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Abstract

Multiresolution spatial models are able to capture complex dependence correlation in spatial
data and are excellent alternatives to the traditional random field models for mapping spatial
processes. Because of the multiresolution structures, spatial process prediction can be obtained
by direct and fast computation algorithms. However the existing multiresolution models usually
assume a simple constant mean structure, which may not be suitable in practice. In this article,
we focus on a multiresolution tree-structured spatial model developed by Huang et al. (2002)
and extend the model to incorporate a linear regression mean. We explore the properties of
the multiresolution tree-structured spatial linear model in depth and estimate the parameters
in the linear regression mean and the spatial dependence simultaneously. An Expectation-
Maximization algorithm is adopted to obtain the maximum likelihood estimates of the model
parameters and the corresponding information matrix. Given the estimated parameters, a
one-pass change-of-resolution Kalman-filter algorithm is implemented to obtain the best linear
unbiased predictor of the true underlying spatial process. For illustration, the methodology is
applied to map optimally crop yield in a Wisconsin field, after accounting for the field conditions
by a linear regression.

Keywords and Phrases: Change-of-resolution Kalman filter; Random field model; Spatial

prediction.

1 Introduction

Over the spatial region of interest D in two dimensions, consider a spatial random process of
interest, {Z(s) : s € D}, which can be modeled as the totality of an underlying mean process
{u(s) : s € D}, a random process {n(s) : s € D} that captures spatially correlated variability,
and a measurement-error process {€(s) : s € D} that represents spatially uncorrelated exogenous

variability. That is, for each location s in D, we can write the Z(-) process as,

Z(s) = p(s) +1(s) + €(s). (1)
One main interest in application has been to predict optimally the underlying process,

Y(s) = p(s) +n(s); seD, (2)

which consists of both the fixed underlying mean process and the spatial variability over the

region D. A traditional approach is to model Y'(-) by a Gaussian process with a zero mean and a



semivariogram that captures the spatial dependence among Y'(-). Under the model, the best linear
unbiased predictor (BLUP) of Y'(+) can be computed, given the measurements {Z(s1),...,Z(s,)}
taken at spatial locations si,...,s,, a procedure also called kriging. Well-known examples of
kriging include ordinary kriging where the mean process is assumed to be constant (i.e., u(:) = u)

and universal kriging where the mean process is assumed to have a regression form.

However, the traditional kriging methods become inefficient in processing vast amounts of
complex spatial data. More recently, several alternative modeling approaches accompanied by fast
prediction algorithms have been developed, which we categorize as “multiresolution models”. In
this approach, the spatial region D is partitioned into cells {D;; : k = 1,...,N;} on the j-th
resolution, where N; is the total number of cells on the j-th resolution, j = 1,...,J, and J is the
total number of resolutions. The partition is nested from the coarsest resolution j = 1 to the finest
resolution j = J, such that each cell D;, on the j-th resolution is partitioned into cells D;41 s on
the (j + 1)-th resolution, for j = 1,...,J — 1. The true process of interest in this approach is an
aggregation of Y (-) over each cell Djx: y;x = |Djx| ™! ij,k Y (s)ds. Let pjy = |Djx| ™! ij,k wu(s)ds
and n;, = |Djx|™? ij,k n(s)ds. Then, we have y;, = p;r + nj%. Associated with each cell, the
datum is denoted by z; ;, and is modeled as z; , = y; r+€; 1, Where €; ;. represents measurement error;
k=1,...,N;j,j=1,...,J. Kolaczyk (1999) and Nowak (1999) factorize the joint distribution of
{21} on the finest resolution across the coarser resolutions. Prediction of {j;} is then obtained in
a Bayesian hierarchical modeling framework. Extending the work by Chou et al. (1994), Huang and
Cressie (1997) and Huang et al. (2002) specify the underlying true process y; 5, via a multiresolution
autoregressive tree-structured model, which consists of a set of nodes inter-connected by a set of
edges directed from the coarser resolutions to the finer resolutions. Let (j, k) denote the k-th node
on the j-th resolution located in the cell D, ;. The parent node of (j,k), pa(j, k), is the node on
the (j — 1)-th resolution which has an edge directed from pa(j, k) to (j, k), whereas the child nodes
of (j, k), ch(j, k), is the set of nodes on the (j + 1)-th resolution which have an edge directed from
(4,k) to ch(j,k): {ch(j,k,1),...,ch(j,k,n;i)}, where ch(j,k,i) denotes the i-th child node and
nj denotes the number of child nodes of (j, k). Moreover, when a node does not have a parent,
it is assumed to come from the coarsest resolution 7 = 1 and is called a root node. When a node
does not have any children, it is assumed to come from the finest resolution j = J and is called

a leaf node (Figure 1). Huang et al. (2002) develop a fast algorithm for computing the BLUP of



