)(In; ® 15, @ Inn) - (In, , ® 1;j,_1 ®1I,)

= var(U;.)(In; ® 1;%..._”]_,_1 ® Ip).
where the last equality holds because for h=7j+1,...,5 —1,

In; @1y, @ Im)(Iy, @15, @I) = (In;®15, 0, @1 @ In)(IN, @1, @ In)

= (Iy;®1, n,)® (1113,) @ (InIy)

jrMh—1
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= IyN® 1;%_,.%_1 ®1y, @I

Although it is easier to summarize the covariances among {U;;} by the variance-covariance matrix
var(U;.) in (13), we now focus on the covariance between any pair of scalar nodes on the same resolution
to gain more insight into the spatial dependence structure. While E(u;k) = 0,,, the usual second-
order stationarity or intrinsic stationarity does not hold here because of the special feature of the
multiresolution tree structure. However, the model is stationary and isotropic in the following sense.
Given two locations (j,k) and (j,k’) on the j-th resolution, we denote the first common ancestor as
an(j, k, k') and denote its corresponding resolution as ju,. When two locations are identical (k = k),
then jo, = j and cov(u} ., u’,,) = var(u} ;) = Zg,zl > ,;7. When two locations do not have a common
ancestor, then they must be in two subtrees with two different root nodes, in which case we define
jan = 0. When two locations have a first common ancestor on a resolution ju, = 1,...,5—1, then it can
be shown that cov(u’,, u’ /) = cov(u:m(j7k7k,) + Wit 1,6 Yan(j o k') + Wjan+1,0), Where (jan 4 1,£) and
(Jan+1,¢') are the children of an(j, k, k') and the (not shared) ancestors of (j, k) and (j, k') respectively,
by the fact that these are the two descendants of an(j, k, k") which are correlated via the matrix Hj,, +1
in (6). Hence cov(ul,, u’ ;) = Var(u;n(j7k7k,)) teov(wl LW ) = Z;‘};l Si+H; 100 X5,,41,

where H 1140 is the (¢,£') element of H;, ;1. That is,

jan

_ 2'/+H‘an lff’z'an 1 ) ] 20717"'7‘_17
cov(u;k,u;,k,) _ ] =11 Jan+ Jan+ Jan J (58)
Z§/:1 Xy iy Jan = J-
Proof of mass balance Hj. We assume that uj are mutually independent for & = 1,..., Ny, then

Hy = Iy,. From (4) and (14), we have 1;, wp(jr) = 0p, for j =1,...,J—1. Using (8), we have (1, ®
L)W g = vec(ly, wen(ik)) = Om. Hence Opxpn = cov ((1;1]_ @ I )W jy1k, (17, ®Im)Wj+17k.) =
(15, @I )var(W 41 5) (17, @) = (1, @In) (Hj11@%;41)(1, @) = (1, Hjt11n) @I mE 1 In) =
(1InjHj+11nj) ® Xjy1. Since i1 # Opyxm, we have 1’njHj+11nj = 0. If we assume that H ;4 is com-
pound symmetric, such that any two children of w;; have the same correlation coefficient p;y1. Then

we have 0= 1), Hj111l,, =n; + (n? —n;)pj+1, and hence pjy1 =

7 TLjfl'
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Appendix B1l: General Optimal Prediction Theory

Y Yyy Xyz
)~ | (1)

For (7 , we obtain my |z by minimizing ||Y" — Zo|| for all Zo € 5p{Z}™,

gy Xzz
where Zg = p+ BZ with p e R™, 3=1[84,...,8,,),and B, € R"; i =1,...,m. Let

E((Y —p—BZ)(Y — p—BZ))
= E{tr[(Y —p-B2)(Y —pn-B2)]}
= t{E[(Y —pn—BZ)Y — p—-B2)]'}

= tr{E(Y —p-BZ)E(YY —p—BZ) +var(Y — p - BZ)}

fm,B) =Y — Zo?

= BE(Y —p—-BZ)EY —p—BZ)+tr{var(Y — p— BZ)}
= (uy —p—Buz) (ny —p—Bpy) +tr{Syy — 282y + X228’}
= pypy —2pyBpy — 20 py +p'p 20 Buy + 1B By
+tr{Zyy — 28%zy + BX220'}
= pypy —2p'py + e+ 20 By
+tr{—=2Bu1y + BuypyB + Zyy — 283 zy + 83228}

We minimize f(u, 3) by taking the first-order partial derivatives with respect to p and B using Lemma
1 (Chapter 15, Harville, 1997).

LEMMA 1. For an m-dimensional column vector pu, an m x n matriz 3, and a conformable matriz A

that does not depend on w and 3:

) A _a ) BAL (s a () Q) S PHOA) g ( PHPAT)  pa )
Proof of Theorem 1. By Lemma 1, we have:
Lfg: B _ 2(p — py + Buy), Lf(alg B _ 2 — py +Buzg)uy — 23y + 2% 7z
Setting the partial derivatives to zero, we obtain the normal equations and their equivalence:
po= py—Bpz  XzzB8 =3z, (59)
n = py —Buy, Y28, =2zy; i=1,...,m. (60)
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For any optimal linear predictor my|z = ﬂ—l—BZ , b and 3 must satisfy the normal equations (59). Then
E(my|z) = E(p + BZ) = E(py — Buy + BZ) = py + BE(Z — py) = py and cov(Z, Y — my|z) =
cov(Z, Y —py + Buy —BZ) =X,y — ZZZB/ = 0,,xm Where the last equality holds because of (59).

Suppose there exists another optimal linear predictor my |z of Y given Z, then let Y = my |z + e
and Y = my|z + e&. We have E(my|z) = E(my|z) = py and cov(my|z — My|z,€ — €) = Opmxm
because my |z —my|z € 3p{Z}™ and cov(Z,e—€) = Opxym. Then Oy = var(Y —Y) = var[(my |z —
my|z) + (e — &)] = var(my|z — my|z) + var(e — &). Comparing the diagonal elements of both sides,
since the variance of any random variable in L? is non-negative, we obtain var(my, |z — My, z) = 0 for
i =1,...,m which implies that m,, z = m,, 7, or, my|z = my 7. Hence the optimal linear predictor
of Y given Z is unique. [

We obtain the optimal linear predictor using any solution of the normal equations (59) starting with

the following lemma.

LEMMA 2. The normal equations X773, = Xz, are consistent, where Xz, = cov(Z,y;) for i =
1,...,m.
Proof. Consistency of linear equations X778, = Xz, means that if any linear relationship exists

among the rows of Xz, then the linear relationship also exists among the corresponding elements of
37y, (Chapter 1.2, pg 7, Searle, 1997). To show that the normal equations are consistent, it suffices
to show that for any a € R", if &’X 7, = 0,, then &'z, = 0. Suppose for @ € R", &’z = 0,,
then var(a/Z) = o/Xzza = 0, which implies that &’Z = o’py. Hence /'Yy, = o'cov(Z,y;) =

cov(a'Z,y;) = cov(apy,y;) = 0. O

Now recall (Chapter 1.3, Searle, 1997) that the Moore-Penrose pseudo inverse of a matrix X is the

unique matrix 37 which satisfies the following four conditions:
Tty =3, TFERt=3" (ZTY) =3TE and (ZXTT) =TT (61)
Furthermore, by transposing both sides of the four conditions in (61), we obtain

(BT = (=" (62)
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Proof of Theorem 2. Since the normal equations (60) are consistent, from Theorem 1 of Chapter 1.6 of

Searle (1997), one of the solutions of the normal equations and its equivalence are

A~ ~7 2
Bo= py— By, Bi=%},%z,

~ ~1 2
o= py—Bug, B=(2},Zzv). (63)
Then we have my; = i + BZ = py + B(Z — py) and

Cyiz = E[Y —myz)(Y —myz)]
= E(Y —my2)E(Y —my|z) +var(Y —my z)
= var(Y —B2)
= Syy —ZyzB8 — BSsy + B8
= Syy —yzB8 — B3y + By

N,
= Yyy —2vzB,

where the fifth equality holds because of (59).

Since X7z is symmetric, using (62) and the uniqueness of Moore-Penrose pseudo inverse, we have
(=),) = £}, ie. £}, is symmetric. Then we obtain Mmy|z = py + Syv235,(Z — py) and
CY‘Z = Yyy — ZYZEEZZZy. When Y and Z are normally distributed, my|z and Cy|Z are the

conditional mean and conditional variance respectively (Proposition C.5, Lauritzen, 1996). O

Appendix B2: Generalized Change-of-Resolution Kalman Filter

First, we recall and introduce some notation. Denote {j’,k'} < {j,k} if {j/,k’} is a descendant vector

node of {j, k}. Here a node is assumed to be a descendant of itself. Further,

1; if Z;} is observed,

Vi k I{Z;) is observed} =

0; otherwise,
Z = {Zj) vk =1}
Zie(jky = {Zj',k' D = LR < {.7}/6}},
Zivgwy = {Zowvwe = 1LUSKY < R RY £ .0

Zée{j,k} = Z\Zde{j,k}7
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UjklZaegyr ey ~ WUjkjrns Vg wl,
" ~ %k ~ %
Uikl Zaegjrwny ~ WUjngws Vil

UjrlZ ~ [Ujk Vil

Vj,k = var(Ung),
Vikgw = covUjpUjw),

. — . ! +
B, = Vpa{y,k}Aj,ij,kv

. — oy — ) / + . )
R, = Vpa{J,k} Vpa{]:k}ALkVj,kAjakVpa{]vk}’
Tk = VieBaVo

gk = 7:kl3.k 5.k Y pa{j.k}ik

Before deriving the generalized change-of-resolution Kalman filter algorithm, we present some useful

results about matrix operations and Moore-Penrose pseudo inverse in the following lemma.

LEMMA 3. For matrices A and B:

(i) If A is an n x n symmetric positive semi-definite matriz, then there exists an n X m matriz L

with full column rank such that A=LL' where m = Rank(A).

(ii) If A is an n X n positive semi-definite matriz and B is an n X n positive definite matriz, then

A + B is invertible.

(iii) If A is an m x n matriz, B is an n x m matriz, and I, + BA is invertible, then (I, + AB)™! =
I,,—A(I,+BA)"'B.

(iv) If A is an n x m matriz with full column rank, and B is an m X n matriz with full row rank then
(AB)t = BTA*.

(v) If A is an n x m matriz, then AYA = Py and AA* — P4, where Py = A/(AA)~A and
P, = A(A'A)~ A’ are the projections matrices corresponding to A" and A where (A’ A)~ denotes
the generalized inverse of A’A. Moreover Py4A=A, APy =A", ATAA' = A/AA"T = A’ and
(AT = (AT). For matriz B, if Col(A) = Col(B), then P4 = Pp where Col(A) denotes the

column space of A.
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(vi) If Z=XB+ MU +e, U ~ [0,V], e ~ [0, P] where X, B and M are deterministic matrices,
U and e are uncorrelated , and P is invertible, then Cyyz = L(I+L'M'P~'ML)~'L’, my|y =
CyzM'P'(Z-XB), C?}lZmU‘Z = (LYY L'M'P~Y(Z — XB), and CU|ZC;}|ZmU‘Z =myz
where V.= LL' and L has full column rank.

Proof. (i) Theorem 14.3.7 of Harville (1997).

(ii) From (i), there exist matrices L and K such that A = LL' and B = KK'. K is invertible
because Rank(K) = Rank(B). Then A + B = K[(K 'L)(K'L) + I,,)K’. From Lemma 8 of
section 1.6 of Searle (1997), (K 'L)(K~'L)’ + I, is invertible, hence A + B is invertible.

(iii) (I + AB)(I,, — A(I, + BA)"'B)=1I,,+ AB— A(I, + BA)"'\B -~ ABA(I,, + BA)"'B =
I,.+AB — A(I, + BAYI,+BA)~"'B =1I,,.