{yjx} and Huang and Cressie (2001) extend the tree-structured model to more general graphical

models.

Figure 1 here

Nevertheless the model by Huang et al. (2002) assumes that the mean process p(-) is constant,
which may not hold in many applications. The main purpose of this article is to extend the model
to a multiresolution tree-structured spatial linear model (MTSLM), which allows for a spatial linear
regression mean structure. Hence our main contribution is to generalize the multiresolution tree-
structured spatial model, in analogy to extending ordinary kriging to universal kriging. Moreover,
we obtain the maximum likelihood estimates (MLE) of the model parameters in the linear regression
mean and spatial dependence structure simultaneously using an Expectation-Maximization (EM)
algorithm. As a by-product, the information matrix of the parameter estimates are derived, which
was not addressed previously. Given the estimated model parameters, we then use a one-pass
change-of-resolution Kalman-filter algorithm to compute the (empirical) BLUP of {y;}.

In Section 2, we describe the MTSLM and its properties. In Section 3, we use an EM algorithm
to obtain the maximum likelihood estimates of the model parameters and their corresponding
information matrix. We describe a change-of-resolution Kalman-filter for obtaining the optimal
prediction of the true underlying processes in Section 4. Issues related to missing observations are
addressed in Section 5. For illustration, an example of mapping crop yield in a Wisconsin field
is given in Section 6 and conclusions are given in Section 7. Technical details of the statistical

inference are given in the Appendix.

2 Multiresolution Tree-Structured Spatial Linear Model
Similar to (1), we use a measurement error model for the observations,
Zj,k:yj,k+€j,k:7 ki:l,...,Nj,j:l,...,J, (3)

where z; . denotes the observation, y; denotes the true underlying process, and €;; denotes the
measurement error that captures exogenous variability independent of y; i, for the k-th location on

the j-th resolution; k = 1,...,N;, j = 1,...,J. We further assume that the measurement errors



€i 1+ have an independent Gaussian distribution with mean 0 and variance ¢;:
7, J
GjykNN(0,¢j), k‘:L...,Nj,j:l,...,J. (4)

For the underlying true process, we generalize the multiresolution tree-structured model devel-
oped by Huang et al. (2002) to have a linear regression mean structure, so that potential covariates

can be included in the models. In particular, let
Yik = m;’k5+uj7k, k‘:l,...,Nj,j:l,...,J, (5)

where x;;, € IRP denotes a vector of covariates associated with z;; and 3 € IR denotes a vector

of regression coefficients, both in p dimensions. Further, we assume that the cells on a given

resolution have equal sizes (i.e., |D;| = |Djxl, for k = 1,..., N;) and the number of children on
a given resolution is homogeneous (i.e., n; = njy, for k = 1,..., N;). Hence, the total number of
nodes on the j-th resolution is Nj = Nini---nj_1, j = 2,...,J. We model the residual process

{u;x} by a multiresolution tree-structure:

ur g ~ N(0,0%), k=1,...,Ny,

Uch(j k) = uLklnj + Weh(j,k)s k=1,..., Nj,j =1,...,J—1, (6)
where wep(j k) = (Ueh(jh,1)s- - - Uch(j,k,nj))/ denotes the n; children of u;, ch(j, k,) is the i-th child
node of (j, k), 1n; = (1,...,1)" and wen(jny = (Weh(k,1)s - - s Wen(jkm,)) denotes the n; children

of wj that captures random fluctuations independent of u; ;. More specifically, the child nodes
of (j, k) are {(j +1,(k—1)n; +1),...,(j +1,(k — 1)n; + n;)} and hence the i-th child node is
ch(j k,i)=(G+1,(k—1)nj+1), fori=1,...,n;j.

Huang et al. (2002) point out that, to match the physical conditions, it is necessary that an

average of all the children’s values be equal to their parent’s value. That is, n ; 1 (y/c h(j k;)lnj) = Yjk
where Yep(jp) = (Yen(Ge,1)s - - - ych(j7k7nj))’ denotes the children processes of y; . This property is
referred to as the “mass-balanced property”. Here we assume the following conditions under which

the mass-balanced property holds:

ny? (u’ch(jyk)ln]) = wjp, k=1,... Njj=1,...,J—1 (7)

and

n;l (Xfch(j’k)%) = @y, k=1,...,Njj=1,...,J—1 (8)
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where the rows of the matrix X () = [mch(j,m), . ,:cch(j7k7nj)]’ correspond to the children co-

variates of @;y. It follows from (6) and (7) that 1), wepk) = 0. In addition, we assume that

the noises {w; 1} have a Gaussian distribution with mean 0 and variance sz_ Consequently, the
variance-covariance matrix of w(;x) is O'JZ_HHnj, where H,,, = n:”il (In,; — n%lnj 1;13_). That is,
2 .
Wen(iky ~ N(0,05 1 Hyp,); k=1,...,N;,5=1,...,J - 1. (9)

Given the multiresolution tree-structured spatial linear model (MTSLM) defined in (3)—(9),

we now explore the mean, variance, and covariance structure of the variables in the model. For

this purpose, we denote the NN; variables on a given j-th resolution by z; = (zjyl,...,zj,Nj)/,
Yy, = Wit uN;)s i = (w1, ujN;)s and wj = (wji,...,wjnN;)" for the observations
and the underlying processes. Also let X; = [x;1,...,x;n,]" denote the covariates on the j-th
resolution.

By (6) and (9), E(u;) = 0, and var(u1) = o1l n,, var(ujr1) = (In, @1y, )var(u;)(In, @1n;) +

var(wjt1), where var(wji1) = ]2-+1INJ. ®@Hy; j=1,...,J—1. Asimplification of var(u;) gives:
var(uy) = oily,,
_ Y 2 nj—2 2 L > /
UCLT(’U,j) = nj — 10’jINj + (ﬁaj,l — ﬁﬂj)INj,l & (1nj_1 1nj71)
AR R S ) Se1e 1
+ot (nl — 102 - Ny — 103) Ny ® ( n2-nj 1 nz-v-nj,l)
1
2 2 .
+(o7 — — 102)11\/1 ® (1n1~~-nj711;11~--nj,1)v ji=2,...,J (10)

Further, cov(u;, uj) = var(u;) ® 1;Lj,,,nj_1; 1<j<yj <J.

Although it is easier to summarize the covariances among {u;x} by the variance-covariance
matrix var(u;) in (10), we now focus on the covariance between any pair of variables on the same
resolution to gain more insight of the spatial dependence structure. While F(u;j) = 0, the usual
second-order stationarity or intrinsic stationarity does not hold here, because of the special feature
of the multiresolution tree structure. However, the model is stationary and isotropic in the following
sense. Given two locations (j, k) and (j, k") on the j-th resolution, we denote the first common
ancestor as an(j,k, k") and denote its corresponding resolution as ju,. When two locations are
identical (k = k'), then jan, = j and cov(u;k, ;) = var(ujy) = Z;,:l O'J2-/. When two locations
do not have a common ancestor, then they must be in two independent subtrees with two different

root nodes, in which case we define ju, = 0. If jo,, = 0, then cov(ujg,ujr) = 0. When two



locations have a first common ancestor on a resolution j,, = 1,...,j—1, then it can be shown that
COU(ujJﬂv Uj,k:’) = Cov(uan(j,k,k’) t Wian+1,05 Uan(,k,k") + wjan+1,£’)a where (jan + 176) and (jan + 176,)
are the children of an(j, k, k') and the (not shared) ancestors of (j, k) and (4, k'), by the fact that

these are the only two descendants of an(j, k, k') which are correlated via the matrix 0’ 1 Hn,,,

. 1
in (9). Hence cov(u;k, ujr) = var(tgnji i) + COV(Wj40 41,6, Wign+1,0) = 2]7"1 02/ - mo-]zan"rl'

That is,

0 i Jan =0,
) = j 2 12 S ;
cov(ujk, uj ) = 105 T e 11§ Jan =1L g1 (11)
j . . _ .
Zj':l Uj’ ) Jan = J-

From (11), the covariance between two locations on the j-th resolution decreases as the resolution
Jan of their first common ancestor decreases. Moreover, the covariance function cov(w;y,u; k) is
invariant to the actual locations of (4, k) and (4, k) as long as the first common ancestor an(j, k, k')
is on the same j,,-th resolution.