(iv) From formula (1.2) of section 20.1 of Harville (1997), (AB)™ = B'(BB')"}(A’A)~'A’. Formu-
las (2.1) and (2.2) of section 20.2 of Harville (1997) show that B* = B/(BB’)~! and AT =
(A’A)"1A'. Hence (AB)t = BTA™T.

(v) From Theorem 20.5.3 of Harville (1997), (A")™ = (A™")". From Theorem 20.5.1 of Harville (1997),
ATA =Py and AAT = P4. Theorem 12.3.4 of Harville (1997) shows Py A’ = A’ and P, A =
A. Hence ATAA' = Py A' = A’ and A/AAT = AP, = (P4A) = A'. 1If Col(A) = Col(B),
Theorem 12.3.1 of Harville (1997) shows that P4 = Pp.

(vi) Suppose

)~ 1) Ly ot
Z XB)'\ MV MVM +P

From Theorem 2,

myyz; = VM'(MVM' +P)'(Z-XB)

Cyz = V-VM'MVM' +P)"'MV.
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where MV M’ + P is invertible because of part (ii).

Cyz = V-VM'(MVM +P)"'MV
= LI-L'M'(MVM'+P)"'ML]L
= LI-L'MP'MVM'P '+ 1)"'ML|L’

= LI+L'MP'ML]™'L/, (64)

where the last equality holds because of part (iii).

From part (iv), we have CJ(;‘Z = (L' I+ L'M'P 'ML]L". Then

+
Coizmuiz

(LY [I+LMP'ML|LY\VM'(MVM'+ P)"(Z - XB)]

LY'LY'VM' + (LY L'M'P*MLLT"VM'|[(MVM' + P)"Y(Z - XB)]
LYLYLL'M' + (L)' M'P'MLLTLL M'|[(MVM' + P)"Y(Z — XB)]

(L)' L'M' + (L)"L'M'P'"MLL'M'|[MVM + P)"\(Z — XB)|

(LYTL'M'P~Y(Z — XB),

where the fourth equality holds because of part (v).

From (64), Col(Cyz) € Col(L). Since Rank(Cyz) = Rank(L), we have Col(Cyz) = Col(L).

Then

CuizCliymuz = Pey,mulz
= Prmyz
= LL"VM'(MVM'+P)"(Z - XB)
= LLTLL'M'(MVM' +P)"Y(Z - XB)
= LLI'M'(MVM'+P)YZ-XB)

= myz,

where the first, second and third equalities hold because of part (v).
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Hence

myz = Cyz(L)"L'M'P~'(Z - XB)
= CyzPL.M'P ' (Z-XB)
= Cy;zPc,,M'P"(Z - XB)

= CyzsM'P ' (Z-XB),
where the last equality holds because of part (v). O

In the high-to-low-resolution filtering step, we start with the finest resolution J.

Proof of (16)-(17). For a leaf node {J, k}, k =1,...,Nj_1, if 75, = 1, we have

<UJ,I<:> <0nJ_1m> Vie Vi
Z 1k X kB Ve Vip+1,, 0P,
From Theorem 2, we have optimal linear predictor U j;|Z j) ~ |:VJ7]€(VJ7]€ +1,, ® @J)_l(ZJJf —

XB) . Vi —Vi(Vie+1I,, <1>J)—1VJ7,€}, where (V ;i + I,,, , ® ®,) is invertible because of
Lemma 3 (ii). If 75 = 0, we have ULk =0 and VJJﬂMk =V ;. Hence for a leaf node {J, k},

Ujspar = YkVar(Vip+In, @8, NZp — X 4B),
VJ,k:\J,k = Vi —vxViVi+ I,  @®)'V,;.0

Now we move from the resolution j = J — 1 to the coarsest resolution j = 1.

Proof of (18)-(19). From (12), we have
(Upa{],k}> ~ (O’Vlj—Qm> Vpa{j,k} Vpa{],k}A_,],k
Ujk 0n; ym Aj,kvpa{j,k} Vik

Then Upa{j,k:}‘Uj,k ~ [Bj,kUj,k; Rng]. Hence we have Upa{j,k} = Bj,kUj,k+£j7k where Ej,k: = Upa{j,k} —
B;U;x and var(§; ;) = R k. From Theorem 1, for any vector node {j,k}, £, is uncorrelated with
U, and is also uncorrelated with {Uj%/ ALK <, k:} U Z gegjky Whose elements can be written

as U plus error terms and measurement errors that are independent of §;,. Similarly, we have
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Uj,k = Bch{j,k:,i}Uch{jka} + Sch{j,k,i} and Ech{j,k‘,i} is uncorrelated with Zde{ch{j,k,i}}' Then

Ujkiehikigy = MU;klZacienijriyy)

= M(Ben{jk,iyUecnijriy + Echiskit| Zdefch{jki}})

= Benriym(U cngjris| Zacen{jkiyy) T MEchisk,it| Zdefeh{jki}})
= BonjkiymUchijkit| Zdegen{jk,ir})

= BonkiyUeh(ikiy enijms

where in the third equality, m(Ech{j,k,i} ]Zde{ch{ﬁk’i}}) = 0 because &, (; 1) is uncorrelated with Z gefenj ki3 -

A

Vikeniikiy = CUjklZactengjkiyy)
= C(BonjkiyUechijk,iy T Echijk,it| Zdefchijk,i}})
= BeanikiyCWUchijrip| Zacientjkiy)) Benginiy T CEcniikiy| Zdefeniiniyy)

= BCh{jvkvi}VCh{J',k?vi}|Ch{jyk7i}B::h{j,k,i} + Rengjk,iys

where in the fourth equality, C(&onj k| Zactcnijkiy) = var(€engjkiy) = Rjr because &qppjpqy 18
uncorrelated with Zge(epngjriyy- U

Next we compute ﬁ;,k\j,k and V:,ﬂ]k
Proof of (20)-(21). From (9)-(12), Zgefcnijkity = Xde{chiikit} B + Macienijk,iny Uk + €defen{jk.i}}
where X gefen(jk,i} depends on { X j w2 {5/, k'} € Tj 1}, M gegengjk,iyy is @ deterministic matrix depend-
ing on {Aj 1 : {j,k'} € Tjx}, €defchijr,i}y 15 @ random vector depending on {W iy : {5, k'} € Ty}
and {0 (7K'} € Tyx), and Ty = ({7, K} -y = LAGWK) < G K}

We have Z. ;3 = X o i BHM e iy Ujit€leqs ayr Where Zgo 0 = (Zieenginyy -+ Zaefehtihm, 1)
Xoetiny = Kaeqengmayy - Xaetentibn 1> Maeginy = Maetenginyy - Maeqenginm, oyl and
Cleljk} = (e&e{ch{j,k,l}y - -’e&e{ch{j,k,nj,l}})/' Define Paefen{jri}y = Var(€defcnjk,iyy) and Py =
Var(e:‘le{j’k}), then

Pueenijrayy --- 0
Py = ' :

0 oo Paefen{jrmn;_1}}
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Suppose V1, = Lj,kL;k where Lj ). is a matrix with full column rank, from Lemma 3 (iv), we have

Ak x! *—1 *
Vikie = (L5t [T+ LM g Poct iy Mg L L
’fljfl
_ + yl o d ;
= (L) [I Lk (D Miepentinan Pietentimany Mactentinany Lie | L
=1
nj_1
= ’ JFLJr Z [ diklch{jk,i} — (Lg,k)JrL;fk]

nj—1

= ka*Z[ jklch{jki} ~ V;fk],

where the third equality holds because of Lemma 3 (vi). Hence

nj—1
e _ + &l + 1"
Ve = {Vj,k: + [Z V jklen ik} ~ Vj,k” :
=1
From Lemma 3 (vi),
~_k—+ A~k / *— * *
VimitUimie = LR " LieMe iy Plti g (Zieiny — XieiuyB)

nj_1
= (Lj)"L, [ > MZe{ch{j,k,i}}PZe_{ch{] ki) (Zaefeniihity = X defen{jhip} B)
=1

nj—1

= D VikienlikiyUjrleh{sib-
=1

Then from Lemma 3 (vi),

nj—1

A~k A~ Ak A~k A~k ~ A~
Uikiin = VimisVisinUinie = Vikiik { > VikentirenrU j,k:ch{j,k,i}} 0
i=1
The final step in each update is to compute U x;x and V' ;1.

Proof of (22)-(23). If vjx = 0, then Uj ;1 = U7 ) and 1% = V:kbk If v = 1, we define

Jkljk
Xaetiny = X0 Xiepim)s Maciny = Tnyoym, M Ze{j s €definy = (€)1 €iopiny)s and Pacginy =
diag(In;_, @ ®jk, Peg;py)- Then Zge(;py = (Z s de{] i) = XaefjinyB + Mac(jiyUjnk + €ac(jny-
Hence from Lemma 3 (vi),

.t _
Vikje = (Lip)"(I+ L M; kPj,éLj,k)LIk

= (L))" [+ L;,kM;,kP;,;le,k + L (I, ® @;;)LM]L%

o .
= Vipjne T (L) "L (L, @ @)Lk L],
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Ak
Suppose Vi =

Q; Q) where @, has full column rank, then

*

Ak ~ Ak 1% +
{Vj,ku,k = VirlinViklie + Injs © B5) 1Vj,k\j,k}

= {QiTn; sm — Q) 1(Q; Q)+ In;_, © ®5) 7' Q]
= {Qj,k[Inj—lm + QL ® ‘I’Jl)Qj,k]_lQ;,k}Jr
= (Q;,k)+[Inj—1m + Q) (In;_, ® @]'_I)Qj,k]

= (Q;',k)+Q;:k + (Q;,k)+Q9,k(Inj—1 ® ‘I’]'_I)Qj,kQIk
= V;jc_\j,k + P, (In; , © (I)J'_I)PQj,k

- V;Z\jk + P (In; @ <I)J'_1)PLj,k

*+ —
— VMUH(L o) ;,k(Inj_1®<ij;)Lj,ij+7k

o+
= Vikik

Q)"

where the second, third, and fifth equality hold because of Lemma 3 (iii), (iv) and (v) respectively. Since

‘A/j,k‘j,k = L (I+Ll kM P;7;1Lj7 ) L] L we have COI(V‘],M‘],]Q) g CO](L
Rank(L; ), we have Col( ;k‘j k) = Col(Ljy).

Lemma 3 (v), we have Pq,, = Py, = P, ,. Hence

JkIJk

~ A~k Ak ~ *

Viktire = Vinie = ViriaVisin +In, o © 857V,

From Lemma 3 (vi),

~ + A~
VikikUiklie =

(L )LlkMde{jk}Pde{Jk}(Zde{Jk} Xae(jnyB)

jk). Since Rank(f/;’ku’k) =
Similarly, we have Col(V;k.U’k.) = Col(Q; ). From

7.k

* -1
(L) "L | M1 3Poctiny Zietiny — XiiejpeyB) + (TIn; 1 © ®51)(Zj ) — X B)

Vj k|, kUj kl|j,k + ( f )+Lj,k(Ile—1 ® q);é)(zj,k - Xj,kB)v

where the last equality holds because of Lemma 3 (vi). Then from Lemma 3 (vi),

A

Ujkljre =

A~ A~ + A~
Viklik ViU skl

~ okt Ak > -1
ViklikViwikUjrtie T Viklir (L) "Lk (Iny, @ ®5.)(Zj 5 — X1 B)

Vjiklik {(Injfl ©®;)(Zjx— X;1B) + (Vj,k\j,k)+Uj,k\j,k} )
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where the last equality holds because from Lemma 3 (vi),

” -1
Vi (LGp) Ly = ;‘,k)+[In]-_1m+L;‘,kMéle{j,k}P;el{j,k}Mde{j,k}Lj,k} L (L) "L,

-1
— ( ;’,k)+ [Inj71m + L;,kMZle{j,k}Pde{jyk}Mde{j,k}Lj,k} L;,k

Vi O

3:kl3,
At the end of the filtering step, the root nodes are reached and hence the BLUP’s for {1,1} are:

Uip = my, |1z = U1,1\1,1, Vii= CUM\Z = V1,1|1,17

)

where Z ={Z;:vjr=1,k=1,...,Nj—1,j =1,...,J} consists of all the observations.
In the low-to-high-resolution smoothing step, we move from the coarsest resolution j = 2 to the
finest resolution j = J and compute for a given node {j, k}, where k =1,..., N;_;. We start with the

following Lemma.

LEMMA 4. (U5 110 115.8) = T (U pa iy bl k) where vy n = ZGo 00— ZGo 1 i Zaetj )

and T = Vi ;6B54V painy i
Proof. We have the uptree formula
Upatjry = BixUjk + &y (65)
where §;x = Upagjny — BjxUjr and var(§; ;) = R . Moreover, we have the downtree formula
Ujk = AjpUpagjgy + Wik (66)

Define T7) = {{j/,k’} : v = 1,{j’,k'} is not a descendant of {j, k}} be the collection of all the
nodes which are not descendants of node {j,k}. If node {j',k'} € Tf . then there is a path from
pa{j, k} to {j',k'} that starts from pa{j, k}, moves up to the common ancestor, and moves down to
j',K'}. Hence U ;s ;s can be written as a linear transformation of U ¢ 1 plus a function depending on
. k'}. Hence U can be writt l formation of U a4 plus a function depend
{gj//,k” : {j//, k”} ~ j—ﬁk} and {Wj”,k" : {j//, k”} S j—ﬁk} Now we obtain de{j,k} = Fj,kUpa{j,k‘} + Kjk

where F;, is a deterministic matrix which depends on {A;u o, By {j", K"} € T5)} and Ky is a
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random vector which depends on {&;u i, Wjn o, eju g 2 {5", K"} € T5) }. It is easy to obtain that

is uncorrelated with Z ge(; x)-

Vikik = ZLaegipy — M ZLaegjpy| Zaetiny)
= FiaUpaginy + Kik — MU Upaginy + Kkl Zacgjiny)
= FilUpainy — mUpafjry| Zacginy)] + Kjk — m(Kj k| Zaegsng)
= FirUpa(iilik + ik
where 0pa{j,k}|j’k = U pagjey —m(U paji}| Z degsxy) and the last equality holds because m(k; x| Z geqjiy) =
0. Then
MU ik Upaginy Vilie) = Uil Upagiieylie Viklik = FikUpagiplin)
= (U k51U pagi )30 Rik)
= (Ul Upasinyin) (67)
where 0j’k|j’k =Uji — Uj’ku’k and the last equality holds because Uj,k‘j,k and k) are uncorrelated.

Using the uptree formula (65) and ﬁpa{j,k}u,k = Bj,kUj,k\j,k, we obtain ffpa{j,k}\j,k =Upa{jr}ljk —

Upatiihlie = BikUik—=U i) €k = Biwl jujjutEsn- Moreover, var(U pagjiyjn) = var(Upage —

Upatimlin) = CWUpaiiy|Zaetiny) = Vpagsiyljn- Similarly, we obtain var(Ux;x) = Vjpijk- Then,

( U kljk )N <0nj1m> Vjikljik Vil Bk

U pa{jk}ljk On;j _2m BisVinik Vpalik)lik
and

~ ~ ~ /\+ ~
(Uil Upagigriin) = ViklikBixV pagisyinUpalindie
= JikUpaljk}lih- (68)

Hence

MUkl imie) = m[m(Uj,k\j,k\Vj,klj,kaUpa{j,k}\j,k)”/j,k\j,k]

= m[m(Uj,k\j,k\Upa{j,k}\j,k:)’Vj,k:\j,k]
= m(JkUpagj 1kl Vikijn)

= Jiem(UpafjkyjklViklk)
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where the second equality holds because of (67) and the third equality holds because of (68). [J

Proof of (25)-(26). vk = Zgetiny — m(de{jvkﬂZde{j’k}) is the information provided by the ob-
servations Zﬁle{j,k} given Zgeqjry. From Theorem 1, vjp;r and Zgeq;ry are uncorrelated. Since
Sp{Z}" = = S{Zaeim Y Zaegjm " = S Zac(jky Y Vaelipy " and vy and Zgeg; gy
are uncorrelated, we have IA]M = mU;klZ) = m(U;k|Zaegjny) + mU;rlvjkr) = fjj,k\j,k +
m(U x|V jk). Define f]j,klj,k =U;, — ﬁj,k|j,k7 then ﬁj,klj,k is uncorrelated with f]j,k\j,kv and

Ujk =Ujkjk + Ujpljx Hence

Ui = Ujpjn+mUjklviue)
Ui+ MUk +Ujglv i)
= Ujnjn+ MU sV im0 + O 00V 0050)
Uj,ku,k + m(fjj,ku,k”/j,k\j,k) (69)

where in the third equality, m (U 4 £V k|jk) = Omn;_, because Uy ;x and v y(; are uncorrelated.

Similarly,

A A~ ~

Upatiky = Upalikylik + U pafj ki kViklik) (70)

where Upa{j,k}lj,’C = Upa{j,k} - Upa{j,k}ljvk'

From Lemma 4, we have m(U i x|V k1jk) = Ik (U pagjiyij k¥ kljk)- Combining (69) and (70),

we have

Ujk =Ujrjir + JikUpairy — Upalyrylikl-

Then ﬁjJ{; = Uj,k - [AJ]'J{; = Ung - ﬁj,k\j,k - Jj,k[ﬁpa{j,k} - Upa{j,k}\j,k]' Hence
Ui+ I kU painy = Ukt + T3k patsiglsike (71)
Now we compute the variances of both sides of (71):

var(U g + Tk Upaginy) = var(Ujn) + var(J 50 paginy)

A~ ~

= var(Ujx — Ujg) + Jjuvar(Upagsng )Tk

= Ve +Tix(Vpaginy = Vpalis) e (72)
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where the first equality holds because fijk is uncorrelated with Z and ﬁpa{j,k} € sp{Z}"i-2, and

the last equality holds because var(U;y — Ujx) = C(U;x|Z) = Vi and V pop50 = var(Upagjny) =

var(Upaginy + Upaginy) = var(Upaginy) + var(Upaginy) = var(Upaginy) + varUpaginy — Upaginy) =
V&I‘(ﬁpa{j,k}) + Vpa{j,k:}' Similarly,

~ ~

var(U i+ Jia0pagiiin) = var(Uuin) + Jiavar(Upagipyin) Tx
Vi + Tk (Vpagiay = Vpatimyis) T (73)
where the first equality holds because (L—’ k|jk 18 uncorrelated with Z ;. 1y and ﬁpa{ ik ik € sp{Z de{j, k}}m"i -2,
From formula (72) and (73), we obtain Vj,k = Vj,k‘j,k + ijk(f/pa{j,k} — Vpa{j,k}‘j,k)J;’k. O
For single-source data, the change-of-resolution Kalman-filter algorithm remains the same, except

that 7, = 0 whenever j < J.

Appendix B3: BLUP

Here we show that the best linear unbiased predictor (BLUP) of the underlying true process {Y 1} is
f/j,k = vakB + IAJM, where IA]jvk =m(U;|Z) is the BLUP of {U;}. Moreover, we derive the mean
squared prediction error (MSPE) associated with ij

View the MMTSLM (9)-(12) as a mixed effects model such that Z = X B+U +e where Z = (Z/,
ik =1, X =X} vk =1,U=Uj;: vk =1), and e = (€}, : 75 = 1)’ are the vectorized
observations, covariates, underlying residual process, and measurement errors. Define V' = var(U) and

® =var(e). Then Z ~ N(XB,V + ®). Since

Ujk N On; ym Vie Vik..
Z XB )’ ;k V+o ’
where V.. =cov(Uj i, Z) =cov(U;i,U),j=1,...J;k=1,... ,Nj_1. ThenU;;|Z ~ [V .. D(Z—
XB),Vj— V. DV, ] where D= (V + &)
The linear predictor of Y, is:
Pj’k(B) = m(Y]7k|Z,9)
= X,;xB+m(U;;|Z;0)
= X;1B+V;;. D(Z—-XB)

= (Xj,k — Vj’kh.DX)B + Vj7k7.,.DZ.
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If the parameter B is known, then the BLUP of Y} is m(Y ;x| Z;0). Since B is usually unknown, it
is natural to estimate B using the data. Let B = AZ denote a linear estimator of B such that PM(B)
is an unbiased predictor of Y ;. Because P;(B) — P;j(B) = (X1~ V;..DX)(B — B) is a linear
function of Z, and Y, — P;1(B) =Y ; — m(Y ;x| Z;0) is uncorrelated with Z, we have cov (ijk —
P;(B), Pj1(B) = Pj1(B)) = On,_ymxn,_m- Hence the matrix E|(Y ;i — Pis(B)(Y ;4 — Pis(B))|
can be decomposed into
E|(Y = Pis(B)(Y . — Pin(B)) |
= Var<Yj7k. P; k(B))
= var(Y k= Piu(B) + Pyu(B) - P;u(B))
V&I‘(Y]"k k(B )) —|—var( ik(B) — P]k(B)>
Var<U] " (Uj,kyZ)) 4+ (Xjp— Vg .DX)var(B) (X4 — V. .DX)
= CU;k|2)+ (Xj— Vjp..DX)var(B) (X — Vji..DX), (74)
where the first equality holds because P;;(B) is unbiased. The diagonal elements of E[(Y;; —
P;1(B)(Y;x — P;x(B))] are the MSPE’s of the associated scalar nodes. We know that f]jyk =
m(U ;| Z;0) is the BLUP of U .. Furthermore, the generalized least square (GLS) estimator Bars =
(X'DX)"'X'DZ is the best linear unbiased estimator of B such that var(¢’Bgrs) < var(¢’B) for any
vector ¢ and linear estimator B and BgLg = B. Then, it follows that Yj,k = XMB + f]j,k: has the
minimum MSPE E[(Y jx — Y ;%) (Y jx — Y1)’ in the sense that the diagonal elements are minimized.
Hence Y, is the BLUP of Y .

In addition, we compute the MSPE associated with the BLUP of a linear combination of the latent

variables ¢1Y j, x, + -+ LY, r, Where cq,...,c are constants. The MSPE is
C(ClY]iJﬁ —+ e+ CLYjL,kL |Z)

= Var(icl[yjlvkl — Pjk (B)])

=1

= Z C?V&I‘(thkl Jz,kz )+ Z Z cpercov(Y Jnokn — Pjh,kh(B)7 sz,kz - le:kl(B))7
h=11=1

where var(Y'j, x, —Pj, 1, (B)) can be computed using (74) and the algorithm in Section 3.3 which involves
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operations of order O(n).
To obtain cov(th,kh Y ks thkz — Y, ), we need an algorithm to compute the covariance of

any two given vector nodes {7, k} and {h,i}:

cov(Y 5 — Pjr(B), Yni — Py y(B))

= cov(ly;, B)] - [P;(B) - EMB%Wm—Pm@H—Wmﬂﬂ—RMBm

= cov([Yh — Pia(B)L[Yni = Pri(B)]) +cov([P;u(B) = Piy(B)), [Py(B) - Pyi(B)))

- cov( k(B [Y s — PhZ(B)]>+C0v((Xj7k— Vs DX)(B-B), (X - V,M”DX)(B—B))
- cov([ ik = Pis(B) Y i — Pig(B))) + (X5 — Vg, DX )var(B)(X i — Vi, DX,

where the second and third equalities hold because of the argument before (74) and (X ,—V . .DX Jvar(B)(X hi—

V1,.i..DX) can be obtained using the algorithm in Section 3.3 which involves operations of order O(n).