Now, by (5), E(y;) = X;8, var(y;) = var(u;), and cov(y;,y;) = cov(uj, uj) = var(u;) @
1/nj-~nj,—1§ 1 <j < j < J. Hence the underlying process {y; 1} features a linear regression mean.
Moreover, the variance-covariance structure of {y;;} is identical to that of {u;;} shown in (10)

and (11). By (3), E(z;) = X8, var(z;) = var(u;) + ¢;In;; j=1,...,J. That is,

var(zy) = (0%+¢1)IN1,
) = VN, + (—3=2 g2 | — ! Iy, 1, .1,
nj_
ni 1
++(n1_10—§_n2_10—§)IN2®(1n2 N — 11;7/2 M- 1)
1 .
+(0? — nl_lgg)m@um g Vgeny )y 5= 2,000, (12)

Also cov(zj,z51) = cov(y;,yy) = cov(uj,uy) = var(u;) @ 1, . 13 1 <7 < j' < J. The
MTSLM is parameterized by the regression coefficients 3, the measurement error variances {¢; :
j = 1,...,J}, and the noise variances {0]2- :j =1,...,J}. Since E(z;) = X;3, (12), and
cov(zj, zj1) = var(u;) @17, . i , where var(u;) is in (10), it follows directly that the parameters

are identifiable in the MTSLM.



3 Parameter Estimation by Maximum Likelihood

Because of the “mass-balanced” property, statistical inference of the MTSLM operates on the
basis of groups of nodes instead of singleton nodes, where the child nodes of a common parent
node form a group. Notationwise, for the resolution j = 2,...,J, let {j,k} = {(j, (k — 1)n;—1 +
1),...,(j,(k = 1)nj—1 + nj_1)} denote the group of nodes that have a common parent, where
k=1,...,Nj—1. In fact, the common parent of {j,k} is the scalar node (j — 1,k) on the (j —

1)-th resolution. Since the number of groups on the j-th resolution is the number of (scalar)

parent nodes on the (j — 1)-th resolution (i.e. N;_1), we have k = 1,...,N;_1. Now let z;; =
/ = . . /
(Zj,(k—l)nj,1+17 s Zj,(k—l)nj,1+nj,1) ’ y],k — (yj,(k—l)nj,1+17 e 7y],(k—1)nj,1+nj,1) )
— / — /
Ujk = (uj,(kfl)nj—ﬁrl’ s 7uj,(k*1)nj—1+njf1) » Xk = (wjy(kfl)nj—ﬁrl? A wj,(kfl)nj—ﬁrnjﬂ) )
— !/ — /
€k = (Ej,(k:—l)nj_l—i-l) SRR ej,(k—l)nj_1+n3-_1) y Wik = (wj,(k—l)n]-_l—f—la s awj,(k—l)n]'_l—‘rnj'_l) )

denote the vector of observations, the vector of underlying processes (original and detrended),
the matrix of covariates, the vector of random error processes, and the vector of noise processes
associated with {j, k}. Note that previously we used a; to denote a scalar a on a scalar node
(4, k) and now we use a;, to denote a vector a on a group of nodes {j,k}. On the other hand,
for the coarsest resolution j = 1, the root nodes do not share a common parent. We let Ny = 1,
no = Ni and hence, {1,1} = {(1,1),..., (1, N1)}.