Since Yj,k — Pj,k(B) = Ung — m(Ung]Z) and Yh,i — P}M'(B) = Uh,i — m(U}m"Z), we have
cov([Yjh = Pis(B)),[Y i — Pri(B)])
= cov([Ujk = m(U;|2)], [Un; — m(U,]2))
= Jjp- le,klvar<Uan{j,k,h,i} - m(Uan{j,k,h,i}|Z))Jh1,i1 Ty

= Jik Tj ki CWUangipenit|Z) T ny iy - I his

where Jj, = Vj,k\j,kB;,kV;a{j,k}\j,k and Bjjj, = V(i Aj, V) are defined in the smoothing step of
Kalman filter right after (26) and the last equality holds because of formula (2.15) of Huang et al. (2002).
Here, an{j, k, h,i} is the first common ancestor of {j,k} and {h,i}, ({j,k},...,{j1,k1},an{j, k, h,i})
is the path from ({j,k} to an{j, k, h,i}, and ({h,i},...,{h1,i1},an{j, k, h,i}) is the path from {h,i}
to an{j, k, h,i}. Since J;j and C(Uangjkniy|Z) can be obtained as by-products of the change-of-

resolution Kalman filter, this only involves operations of order O(n).
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Appendix C: ML and REML Estimators

Lemma 5 gives some useful matrix results. Lemmas 6 and 8 give the inverse and the determinant of the
matrix 2, whereas Lemma 7 gives auxiliary results about A; and £ and Lemma 9 provides a useful
decomposition of (Z — X B)'Q~1(Z — X B). To establish Theorem 3, we use Lemmas 10, 11 and 12,
which give the differentiation of (Z — XB)'Q 1(Z — X B) and log|X'Q27 ' X| with respect to D;l.
Lemma 13 gives the expectation of the sums of squares SS;(-). Finally, we consider explicit formulas
for the MLEs and REMLEs under the assumption of a constant regression mean. Lemma 14 gives an
intermediate step and Lemma 15 establishes the distributional properties of the sums of squares SS;(-).
In deriving the results assuming a compound symmetry structure for the covariance matrix, we use the

auxiliary lemma 16.

LEMMA 5. For matrices A, B, C and D,
(i) BE(Z'AZ) = tr(AQ) + i/ Ap where A is an deterministic square matriz and Z ~ N(u,S2).

(i) tr(AQ,;) = ain where A is an m x n matriz, Q,; is an n x m matriz whose (h,i)" element is

one and zero otherwise, and a;y is the (i, h)™" element of matriz A.
(i1i) tr(AB) = tr(BA) where A is an m X n matriz and B is an n X m matriz.
(iv) tr(A® B) = tr(A)tr(B), (A® B) = A'® B, and (A® B)(C ® D) = (AC) @ (BD).

(v) Z(A® B)Z = (2, (A® B)Z) = tr[2’ AzB], where z is an m x n matriz, A is an m x m matric

and B is an n X n matriz.

(vi) For mxm matrices A and B, nxn matrices C and D, |AQC+B®D| = |C® A+ D® B| where
|A| denotes the determinant of matriz A. Moreover |A ® I, + B ® (1,1),)| = |A|" A + nB|
and |A® C| = |A|"|C|™.

(vit) For an n x n symmetric matriz A, if z ~ Wy, (n,X), then var(tr[Az]) = 2ntr[AX AX] where
Wi(n,X) denotes a Wishart distribution with degree of freedom n and parameter 3 (Definition
C.9 of Lauritzen, 1996).
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Proof. (i) Theorem 1 of Chapter 2.7 of Searle (1997).

(ii) If A = (a1,---,ay,) where a; is the j* column of A, then AQ,,; has a, as the i" column and

zero otherwise. Hence tr(AQy;) = a;p.
(iii) Lemma 5.2.1 of Harville (1997).
(iv) Propositions B.2 of Lauritzen (1996).
(v) Formula in the proof of Proposition C.8 of Lauritzen (1996).

(vi) From Theorem 16.3.2 of Harville (1997), C® A = K,,|[AQRC|K 1., D® B = K ,,,,[B& D|K .,
where K, and K, are the permutation matrices defined in Chapter 16.3 of Harville (1997) such
that K/, = K.}, = K,;,. Then |C®A+D®B| = |K ;|| ARC+BD||K | = |[A2C+B®
D||K ;K| = |A®C + B® D|. From page 68 of Rao (1973), we get |A® I, + B® (1,1})] =
|A|""1|A + nB|. From Proposition B.2 of Lauritzen (1996), we have |A ® C| = |A|*|C|™.

(vii) Formula from page 307 of Eaton (1983). OJ

LEMMA 6. Q71 = ijl -A;®C; = Zj:1(Aj —Aj1)® Dj_1 + Ag® D7! where C; = —D7' and
C; = Dj_il —Dj_l;j =1,...,J — 1. Moreover, Z,{:jck = —Dj_l;j =1,...,J and ;5 = D; and
‘I’j:a%(Dj—DjJrl);j:l,...,J—l.

Proof. By the definition of C; and Dj, it is easy to obtain Zi:j Ci = —D;l;j =1,...,J and
Dj—Dj_H:aj‘I’j;j:L...,J—l.

B

J J
Qx[}-A4;0C] = D aj(A@T)] x [} -A;8C]
j=1 j=1

<.

Il
.
MK

<
Il
—
i
—

aj(Aj & ‘I’j) X (A ® Ck)

I
M-
M- IM-

aj(AjAL) @ (¥;Ck)

I
*M“

<

Il
—
=

Il
i

a;j(Amingik) © (;C)

50



J k-1 J

= Y D ajA; @ (T;CL) + > a;A, @ (¥;Cy)

k=1 j=1 Jj=k
J k=1
= > D ajA; @ (¥;C) + Ap ® (D,,Cy)]
k=1 j=1
J k-1 J
= — Z ZajAj & (‘I’jCk) — Z Ak ® (chk)
k=1 j=1 k=1
J-1 J J
= —Z Z ajAj®(\Ilek) —ZAk@)(Dka)
=1 k=j+1 k=1
J—1 J J
= —ZajAj®(\Ilj Z Ck)—ZAk®(Dka)
j=1 k=j+1 k=1
J—1 J
= ) a;A; @ (¥;D;}l) - ) A;e(D;C))
j=1 Jj=1

J—1
= ZAJ ® (aj\I’ij_Jil — DjCj) - AJ X (DJCJ)
j=1

J—-1

= > A;®(a;%;Dl, — D;Cj)+ In,m
j=1

= INJm

where the fourth equality holds because of Lemma 7 (i), the twelfth equality holds because —A; ®
(D,;Cy) =—1In,® [DJ(—DEI)] = IN,m, and the last equality holds because aj\I'ij_ﬁl - D;C; =
(Dj — Dj11)D;}, — Dj(D;}y — D7) = Oy O
LEMMA 7. Properties of {A;:j=0,1,...,J} and :

(i) AjAL = Anin(j k) ond A? =A;= A} where 5,k =0,1,...,J.

(ii) (A; —Ap)?=A; — Ap; 0<k<j<lJ.

(iit) Ajln, =1n,; j=0,1,...,J.

(iv) Rank(A;) =tr(A;)=N;;7=0,1,...,J.

(U) Rank(Aj - Aj_l) = tI‘(Aj - Aj_l) = Nj - Nj_l j = 1, ey J.
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vi) Q(A; — A1) C|=(A; — A;_1) ® (D;C) where C is any m X m matri.
j j j j J

(’U’l"i) Q(lNJ ®Im) = 1NJ ® D1 and (lNJ ®Im)/ﬂ(1NJ ®Im) = N;D;.

(viii) QY (1y, @ I,,) =1y, @ DT and (1y, ® I,,)’Q Y1y, ® I,,) = N;D; .

Proof. (i) For j =0,1,...,J, A; = aij[INj ® (14,1

. . . _ /
a;15,)] is a symmetric matrix, hence A; = A}. For

0<j<k<J,

1
AjAk = m[INj ® (1aj12Lj)][INk ® (1(11@1:%)]

1
aliwn TN, ® (Lay/a, 10, /0) © (Lan 1o )] N, © (La,1q,)]
1
- a;ay, KINJ ® (1aj/ak 1:1J/tlk))INk:] ® [(1ak 1ilk)(]‘ak ]‘:lk)]
Ik
a;ag
1 /
= Iy ® (1,1,
= A

INj ® (]'aj/akl:lj/ak) ® (]‘ak]':lk)]

R

where the third equality holds because of Lemma 5 (iv). If 0 < k < j < J, then A;A;, =
(ALA)) = (ArA;) = A} = Ay Hence AjAy = Ay and if j = k, we have A? =Aj.

For 0 < k < j < J, use part (i), we have (A; — Ay)? = A? —AjA, — ALA; + A? = Aj— Ay —
Ak+Ak:A]’—Ak.

For j=0,1,...,J,

AleJ = %[INJ' ® (1%‘1:1]-)]1]\71 = alj[INj ® (1%'1213-)”11\7]' ® 1aj] = aLj[IleNj] ® [(103'1:13-)1&]‘] =
le ® laj = lNJ.

For j = 0,1,...,J, from part (i), A; is idempotent. Using Theorem 10.2.1 of Harville (1997)
and Lemma 5 (iv), we have Rank(A;) = tr(A;) = aijtr[INj ® (14,1, )] = aijtr[INj]tr[l 1] =

(lj aj aj a]-
1 . — N.
aija] = Nj.

For j =1,...,J, from part (ii), A; — Aj_; is idempotent. Similar to the proof of part (iv), we
have Rank(Aj - Aj_l) = tI‘(Aj — Aj_l) = Nj — Nj_l.
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RK

Q[A;-Aj)eC] = a;j(Ar ® ¥p)|[(A; — Aj—1) ® C]

e
Il
—

I
RK

a;jAk(Aj — Aj—1)] ® [¥,C]

B
Il
— =

J
arA(Aj — Aj 1)+ apAp(A; — Aj 1) @ (8,C)
k=j

I
M-It

ag(A; — Aj1)] ® (¥,C)

bl
Il
<

J
= (A4 - A1) 0 a¥C]
k=)

= (A;- A1) ®(D;C),

where the second equality holds because of Lemma 5 (iv) and the fourth equality holds because

of part (i).

(vii) Q(1y,@In) = [X7 a;(A;0)|[1y,®Im] = Y a;(Aj1n,)@(¥,1y) = 1y,®(X 7, 0;%;) =
1y, ®D1, where the third equality holds because of part (iii). Moreover (1x,®1,,)'Q(1n,®@1,,) =
(T, ® Im)(1n, @ D1) = (1y,1n,) ® (ImD1) = Ny D

(viil) 7' 1y, ®Im) = [y (- A;0C))[An, @ Ln] = 351 [~ Aj1N,I9[CiIn] = ~1x,8[7_, Cj] =
1y, ® D', where the first and last equality holds because of Lemma 6. Moreover (1y, ®
L) Q7 (1, @ Im) = (1, ® I)(1y, ® D7) = (1, 1x,) @ (In D7) = NyDy ' O

LEMMA 8. || = |Ds|N7=Ni—1|D ;1 |N7-1= N2 ... | Dyo|N2=N1| Dy | M1,

Proof. Define f(i,j) =mn;---nj = ng:z ny where 0 <7 < j <J —1. Then
J
Q) = |> aj(A;0 %))
j=1
J
= > a;(¥;® A))]
j=1
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= [(Ty@In, )@Ln, , + [T @In, , +¥120In, ,® (L-27-21 27 2)
+o O IN @ (Lpa,s-2117-9)] © (1n, 115, )]
= [,y [V @ IN, A0y a[Pa @I, + O 0@ IN, , @ (Lp_2 21} 0 9)
o T IN, © (Lpa,s-2)100-2)]]
= DN (W g @) @ IN, Ay [P o ® TN, © (Lp—2,0-21 s 0 a)
+o+ U@ In, © (Lpa,-2)10,-9)]|
= DNV D @I, Ay [P e ®IN, ,® (Lr—27-21}7-0.7-2))
+o O @ INy @ (Lpa,s-2)10,-2)]]
= DN N (D @I, ) @ Tny A1y (¥ 0@ In, ,+ ¥ 301N, ,® (1f(J—37J—3)1/f(J*37J*3))

++ U RIN ® (1f(1,J73)1/f(1,J—3))] @ (1,15, )|

— |DJ|NJ—NJ71 |DJ71|NJ71—NJ72 . |D2|N2—N1 |D1]N1.

where the second, fourth and fifth equalities hold because of Lemma 5 (vi).
LEMMA 9. (Z — XB)Q ™1 (Z - XB) = 37_, tr[SS;(8)D; '] + tr[SSo(8) D1 '].
Proof.
(Z-XB)Q ' (Z- XB)
= (Z-XB) zJ:A A]1®D + Ao ® D (z - XB)
J Fl
= Y (Z-XB)[(A;-A; 1)@ D;'(Z-XB)+(Z - XB)'[Ay® D;'|(Z - XB)

j—l

= Ztrz—w,@)(A — Aj1)(z - 2B)D; '] + tr[(z — 28) Ao(z — 28) D7 |

J=1
J
= Ztr[SSj(,@)Dj_l] +t1[SSo(8) Dy Y],

where the first equality holds because of Lemma 6, and the third equality holds because of Lemma 5
(v). O
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Lemma 10. (i) % = A'B where A, B, and X are conformable matrices.
(1) ngg)\éXl = (XYY where X is an m x m invertible matriz.

(iii) % = F%—g + g—EG and %IZG) = tr[F%—g] + tr[‘g—gG] where F' and G are conformable

matrices that depend on x = (x1,...,%,)".
) oF ! —19F p—1 : - : - /
(iv) “5y— = —F 5 -F~" where F is an invertible matriz that depends on © = (x1,...,7n)".

-1
(v) W = —tr[FﬁlB(AFle)_lAFflg—E] where A, B and F are conformable matrices

and only F depends on x = (x1,...,x,) .

(vi) g;i = tr[(;—ﬁ)’(%)} where function f(x) = g(H(x)), g is a function that depends on the

elements of H and H is a matriz that depends on = (x1,...,2,) .

Proof. See Chapter 15 of Harville (1997). O

LeEMMA 11. For SS(B) = (Z - XB)Q Y(Z - XB),

9SS (B)
oD7!

9SS (B)

= [551 (ﬁ) + SS()(,@)] and aDj_l

=[85;B);5i=2,...,J,
where B = [X'Q7' X]71X'Q7'Z].

Proof. Let Dj_hli denote the the (h, ) element of Dj_l, we have

~ / ~
[L_l(z - XB)} QY(Z - XB)
8Djhi
_ ., )
- L_IB} X'0NZ - XB)
_aDjh’i
- / ~
S L_l[X’Q_lX]‘lX’Q‘IZ} X'QY(Z - XB)
0D,
= 8_1 Z’Q*lx[X’Q*X]*l} X'Q Y (zZ-XB)
_aDjh’i
_ _z’[ 8_1 Q_l} X[X'Q'X]"'X'Q"(Z - XB)
8D]hz
_Z'o7lx [L_I[X/Q—IX]*} X'0NZ - XB)
jhi
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- —ZPE%QAMXB—XB)
oD}
—Z’Q*lx[ o_ [X’Q*X]*l} X'0NZ - XB)
jhi

— ZOIX[X'Q x|} 3_1 X’Q—lx} X'Q' X" X'QN(Z - XB)
jhi

= zZo'x[x'Qlx] [ —2 X’Q*lx} (B - B)
jhi

= 0

where the fourth equality holds because of Lemma 10 (iii) and the sixth equality holds because of

Lemma 10 (iv). Then from Lemma 10 (iii), we have

8_ SS(B) = [L_l(z — XB)} 'ﬂ—l(z — XB)
oDk oD
Jh Jh
. o .
Z - XB) Q'(Z-XB
H i Fr sl )
HZ - XB)’Q—I[ 8_1 (Z — XB)]
Djhi
- (Z- XB)’[ 0 Q*l} (Z - XB)
0Dy,

Since Q7! = Z}']:1(Aj -Ai)® D;l + Ag ® D7, if we define matrix Q),; to be an m x m matrix

1_ 9 -1 _ '
Dlhlzﬂ aD;hlZAl ® D" = A1 ® Qy;, and

with 1 as the (h,7) element and 0 otherwise, then

o] -1 1
BD;hlz‘Q 8D]M(A —Aj1)@D; =(A; - Aj_1)®Qy, for j =2,...,J. Hence
) B)Y(A1©Q,)(Z—-XB if j =1
8_ SS(B) = 1® Qp)( ) J
0D, V[(Aj—Aj1) ©Qul(Z —XB) if=2,...,J

:(z ﬂ)’Aﬂz—xﬁ)Qm} ifj =1
tr[(z = 2B)(4; — A1)z~ 2B)Qu| if=2,....7

{ t[1951(8) + 550(B)@u] i3 =1

(IB)Qh’L] lf:2aa°]
the (i, h) element of $S1(3) + SSo(3) ifj=1
the (i, h) element of S5 (B) if=2,...,J
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where the second and fourth equalities hold because of Lemma 5 (v) and (ii) respectively. O

LEMMA 12.

dlog | X'Q 1 X| tr[P(A; @ Qpy)] ifj=1

0D, w[Pl4; - 4, )@ Q)| if=2....

where P = X[X'Q7'X|7'X' and Q,; is an m x m matriz with 1 for the (h,i)" element and 0

otherwise.
Proof.
dlog| X'Q71X|
-1
8Djhi
Q
_ —tr[nfl)c[x’n*lX]*lX’Q*l a_l}
oD,
Q—l
_ tr[n—IX[X’Q—l)(]—lX’Q—lQ(3 _1)9]
oD,
Qfl
= tr[Pa—il ,
8Djhi

where the first and second equalities hold because of Lemma 10 (v) and (iv) respectively, and the

last equality holds because of Lemma 5 (iii). Since Q7! = Z}']:1(Aj —Aj_1)® Dj_1 + Ap ® DY,

d -1 _ _ 9 -1 _ . p) -1 _ _ 9 AL -1 _
we have aDl,hliQ = aDl,hliAl ® D] = A1 ® Qy;, and aD;hliQ D (Aj — Aj—1) ® D;
(Aj—Aj,1)®th foryj=2,....J. 0
LEMMA 13.
D, if j =0
E(5S;(8)) = o ,
(Nj_Nj—l)Dj ij:1,...,J
R NoD: — |tr[P(Ag ® Qp)]| ifj=0
s 5) - | L,

(N; = Nj-)D; = [0[P((4; — A1) @ Q)] if =1 .
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Proof. If we use SSj;,(3) to denote the (i, h) element of SS;(8), then for j =1,...,J,

B(SSin(@) = E|t]SS;(8)Qu|

= E[tr{(z - 28)(4; - A1) (z ~ =B)Q]|
:(Z ~ XB)[(A; - A;_1) ® Q] (Z — XB)}
= w04, - 4;) © Q]
I :(Aj —A ) ® (Dthi)}

= tr[A; — Aj]tr[D;Qp]

= (Nj = Nj—1)Djin,

where first, third, fourth and sixth equalities hold because of Lemma 5 (ii), (v), (i) and (iv) respectively,

and the fifth and seventh equalities hold because of Lemma 7 (vi) and (v) respectively. Similarly we
obtain E(SSy(8)) = Dygh. Hence E[SSy(8)] = Dy and E[SS;(B)] = (N; — N;,)Dyj; j=1,...,JIf
we define H = I — PQ ™!, then it is easy to obtain HQH' =Q — P and Z — XB = HZ. Hence for

j=1,...,J

A ~

E[SSin(B)] = E[t]SS;(B)Qu]
= Blul(z ~ 2B)(A4; - A1) (= - #A)Qu]
- E :(z ~XB)[(A; - Aj1) @ Ql(Z — XB)}
= E :Z/H,[(Aj —Aj1)® Qm]HZ}

= tr :H/[(Aj —Aj1)® th]Hﬂ} +(XB)H[(A; - Aj-1) ® Q) |HXB
= tr :HQHI[(A]- —Ai1)® th]}
= @ P4~ 4,12 Q]

= (N; = Nj1)Djin — tr[ P[(A; — A;1) © Q]

where first, third and fifth equalities hold because of Lemma 5 (ii), (v) and (i) respectively, and the

A

sixth equality holds because of HX = O, xpm- Similarly, we obtain E[SSo;n(8)] = NoD1 — [tr[P(Ao ®
th)]] a0
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LEMMA 14. tr [P[(Aj —A)® th]} =0; j=1,...,J and tr [P[Ao ® th]} = Dis.

Proof. P = X[X'Q7'X|7' X' = X[N;D{'|7' X' = §-(1n,@1,)(11@D1) X (1y,81,) = §-(1n,111y,)®
(ID:I,,)= Ay® D; where the first equality holds because of Lemma 7 (viii).

tr[ Pl(A;~ A1) 2 Q]| = tr[[A @ D1]l(A; ~ A1) © Q]| = tr[[A0(4; ~ A;-1)] 2 [D1Q,,]] = 0
where the last equality holds because Ag(A; — Aj_1) =On,xn, for j=1,...,J.

tr[PlAo ® Qul| = tr[[40 ® D[4y ® Qul| = w|[43] @ D1Qy]] = tr[40 ® [D1Q]| =
tr(Ao)tr(D1Qy,;) = D1in, where the fourth and the last equality holds because of Lemma 5 (iv) and

(ii) respectively. O
LEMMA 15. With X = 1§, ® I,
(i) B = NLJ(I’NJZ)’ and B = NLJ(I’NJZ) do not depend on {®;: j=1,...,J}.
(i) $50(B) = Omscm.
(iii) SSj(B) ~ Wi(Nj — Nj—1,Dy); j=1,...,J, where W,,,(Nj — Nj_1, D) is the m-dimensional
Wishart distribution with Nj — Nj_1 degree of freedom and parameter D;.

(iv) {SS; ([3) :j=1,...,J} are mutually independent and they are independent of B.

(U) E[SS](B)] = (Nj—Nj_l)Dj, Var(Sthi(B)) = (Nj_Nj—l)(Dghi"FDjthjii); and COV(Sthi(B),Sth’i’B)) =
(Nj — Nj—l)(Djhi’Djh’i + Djhh’Djii’) where j =1,...,J.

Proof. (i) B=[X'Q'X]'X'Q'Z = [N,D{"|'[in, @ D7V Z = §-(I, ® D1)(1y, ® DT ") Z =
NLJ(I’N L ®In)Z = Vec(NiJl’NJz), where the first equality holds because of Lemma 7 (viii). Since

B and S only depend on z, they do not depend on {®,;:j=1,...,J}.

(ii) Since zB = lNJ(NLJl’NJ)z = Agz, we have SSo(8) = (2 — xB8)' Ao(z — xB) = 2'(Iy, —
Ao)' Ag(In, — Ag)z = Opyxm, where the last equality holds because Ag(Iy, — Ag) = Ag — A% =

ONJXNJ'
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(iii)

Forj=1,...,J, 88;(8) = (z — xB)(A; — A;_1)(z —xB) = 2/(In, — Ao)'(A; — Aj_1)(Iy, —
Ag)z = z'(Aj—A;_1)z where the last equality holds because of Lemma 7 (i). vec((A;—A;_1)z) =
[(Aj = Aj1) @Im]Z ~ N([(Aj — Aj—1) @ Im] X B, [(Aj — Aj—1) @ In]Q[(A;j — Aj—1) @ Ip]) ~
N(On,m, (A;—A;_1)®D);) where the first equality holds because of (8), the first ~ holds because
of Z ~ N(XB,), and the second ~ holds because we can use Lemma 7 (iii) and (vi) to obtain
[(Aj — Aj1) @ In]XB = [(Aj — Aj1) @ Inn|(In, @ Im)B = {[(A; — A;_1)1n,] @ I} B =
{An; = 1N, ] © I;m}B = On,pm and [(Aj — Aj1) @ Inn]'Q[(A; — Aj1) @ In] = [(Aj — Aj-1) ©
In)[(Aj — Aj1) ® Dj] = [(A;j — Aj-1)?] © (ImD;) = (Aj — Aj—1) ® D;. Then (A; — Aj_1)z ~
NN, xm(ON, xms (Aj —A;—1)®D;) (Appendix C, Lauritzen, 1996). Since A; —A;_; is an idempo-

tent matrix which is a generalized inverse of itself, from Proposition C.13 of Lauritzen (1996) and

Lemma 7 (V), we have SSJ(ﬂ) = Z/(Aj —Aj,l)z = [(AJ —Aj,l)z]’(Aj —Ajfl)_{(Aj —Aj,l)z] ~
Win(N;j — Nj—1,D;) where (A; — A;_1)” denotes a generalized inverse of (A; — A;_1).