The MTSLM can now be rewritten in the vector form as:

Zjk = Xj’k,@+u]‘7k+€j7k, €j7kNN(0,‘I>j); kIl,...,Nj_l,jzl,...,J, (13)
Uy, N(070%1N1)7 (14)

)

Ujr = Ajykupa{ﬁk}%—'wj?k, wj k NN(O,Wj); k= 1,...,Nj_1,j =2,...,dJ, (15)

where ®; = diag{¢;1,, ,}, pa{j, k} is the group of nodes that contain the scalar node (j — 1,k)
(parent of {j,k}) on the (7 — 1)-th resolution, or equivalently, the group of nodes that share a
common parent with (j—1, k). Further A; is an n;_1 x n;_» matrix consisting of 1,,;_, in the i-th
column and 0, _, in the other columns if the scalar parent node (j—1, k) is the i-th node within the

nj—1 1 1 1/ )

’njfl—l( nj—1 nj—1 Nj—1"mnj_1

group of nodes pa{j, k}, along with W; = O'?-Hnj71 where H,,, | =
is defined shortly after (8).
Let z = (2] 1,251, z’27N1, . sz, e z’J,NJil)’ denote the complete set of observed values,

let w = (uyy,uhq, .., Uy N,y Uy, Uy, ) denote the complete set of the latent values.

7



Now let u}, = (uj7(k_1)nj71+2, e an7(k—1)nj,1+nj,1)/7 which is essentially w;; with the first entry
omitted. By the mass-balanced property specified in (7), it suffices to work with a reduced version

of u:

/ /

* / * * */ */ /
ut = (ul,l,uzvl,...,u27N1,...,uJ,l,...,uJ,NJil)

because the values of the first child of each parent can be computed as the difference between
nj_1u;j—1% and the sum of its sibling values 1;],71,111;7,“, for each j = 2,...,J. For ease of pre-
sentation, we assume that all of the observations are available and will discuss the case of missing
data in Section 5.

From (13), the probability density of z conditional on u is
J j 1
f(z|u) H H (zjklwjr), where zjilujp ~ N(X;iB+ wj, ®5). (16)
From (14) and (15), the probability density of u* is

1

fu?)

J N;

J—
fluiy H H f(u j,k:|upa{j,k})a where

71=2 k=1
ul (0 OIIN1)7 jk|upa{] k} ™ N(A;,kupa{j,k}vw;)y j=1...,J-1, (17)

)

x 2% * — nj-1 1
where W% = o?H}, |, H S S p—

/ . .
nja—1 = nteT j_llnj_l—llnj,l—l) is essentially Hp,_,

without the first row and the first column, and A;-’k is A; without the first row.

Maximum likelihood by EM algorithm

Recall that the MTSLM is parameterized by the regression coefficients 3, the measurement er-
ror variances {¢; : j = 1,...,J}, and the noise variances {032 i =1,...,J}. Let 6 =
(0%,...,0%,¢1,...,¢75,8) . In theory, for a given 0, direct evaluation of f(z;8) can be obtained
via Monte Carlo integration f(z;0) = [ f(z,u*; 0)du* or more realistically, from the Kalman-filter
iterations (see e.g. Section 3.4, Harvey (1989)). Then a Newton-Raphson type of algorithm can be
used for obtaining the MLEs of the model parameters. Following Huang et al. (2002), we consider
an Expectation-Maximization (EM) algorithm, because it tends to be more stable numerically.
Viewing the latent values as observable but missing, we have an explicit form of the com-

plete “data” model from f(z,u;0) = f(z|u;8,é1,...,05)f(u*;0%,...,0%), with the following



log-likelihood function,

J N] 1
0(6; z,u) Z Z { log ¢ + 5 (2 — XjkB — wjn) (2j6 — X ;B — uj,k)}

¢

where Qi = %(u;k — A;kupa{j,k})’HfL;ll (W] x — Aj Upa(jry), which by simple algebra is

(wjr — Ajrtpaginy) (Wik — AjrUpagjry)- Given the (t — 1)-th parameter estimates 6 (with a

superscript of (t—1) omitted for ease of notation), compute the following conditional expectations:

B (230 = X34 = i) (230 — X8 — wy0)|:0)

= (zﬂ€ - X8 — ’&j,k)/(zj,k - X0 — ﬁj,k) + tr(vj,k)v
E(u’171u171|z; 9) = 11’1’1111,1 + tr(f/u),
Qjk = E(Qjrl2:0) = (s — Ajpitpagjng) (@i — Ajktipag;y)

(Ve = 2450V pagiiin + AikVpa(i) Aj k),

where @, = E(uj|2:0), Vg = var(ujil:0), @pag; k) = E(pagiry]2:0), Viaginy = var(pag;iy12:0),
and Vpa{ik}’j’k = cov(upa{j’k},uj’k]z; 9) can be obtained from a Kalman-filter algorithm, which
will be described in Section 4. In the E-step, the conditional expectation of the complete data

log-likelihood function (18) is computed:

0g ¢+ 5—{ (za0 = X — @) (23 — X8 — 150) + tr(Vj,k)}]

nj_l -1 2 1 nj_l —1 4
i— ; = 0. .
( 2 Og U] + 20_; nj_l Q],k

1
26;
N;_
N 1 A A . J Nj—1
- {TIOgal + 257 {U,Llul,l —|—tr(V1,1)}} - Z Z
o1 j=2 k=1

(19)

H(®).

In the M-step, we maximize (19) and obtain the t-th parameter estimates 6

. 1., . - .
(6H® = E{ull,lul,l—i-tr(vl,l)}? (U?)(t) Non Z Qiks J=2,...,,
k=1



and the simultaneous solutions to the equations,

1 =

% = N X {Gzan = X B = @0) (23 = X B = 50) + e (Vi) |y = Lo,
JTHTE k=1

J Nj—1 1 -1 J Nj_1 1
5 - (z > fxs,kxj,k) (z S L e >) |

j=1 k=1 *J j=1 k=1 *J

At the convergence step of the Kalman-filter t = T', the parameter estimates 0") are taken as the

MLEs éMLE .

Observed information matrix

Using the formula proposed by Louis (1982), the observed information matrix is,
00(0;z,u)\ [00(0;z,u)\’
_E .
z) { ( 26 ) ( 26 ) :

z; 9MLE> evaluated at Oypg has diagonal elements:

B 0%0(0; z,u)
1o =E (‘ 0006’

The matrix FE <_m

9000’
M Nj1(nj—1—1) } {Nj—lnj—l , ra—1
, i =2,...,Jd, ———j=1...,Jr, X® X
2(07)? { 2(03)? 2473

and non-zero off-diagonal elements corresponding to ¢; and 3: q%? Zivgl (zj—X;B—wr) Xk
The non-zero first and second derivatives of the log-likelihood function (18) and hence Z(@yrg) are
derived in Appendix A. It follows that the inverse of 7 (éMLE) gives a variance-covariance estimate

of éMLE-

Model selection

To use the MTSLM described above for a given data set {z;, : k =1,...,N;_1,5 = 1,...,J},
various choices of the model need to be made. The linear regression mean structure depends on
which covariates are incorporated in the model. In addition, the spatial dependence is specified
via the tree structure and depends on several factors such as the number of resolutions .J, the
partition on the coarsest resolution Ni, the number of children for each parent node on the j-th
resolution n;. We use Akaike’s Information Criteria (AIC) to rank the candidate models, where

the log-likelihood is computed by a Monte Carlo integration.
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4 Optimal Prediction by Kalman-filter Algorithm

We adopt a fast change-of-resolution Kalman-filter algorithm by Huang et al. (2002) for an optimal
prediction of u; ;. There are two steps in the change-of-resolution computing algorithm to obtain
{E(ujrlz) : k =1,...,Nj_1,j = 1,...,J}: a high-to-low-resolution filtering step followed by
a low-to-high-resolution smoothing step. In the filtering step, the algorithm moves from finer
resolutions to coarser resolutions, recursively computing the optimal predictor of the underlying
process, based on the data on the relevant higher resolutions. Once the coarsest resolution is
reached, the algorithm goes back from the coarser resolutions to finer resolutions, recursively
computing the optimal predictor of u;; on each resolution based on all the data. In the final step
of the recursion, the optimal prediction of {u;}, given all the data, is achieved.