In the proof of part (iii), we showed that for j =1,...,.J, SS;(8) is a function of (A; — A;_1)z.
Hence it suffices to show that {(A; — A;_1)z:j =1,...,J} are mutually independent and they

are independent with B For1 <j<k<J,

cov(vec((Aj —Aj_1)z), vec((Ay— Ak_l)z)>
= cov([(4; — A4;1) @ 1,]Z, [(Ar— A1) @ 1,)2)
= [(A) - Aj1) @ L) Q[(Ag — A1) @ L]
= [(Aj—A;1) @ In][(Ar — Ap—1) © Dy
= [(Aj — Aj-1)(Ar — Ap—1)] ® [T Dy
= On,xn, ® Dy,
= ON;mxN;m,
where the first equality holds because of (8), the third equality holds because of Lemma 7 (vi),

and the fourth equality holds because (A; — A;_1)(Ay — Ap_1) = Oy, xn,. Hence {SS;(B8) :j =

1,...,J} are mutually independent. Since B = N%,IINJZ’ to show S5 (B) and 3 are independent,
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it suffices to show that (A; — Aj_1)z and 1)y z are independent.

cov(vec((4; — Aj-1)2), vec(Ly,2))
= cov([(4; ~ A1) © 1n)Z, [y, ® In)2))
= [(A4j - Aj1) @ I Q[1n, @ ;]
= [(4j - A1) ® Djllin, @ In]
= [(Aj = Aj-1)1n, ] ® [Djly]
= Onyxn,; @ [Djln)]
= ON;mxNyms

where the first equality holds because of (8), the third equality holds because of Lemma 7 (vi),
and the fifth equality holds because of Lemma 7 (iii).

(v) Using the formulas of Wishart distribution from Appendix C.2 of Lauritzen (1996). O
LEMMA 16. For j=1,...,J and D; = (dj1 — dj2) I, + dj2lp1,,,

tr[D?] = m(d?l + (m — 1)d§2)

tr [[Djuml;n “ L2 = mm—1) [d?l +2(m — 2)dj1djo + (m? — 3m + 3)d%|.

Proof. tr[D?] = tr|:[(dj1—dj2)1m+dj21m1;n]2} = tr[(djl—dj2)2Im+2(dj1—djg)djglmllm—i-mdjzglml;n] =
'm(dj — dj2)2 + 2’m(dj1 — djz)djg + m2d?2 = m(d?l + (m — 1)d§2).

tr[[D;(1m1}, — T)]?]

= tr|[((dj1 — dj2) I + djaLlim1,) (L1, — Im)ﬂ

— o[ [(dj1 + (m = 2)dj2) 11}, — (dj1 — dﬂ)fmﬂ

= te|mldj + (m — 2)dja)2 11, — 20dj1 + (m — 2)djo)(dj1 — djo) L + (djy — dj2)* I
= m[m[dﬂ + (m = 2)djo]* — 2[dj1 + (m — 2)djo](dj1 — dj2) + (dj1 — dj?)z]

— m(m—1) [d?l +2(m — 2)djdjs + (m? — 3m + 3)d§2} O
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Appendix D: A Fast Algorithm to Compute the Log-Likelihood Function

There are various ways of ordering the vector nodes {j,k} on a multiresolution tree structure; k =
1,...,Nj_1,j =1,...,J. Here we consider an ordering proposed by Luettgen (1993). Define a function
s:{j,k} — s(j, k), where s(j, k) is the order of vector node {j, k}. We start from the vector node {J, 1}

and let ¢ denote the current vector node to be ordered. The function s(j, k) is defined as:
(a) t={J 1} h=1;
(b) If t = {j,k} and all nodes {{j', &'} : {7/, K'} < {4, k},{J, k¥'} # {4, k}} are ordered, then:

1. s(j,k) =hand h=h + 1;
2. If {j,k} = {1,1}, then End.

3. If {j,k} is the i child of pa{j,k} and {j,k} is not the last child (i.e. i < mj_1), then
t = ch{pa{j,k},i+ 1}. Otherwise t = pa{j, k}.

(c) If t = {4, k} has unordered descendants, then ¢ = ch{j, k,1}.

(d) Go back to step (b).

21

@2 @ W kEe @ 6@ @ 4 12 03 44 e 1 8 49

Figure 3: Complete ordering of a quad-tree

Using this order, we proceed to factorize the loglikelihood function and evaluate the individual
components based on the corresponding conditional mean and conditional variance. Equivalently, we

compute the optimal linear predictor of the residual process U ;. given the collection of the observations
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on the nodes with a smaller order than that of {j, k}, by using an algorithm similar to the generalized
change-of-resolution Kalman filter in Section 3. In the the high-to-low-resolution filtering step, we
start with the finest resolution J and compute the optimal linear predictor of U j; given Zjj for

]i‘:l,...,NJ_l:

Uspir = MUkl Zaersny) = 1xVik(Voik+ In, , @ )" (Z 1 — X 14B),

Visik = CUklZaeisny) = Vak —vasVir(Vig +In, , @ @)V 4

As we move from the resolution j = J — 1 to the coarsest resolution j = 1, we compute the optimal
linear predictor of Uk, given Z gefch{jk,i}y Which are the observations on the subtree of the ith child of

{j, k} For k = 1, oo ,Nj_l,

A~

Ujieniriy = MUkl Zaciengiriny) = Bengse,iy U chis kit ch{s ki)

V' klch{jk,i} C(U k| Zactenijriyy) = Benljniy VentihiyleniihiyBengigiy + Beniihiys

_ + - + )
where Beniniy = VikAuGni Venting 204 Benging = Vik = VikAienVongriy Aehlihir Viks
t = 1,...,nj_1. Further, we compute the optimal linear predictor of U;; given the combination of
observations on the subtrees of the first i children of {j, k} where h =1,...,n;_1. This depends on the

ordering of the child nodes.

h
~h .~ h . .
Ujrjr = m(Uj,k’ZZe{j,k}) =Vkijik (Z Vj,k|ch{j,k,z’}Uj,kch{j,k,i}) ,
=1
N +
~h .
Vikie = C(Uj,k|ZZe{j,k}) = {V;_k + Z(Vj,k|ch{j,k,i} - V;Lk)} ;
=1

where ZZE Gk = U?:l Z je{chijk,iyy denotes the collection of the observations on the subtrees of the

first h children of {j,k}; h = 1,...,n;_1. It is obvious that ZZZ{;,k} = Z:Ie{j,k} for h = nj_1. Then,

for {j,k}, we compute the optimal linear predictor of U given all the observations on the subtree of

{7,k} including Z .

~ N _ AT AN
Ujkijeg = mWUjklZacgjny) = Virjk {Vj,k(fnjfl ® D) (Zjn— X;uB) + (Vi)™ j,]k\jl,k} :

A

_ X1 O —1 ST —1 —1y*
Vikie = CWUjklZacginy) = Vikiie = VikVikie(Vikie + Injoo @ 5) 7 Viigin
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At the end of the filtering step, the root vector node is reached. For {1,1}, we compute the optimal
linear predictor of Uy given the combination of observations on the subtrees of its first h children

where h =0,...,n

S
dl
I

m(U1,11Z17) = Ongm; Viz=CU11|Z17) = Vg, (75)

o o h ~ h
Ur = m(Ui|Z1g, Zille{l,l}) =Ujan VH = C(UzzlZ1r ZZe{m}) =Viip, h=1...,n0 =1

Ul,l m(ULl’Zil) = ﬁ1?1\1,17 Vl,l = C(ULl’Zil) = Vl,om,h (76)

where Zj | = Z\Z11 denotes the collection of observations on the descendants of {1, 1} excluding {1, 1}
and Z77 = () denotes the complement of Z je(1,1y- The cases h = 0 and h = ng are treated as special
cases in (75) and (76) respectively.

In the low-to-high-resolution smoothing step, we move from the resolution j = 2 to the finest
resolution j = J. For a given node {j, k} that is not a leaf node (j =2,...,J =1,k =1,...,N;_1), if
{4, k} is the i child of pa{7, k}, we compute the optimal linear predictor of U, given Z5y and de{j’k}

where h = 0,1,...,n;_1.
U],_k = m(Uj7k’Zﬁ) = . i,17 . » (77)
Upatiny if 1 <i<mnj_og,
? Vo + var ifi=1
Vig = CUWZ7) = 1YY (W) o
Vpa{] pp+var(Wig) if 1 <i<njo,
O = Zi Zlya) = VIRV ) Ul + VO gl h =1 i
ik = MUkl Z55 Zieging) = ViRV " Uspje + VigUsgh h =1, nj1 = 1,
~ h o
7 = CWUklZ55 Zhiny) = (Vi) T+ Vi = Vi h=1,. ;1 — 1,
Ul = miUs25) = U35 )
Vj,k = C( Jk|Z]k) Vj%’;—l’ (80)

where Z5, = {Zjp : vy = 1,5(5', k) < s(j, k)} denotes the collection of the observations on the
nodes with smaller order than that of {j, k}, and Z5y = Zsk\Zd Uk denotes Z7, excluding the
observations on the descendants of {j, k}. The cases h = 0 and h = nj_; are treated as special cases in
(77)-(78) and (79)—(80) respectively. For a leaf node {J,k} (k=1,...,N;_y), if {J, k} is the 5** child

of pa{J, k}, we compute the optimal linear predictor of U jj, given all the nodes with small order than
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that of {J, k}.

Upataiy

’ = 1 kel ’L—l . .
Upa{J,lc} if 1<i<mny_o,

ifi=1

s s . Vot var(W ) if i =1
Vie = CURIZY) =Vg=4 "™

Vet T var(Wg) if 1<i<nj o
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Appendix E: Simulation Study

Here we conduct a Monte Carlo simulation to evaluate the theory and methods concerning the ML and
REML estimators in Section 4. For the multiresolution tree structure, we focus on a 4-resolution quad-
tree (i.e., J =4,n; =4,j = 1,2,3). For the MMTSLM, we consider the case of single-source 3-variable
data without missing values, but with mass balance and compound symmetry in the variance structure
(i.e., m = 3, Hy = I, H; are compound symmetric; j = 2,3,4, and X; are compound symmetric;
j =1,...,4). The parameters associated with 3; are the diagonal entries 0;; and off-diagonal entries
oj2; j = 1,...,4. The value used for the variance of measurement error is set at ¢; = 50.

By varying the number of root nodes on the coarsest resolution (N7), we vary the size of the data
(N). Here we consider N7 = 8,16, 32,64, which correspond to data size N = 512,1024, 2048, 4096. For
each data size, we consider two MMTSLMs, one with constant and the other with regression means
for the response variables. In the case of constant means, the parameters are 3 = (311, 512, $13) which

are the intercepts for the 3 response variables. In the case of regression means, the parameters are

i1 Bz Bz

8 = b Pz s . The true parameter values are shown in Tables 2-9. For each of the 8
P31 P32 [Bs3
| B a2 Pas

cases (4 sample sizes and 2 types of regression means), we simulate S = 1000 data sets based on the
corresponding MMTSLM evaluated at the true parameter values. For each data set, we compute the
ML and REML estimates using numerical maximization. In addition, in the case of constant means, we
have the explicit formulas (57) for the ML and REML estimates. Based on S = 1000 ML and REML
estimates, we compute an estimate of the mean and variance of the ML and REML estimates. Using
these mean and variance estimates, we obtain an estimate of the relative bias (R-bias), variance, and
mean squared error (MSE) of the ML and REML estimates. Again in the case of constant means, we
have the explicit formulas (57) for the R-bias, variance, and MSE for the ML and REML estimates.
Here the empirical relative bias is defined as the average estimates minus the true parameter value then
divided by the true parameter value.

For the constant-mean MMTSLM, the results are shown in Tables 2, 4, 6, and 8. First, the results

suggest that our analytical results are correct, as the ML, and REML estimates using the explicit formulas
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match well with the empirical R-bias, variance, and MSE. Second, the theoretical and empirical results
match quite well with the ML and REML estimates obtained from numerical maximization, except
for some of the variance parameters on the coarser resolutions. Thus the maximization procedure
works reasonably well and so does the change-of-resolution Kalman filter algorithm we use to evaluate
the loglikelihood functions. We suspect that the under-performance of the variance estimates on the
coarser resolutions is due to the smaller number of nodes on these resolutions. Finally, as the data size
increases, there is a decrease in the R-bias, variance, and MSE, as one would expect.

For the regression-mean MMTSLM, the results are shown in Tables 3, 5, 7 and 9. Here we do not
have theoretical results to compare to, but we could still evaluate the performance of the ML, and REML
estimates. Overall the ML and REML estimates have small R-bias, except for the coarsest resolution.
Again as the data size increases, there is a decrease in the R-bias, variance, and MSE. Our experience
suggests that the bias in estimating 012 is a consequent of a large bias in the estimate of o1;. Finally,
there seems very little difference between the MLE and REML estimates for the sample sizes under

consideration.
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Theory Formula Maximization
MLE  Truth | R-Bias Variance @~ MSE | R-Bias Variance @~ MSE | R-Bias Variance @ MSE
o11 200.0 | -0.13  2997.83 3627.72 | -0.10  2834.80 3242.64 | -0.29  1266.11 4730.67
012 -20.0 -0.13 1220.69 1226.94 | -0.47 1313.39  1402.09 | -0.61 633.52 782.34
o921 100.0 | 0.00 296.51 296.51 0.02 308.90  313.69 0.03 417.16  423.14
092 -10.0 0.00 121.21 121.21 | -0.14 125.17  127.03 | -0.05 190.97 191.03
031 50.0 0.00 24.83 24.83 0.02 24.36 25.37 0.03 46.15 48.41
032 5.0 0.00 14.56 14.56 0.09 12.98 13.16 -0.00 77.85 7.7
o41 25.0 0.00 6.80 6.80 0.02 6.53 6.72 0.02 25.12 25.45
042 2.5 0.00 3.68 3.68 0.06 3.43 3.44 0.06 18.29 18.29
P11 40.0 0.00 25.10 25.10 0.00 26.79 26.77 0.00 26.99 26.97
P12 20.0 0.00 25.10 25.10 0.01 26.41 26.40 0.01 26.65 26.64
P13 10.0 0.00 25.10 25.10 0.04 23.69 23.83 0.04 23.83 23.97
REML Truth | R-Bias Variance @ MSE | R-Bias Variance @ MSE | R-Bias Variance @ MSE
o11 200.0 | 0.00 3915.53 3915.53 | 0.03 3702.60 3729.40 | -0.28 147232  4659.92
012 -20.0 0.00 1594.37  1594.37 | -0.40  1715.45 1777.50 | -0.61 745.73  892.70
o921 100.0 | 0.00 296.51 296.51 0.02 308.90  313.69 0.03 423.00  431.66
022 -10.0 0.00 121.21 121.21 | -0.14 125.17  127.03 | -0.11 181.90 182.86
031 50.0 0.00 24.83 24.83 0.02 24.36 25.37 0.04 35.99 39.26
032 5.0 0.00 14.56 14.56 0.09 12.98 13.16 0.07 37.65 37.74
o1 25.0 0.00 6.80 6.80 0.02 6.53 6.72 0.02 20.23 20.52
042 2.5 0.00 3.68 3.68 0.06 3.43 3.44 -0.01 20.75 20.73
P11 40.0 0.00 25.10 25.10 0.00 26.79 26.77 0.00 26.82 26.79
P12 20.0 0.00 25.10 25.10 0.01 26.41 26.40 0.01 26.49 26.47
B13 10.0 0.00 25.10 25.10 0.04 23.69 23.82 0.04 23.77 23.91

Table 2: Maximum likelihood estimates (MLE) and restricted maximum likelihood estimates (REML)

for a multivariate multiresolution tree-structured spatial linear model (MMTSLM) with a 8-root, 4-

resolution, quad-tree structure and with constant means. Reported are the true parameters, relative

bias (R-bias), variance, and mean squared error (MSE) based on both theory and 1000 MLE and REML

. . 68 . S
estimates computed by analytical formulas and numerical maximization.



MLE REML

Truth | R-Bias Variance @ MSE R-Bias Variance MSE
o11 2000 | -0.32  1394.77 5563.52 | -0.32  1322.59  5499.65
o2 -20.0 | -0.63  689.84  846.48 | -0.62  641.97  795.37
021 100.0 | 0.02 123844 1243.61 | 0.04  1236.82 1249.05
o2  -10.0 | -0.27  1020.55 1026.97 | -0.31  1020.04 1028.48
031 50.0 | 0.09 44.87 64.67 | 0.11 40.42 69.71
o3 5.0 | -0.01 65.52 65.45 | 0.02 52.59 52.54
og 25.0 | 0.00 20.11 20.10 | 0.01 19.90 19.95
o 2.5 0.02 21.76 21.74 | 0.04 20.61 20.59
1 100.0 | 0.00 45.05 45.01 0.00 42.34 42.30
B2 50.0 | -0.01 44.92 45.05 | -0.01 41.47 41.57
B3 25.0 | -0.01 44.47 44.48 | -0.01 41.38 41.36
Bo1 40.0 | 0.00 0.00 0.00 0.00 0.00 0.00
B2 10.0 | 0.00 0.00 0.00 0.00 0.00 0.00
B2z 20.0 | 0.00 0.00 0.00 0.00 0.00 0.00
Bs1 20.0 | 0.00 0.00 0.00 0.00 0.00 0.00
B3z 40.0 | 0.00 0.00 0.00 0.00 0.00 0.00
B33 10.0 | 0.00 0.00 0.00 0.00 0.00 0.00
By 10.0 | 0.01 5.01 5.01 0.01 4.34 4.35
Baz  20.0 0.00 5.21 5.21 0.00 4.23 4.23
Bsz  40.0 | 0.00 5.03 5.03 0.00 4.14 4.14

Table 3: Maximum likelihood estimates (MLE) and restricted maximum likelihood estimates (REML)
for a multivariate multiresolution tree-structured spatial linear model (MMTSLM) with a 8-root, 4-
resolution, quad-tree structure and with a regression mean. Reported are the true parameters, relative
bias (R-bias), variance, and mean squared error (MSE) based on 1000 MLE and REML estimates

computed by numerical maximization.
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Theory Formula Maximization
MLE  Truth | R-Bias Variance @~ MSE | R-Bias Variance @~ MSE | R-Bias Variance @ MSE
o11 200.0 | -0.06  1605.98 1763.45 | -0.07  1440.07 1616.07 | -0.24  1128.06 3366.98
012 -20.0 | -0.06 653.94  655.51 | -0.14 652.55  659.94 | -0.36 373.24  424.17
021 100.0 | 0.00 148.25 148.25 0.01 152.29 152.66 0.01 280.61 281.32
092 -10.0 0.00 60.61 60.61 -0.09 61.02 61.72 -0.04 95.01 95.06
031 50.0 0.00 12.42 12.42 0.01 12.93 13.02 0.01 19.43 19.73
032 5.0 0.00 7.28 7.28 -0.01 6.85 6.84 -0.04 20.35 20.37
o41 25.0 0.00 3.40 3.40 0.01 3.58 3.63 0.01 5.60 5.65
042 2.5 0.00 1.84 1.84 -0.02 1.77 1.77 -0.01 1.78 1.78
P11 40.0 0.00 12.55 12.55 0.00 12.81 12.80 0.00 12.88 12.87
P12 20.0 0.00 12.55 12.55 -0.02 13.46 13.46 -0.01 13.48 13.48
P13 10.0 0.00 12.55 12.55 -0.01 13.07 13.07 -0.01 13.12 13.12
REML Truth | R-Bias Variance @ MSE | R-Bias Variance @ MSE | R-Bias Variance @ MSE
o11 200.0 | 0.00 1827.25 1827.25 | -0.00  1638.47 1637.51 | -0.23  1180.49 3289.35
012 -20.0 0.00 744.04  744.04 | -0.09 74246  744.58 | -0.36 397.03  447.71
0921 100.0 0.00 148.25 148.25 0.01 152.29 152.66 0.02 271.95 274.32
022 -10.0 0.00 60.61 60.61 -0.09 61.02 61.72 -0.05 96.15 96.28
031 50.0 0.00 12.42 12.42 0.01 12.93 13.02 0.02 21.40 22.19
032 5.0 0.00 7.28 7.28 -0.01 6.85 6.84 -0.05 26.40 26.45
041 25.0 0.00 3.40 3.40 0.01 3.58 3.63 0.01 5.63 5.66
042 2.5 0.00 1.84 1.84 -0.02 1.77 1.77 -0.03 2.69 2.69
P11 40.0 0.00 12.55 12.55 0.00 12.81 12.80 0.00 12.85 12.84
P12 20.0 0.00 12.55 12.55 -0.01 13.46 13.46 -0.01 13.48 13.47
B13 10.0 0.00 12.55 12.55 -0.01 13.07 13.07 -0.01 13.11 13.11

Table 4: Maximum likelihood estimates (MLE) and restricted maximum likelihood estimates (REML)

for a multivariate multiresolution tree-structured spatial linear model (MMTSLM) with a 16-root, 4-

resolution, quad-tree structure and with constant means. Reported are the true parameters, relative

bias (R-bias), variance, and mean squared error (MSE) based on both theory and 1000 MLE and REML
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estimates computed by analytical formulas and numerical maximization.



MLE REML

Truth | R-Bias Variance @ MSE | R-Bias Variance @ MSE
o1 200.0 | -0.36 987.63  6290.50 | -0.37 979.96  6357.72
o1z -20.0 | -0.60 358.16 500.70 | -0.58 366.44 502.28
o921 100.0 0.02 209.56 214.16 0.03 227.42 235.52
o9 -10.0 -0.05 123.01 123.11 -0.04 107.64 107.72
o31  950.0 0.06 30.92 39.26 0.07 27.12 40.96
032 5.0 -0.03 22.37 22.36 -0.05 38.89 38.91
o1 25.0 0.02 24.90 25.25 0.02 12.38 12.59
042 2.5 -0.04 29.10 29.08 0.04 8.72 8.72
Bir 100.0 0.00 20.69 20.72 0.00 20.56 20.58
B2 50.0 0.00 21.20 21.18 0.00 21.11 21.09
Bz 25.0 -0.01 21.61 21.70 -0.01 21.38 21.47
B21  40.0 0.00 0.00 0.00 0.00 0.00 0.00
P22 10.0 0.00 0.00 0.00 0.00 0.00 0.00
B2z 20.0 0.00 0.00 0.00 0.00 0.00 0.00
B31  20.0 0.00 0.00 0.00 0.00 0.00 0.00
Bz2  40.0 0.00 0.00 0.00 0.00 0.00 0.00
B33 10.0 0.00 0.00 0.00 0.00 0.00 0.00
Bar 10.0 0.00 2.17 2.17 0.00 2.17 2.17
Baz  20.0 | 0.00 1.94 1.94 0.00 1.92 1.92
Bz 40.0 0.00 2.10 2.09 0.00 2.07 2.07

Table 5: Maximum likelihood estimates (MLE) and restricted maximum likelihood estimates (REML)
for a multivariate multiresolution tree-structured spatial linear model (MMTSLM) with a 16-root, 4-
resolution, quad-tree structure and with a regression mean. Reported are the true parameters, relative
bias (R-bias), variance, and mean squared error (MSE) based on 1000 MLE and REML estimates

computed by numerical maximization.
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Theory Formula Maximization
MLE  Truth | R-Bias Variance MSE | R-Bias Variance MSE | R-Bias Variance @ MSE
o11 200.0 | -0.03 829.76  869.13 | -0.05 878.08  962.18 | -0.18  1098.73  2344.40
012 -20.0 | -0.03 337.87  338.26 | -0.09 352.96  356.01 | -0.28 236.57  268.70
o921 100.0 | 0.00 74.13 74.13 0.00 77.85 77.85 0.01 189.87  190.32
092 -10.0 0.00 30.30 30.30 0.02 31.42 31.43 0.05 43.03 43.22
031 50.0 0.00 6.21 6.21 0.00 6.55 6.55 0.01 11.89 11.96
032 5.0 0.00 3.64 3.64 0.02 3.62 3.63 0.04 5.64 5.67
o41 25.0 0.00 1.70 1.70 0.01 1.89 1.92 0.01 2.56 2.60
042 2.5 0.00 0.92 0.92 -0.01 0.99 0.99 -0.01 1.12 1.12
P11 40.0 0.00 6.27 6.27 0.00 6.42 6.42 0.00 6.41 6.41
P12 20.0 0.00 6.27 6.27 -0.00 7.18 7.18 -0.00 7.21 7.21
P13 10.0 0.00 6.27 6.27 0.01 6.88 6.88 0.01 6.92 6.92
REML Truth | R-Bias Variance MSE | R-Bias Variance MSE | R-Bias Variance @ MSE
o11 200.0 | 0.00 884.15  884.15 | -0.02 935.64 94394 | -0.18  1079.71 2311.98
012 -20.0 0.00 360.02  360.02 | -0.06 376.10 377.31 | -0.28 256.29  288.06
o921 100.0 | 0.00 74.13 74.13 0.00 77.85 77.85 0.01 189.11 189.75
022 -10.0 0.00 30.30 30.30 | 0.020 31.42 31.43 0.06 53.55 53.90
031 50.0 0.00 6.21 6.21 0.00 6.55 6.55 0.01 11.22 11.38
032 5.0 0.00 3.64 3.64 0.02 3.62 3.63 0.01 12.78 12.77
041 25.0 0.00 1.70 1.70 0.01 1.89 1.92 0.01 3.66 3.68
042 2.5 0.00 0.92 0.92 -0.01 0.99 0.99 -0.01 1.16 1.16
P11 40.0 0.00 6.27 6.27 0.00 6.42 6.42 0.00 6.41 6.40
P12 20.0 0.00 6.27 6.27 -0.00 7.18 7.18 -0.00 7.21 7.20
B3 10.0 0.00 6.27 6.27 0.01 6.86 6.88 0.01 6.89 6.89

Table 6: Maximum likelihood estimates (MLE) and restricted maximum likelihood estimates (REML)

for a multivariate multiresolution tree-structured spatial linear model (MMTSLM) with a 32-root, 4-

resolution, quad-tree structure and with constant means. Reported are the true parameters, relative

bias (R-bias), variance, and mean squared error (MSE) based on both theory and 1000 MLE and REML
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estimates computed by analytical formulas and numerical maximization.



MLE REML

Truth | R-Bias Variance @ MSE | R-Bias Variance  MSE
o1 2000 | -0.24  1148.70 3380.20 | -0.23  1194.32 3345.25
o2 -20.0 | -0.39 256.58  318.31 | -0.39 250.61 311.95
o021 100.0 | 0.02 186.79 189.23 0.02 191.80 196.03
o2 -10.0 0.04 53.39 53.50 0.04 45.34 45.45
o031 50.0 0.03 10.80 12.76 0.03 10.53 13.40
o032 5.0 0.01 17.02 17.01 0.04 5.05 5.10
on1 25.0 0.00 3.35 3.36 0.00 1.79 1.80
o2 2.5 -0.01 1.70 1.70 0.00 1.17 1.17
B11 100.0 | 0.00 10.67 10.66 | 0.00 10.62 10.61
B2 50.0 0.00 9.55 9.54 0.00 9.57 9.56
Bz 25.0 0.00 10.50 10.50 0.00 10.49 10.50
Bo1  40.0 0.00 0.00 0.00 0.00 0.00 0.00
B2z 10.0 0.00 0.00 0.00 0.00 0.00 0.00
B2z 20.0 0.00 0.00 0.00 0.00 0.00 0.00
P31 20.0 0.00 0.00 0.00 0.00 0.00 0.00
P32 40.0 0.00 0.00 0.00 0.00 0.00 0.00
B33 10.0 0.00 0.00 0.00 0.00 0.00 0.00
Bs1 10.0 0.00 0.71 0.71 0.00 0.71 0.71
Ba2  20.0 0.00 0.66 0.66 0.00 0.65 0.65
Baz  40.0 0.00 0.66 0.66 0.00 0.66 0.66

Table 7: Maximum likelihood estimates (MLE) and restricted maximum likelihood estimates (REML)
for a multivariate multiresolution tree-structured spatial linear model (MMTSLM) with a 32-root, 4-
resolution, quad-tree structure and with a regression mean. Reported are the true parameters, relative
bias (R-bias), variance, and mean squared error (MSE) based on 1000 MLE and REML estimates

computed by numerical maximization.
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Theory Formula Maximization
MLE  Truth | R-Bias Variance MSE | R-Bias Variance MSE | R-Bias Variance @ MSE
011 200.0 | -0.02 421.57  431.41 | -0.03 420.37  465.73 | -0.12 609.82  1176.96
012 -20.0 -0.02 171.66 171.76 | -0.01 197.42 197.26 | -0.16 156.26 166.04
o921 100.0 | 0.00 37.06 37.06 0.00 40.20 40.16 0.00 131.07  130.94
092 -10.0 0.00 15.15 15.15 0.00 15.15 15.14 0.01 18.33 18.31
031 50.0 0.00 3.10 3.10 -0.00 3.46 3.45 0.00 5.24 5.24
032 5.0 0.00 1.82 1.82 0.03 1.91 1.92 0.03 1.96 1.98
o41 25.0 0.00 0.85 0.85 0.00 0.83 0.83 0.00 1.10 1.10
042 2.5 0.00 0.46 0.46 -0.01 0.49 0.49 -0.01 0.50 0.50
P11 40.0 0.00 3.14 3.14 0.00 3.45 3.45 0.00 3.48 3.48
P12 20.0 0.00 3.14 3.14 -0.01 3.50 3.52 -0.01 3.52 3.53
P13 10.0 0.00 3.14 3.14 0.00 3.44 3.44 0.00 3.42 3.42
REML Truth | R-Bias Variance MSE | R-Bias Variance MSE | R-Bias Variance @ MSE
o11 200.0 | 0.00 435.06  435.06 | -0.02 433.83  446.98 | -0.12 599.62  1208.84
012 -20.0 0.00 17715 177.16 | 0.01 203.74  203.55 | -0.17 155.13 165.99
o921 100.0 | 0.00 37.06 37.06 0.00 40.20 40.16 0.00 133.49 133.39
022 -10.0 0.00 15.15 15.15 0.00 15.15 15.14 0.01 18.62 18.62
031 50.0 0.00 3.10 3.10 -0.00 3.46 3.45 0.00 5.07 5.09
032 5.0 0.00 1.82 1.82 0.03 1.91 1.92 0.03 2.03 2.06
o1 25.0 0.00 0.85 0.85 0.00 0.83 0.83 0.00 1.13 1.13
042 2.5 0.00 0.46 0.46 -0.01 0.49 0.49 -0.00 0.50 0.50
P11 40.0 0.00 3.14 3.14 0.00 3.45 3.45 0.00 3.48 3.48
P12 20.0 0.00 3.14 3.14 -0.01 3.50 3.52 -0.01 3.52 3.53
B13 10.0 0.00 3.14 3.14 0.00 3.44 3.44 0.00 3.42 3.42

Table 8: Maximum likelihood estimates (MLE) and restricted maximum likelihood estimates (REML)

for a multivariate multiresolution tree-structured spatial linear model (MMTSLM) with a 64-root, 4-

resolution, quad-tree structure and with constant means. Reported are the true parameters, relative

bias (R-bias), variance, and mean squared error (MSE) based on both theory and 1000 MLE and REML
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MLE REML

Truth | R-Bias Variance @ MSE | R-Bias Variance  MSE
o1 2000 | -0.14 614.92  1386.45 | -0.13 617.42  1329.76
o012 -20.0 | -0.18 169.45 182.24 | -0.18 168.55 180.58
o091 100.0 | 0.01 142.16 142.91 0.01 143.88 145.00
o2 -10.0 0.02 26.42 26.46 0.02 22.01 22.02
o031 50.0 0.01 6.35 6.80 0.02 4.70 5.38
o032 5.0 0.03 5.51 5.53 0.02 2.39 2.40
on1 25.0 0.00 1.12 1.13 0.00 1.04 1.04
o2 2.5 0.00 0.56 0.56 0.01 0.56 0.56
B 100.0 | 0.00 4.84 4.88 0.00 4.86 4.89
B2 50.0 0.00 4.82 4.82 0.00 4.78 4.77
B3 25.0 0.00 4.75 4.74 0.00 4.75 4.74
Bo1  40.0 0.00 0.00 0.00 0.00 0.00 0.00
B2z 10.0 0.00 0.00 0.00 0.00 0.00 0.00
B2z 20.0 0.00 0.00 0.00 0.00 0.00 0.00
P31 20.0 0.00 0.00 0.00 0.00 0.00 0.00
P32 40.0 0.00 0.00 0.00 0.00 0.00 0.00
B33 10.0 0.00 0.00 0.00 0.00 0.00 0.00
Bs1 10.0 0.00 0.33 0.33 0.00 0.33 0.33
Ba2  20.0 0.00 0.30 0.30 0.00 0.31 0.30
Baz  40.0 0.00 0.33 0.33 0.00 0.33 0.33

Table 9: Maximum likelihood estimates (MLE) and restricted maximum likelihood estimates (REML)
for a multivariate multiresolution tree-structured spatial linear model (MMTSLM) with a 64-root, 4-
resolution, quad-tree structure and with a regression mean. Reported are the true parameters, relative
bias (R-bias), variance, and mean squared error (MSE) based on 1000 MLE and REML estimates

computed by numerical maximization.
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Miscellaneous
LEMMA 17. With X = 1n, @ I, and Dj;5 = 1,...,J have compound symmetry variance structure,
we have V&I‘(Bji) = var(Bjk) where Bji is the (j,1) element of the p X m matriz 83, ji=1,...,p,

i, k=1,....,m.

Proof. We have z = 8 + u + €. Use z(*) to denote the matrix created by switching the #*" and
k™ columns of z, then z(%) = £80%) 4 (k) 4 (k) From formula (34), we have var(vec(B3)) =
[X'Q2 1 X]~!. Since compound symmetric Dj;,j=1,...,J don’t depend on the order of the response

variables, we have @ = var(vec(z)) = var(vec(z(*))) and var(vec([i'(ik))) = [X'Q7'X]7'. Hence

V&I‘(Bji) = var(vec(B) jmri) = Var(vec(,@(ik))jm+i) = var(,[:}g-ik)) = var(,@'jk), where vec(B)jm+i is the

jm + it element of vec(3). O

For the cell sizes of 4-resolution tree, at the finest resolution, the average cell size is 6278 square
km (80*80). The size of each of the 32 subregion is 401843 (640%640). There are 1361 observations
available on the finest resolution. Since we have to treat the whole vector node as missing if it contains

missing scalar nodes, only 1248 observations are used to fit the MMTSLM.
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