In the high-to-low-resolution filtering step, we start with the finest resolution J and compute

fork=1,...,Nj_1:

prr = Elugplzie) = Vie(Vie+®5) 200 — X 5u8),

VJ,k|J,k; = var(usilzie) = Ve — Vi (Ve +®5) 'V,

where V' ;1 = var(u) can be obtained from var(w ) in (10) (as the (J, (k—1)nj_1+1),...,(J, (k—
)nj_1 +ny_1) elements of var(uy)). As we move from the resolution j = J — 1 to the coarsest

resolution j = 1, we compute for a given vector node {7, k},

U klenlikdy = E(WiklZdeeniikiry) = Ben{jhiyGenljk ijlch{jhi}s

Vikien(ikiy = var(iklZacen(iniyy) = BentiniyVen(iik iy chiinit Benipiy + Rentiki}

where de{ch{j, k,i}} denotes the descendant vector nodes of the i-th vector child node ch{j, k,}

(child of {j,k}) including ch{j,k,i}, Bengiriy = VikAmgniaVeniiniy Beniikiy = Vik —

Vj,kA/h{j,k,i}Vc_hl{j7k7i}Ach{j,k,i}Vj,k; 1 = 1,...,nj_1. Here Vj,k = ’UCLT(’u,j’k) and Vch{j,k,i} =

C

var(Wep (ki) can be obtained from var(uy;) and var(u;+1) as defined in (10). Further,

nj
- _ o . —1 .
Wipik = EwirlZaerngny) = Vikk (Z Vj,kch{j,k,i}uj,k|ch{j,k,z'}> ;

=1
moo -1
e _ ~1 Yo -1
Vikje = var(Wik|Zaejep k) = {Vj,k + D (Vi hentiniy — Vj,k:)} ;
=1
~ _ - -1 ya —1 ~%
@ik = Bwirlzaepny) = Vikiad @5 2k — XkB8) + (Vign)” @aints
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A

*

Vikis = vor(islzaeiny) = Ve = Visie(Vikis + 257V jae
Here de{j, k} denotes the descendant vector nodes of {j, k} including the vector node {j,k}. At
the end of the filtering step, the root nodes are reached and hence the BLUP’s for {1,1} are:

ul = E(Ul,l\z) = ﬁ1,1|1,17 Vl,l = Ua?”(ul,llz) = V1,1|1,1=

)

where z consists of all the observations.

In the low-to-high-resolution smoothing step, we move from the coarsest resolution j = 2 to

the finest resolution j = J and compute for a given node {j,k} where k =1,..., N;_i:
A _ ~ - / ~—1 ~ A
Uik = Eujkl2z) =k + VikinBikV palsny s Upaliky = Upafik}lik)s (20)
Vik = var(ujrlz) =V +

~ ~—1 ~ ~ A~ —1 ~
Viklik Bk Vpalislik(Vpatin)y = Vpalik} i) Vpaginy ik Bik V ikl
(21)

where B = Vpa{j,k}A;,ijili' For derivations of the Kalman-filter formulas, see Huang and
Cressie (1997).

For computing Vpa{j,k},j,k: in the EM algorithm, we give a general formula of a covariance
between {j,k} and {j’,k'}. Let an{j, k,j’,k'} denote the group of nodes on the j,,-th resolu-
tion which contains the first common (scalar) ancestor of {j,k} and {j’,k'}, if there is a com-
mon ancestor. If there is no common ancestor, then j,, = 0. Suppose the path from {j, k}
to an{j, k,j’,k'} consists of vector nodes {j,k}, ..., {jan — 1, k1},an{j, k, ', k'}, and similarly, the
path from {j', K’} to an{j, k, 7', K’} consists of vector nodes {j", k'}, ..., {jan — 1, k1 }, an{j, k, j', k'}.
Let G = ijk‘jka;,kVpa{jyk}U,k. Then we can compute the conditional covariance between {7, k}

and {j', k'} by

~ On-_10/ ) ; jan = 07
Viikjw = cov(up, wjplz) = B .
/ / L.
Gik Gjan—1k Vanlk ' w3y G 14t G 5 Jan 2 1.
(22)

By (20)—(22), we can now compute VM, Vpa{j,k}v and Vpa{j,k}’j’k in the EM algorithm.
The optimal prediction of the underlying true processes {yjk} is achieved by combining the

MLE of the regression coefficients and the BLUP of {u;}:
U5 = XjpPre + Wk,

12



where 3 is the MLE of 8 from the EM algorithm and ; j, is the optimal predictor of u; ; given the
observations z evaluated at 9MLE. We plug 9MLE into the formula TA/];g to obtain the (empirical)

prediction error variance of ;.

5 Statistical Inference with Incomplete Data

The MTSLM has been presented in Sections 2 and 3 under the assumption that the observations
at all the locations of all the resolutions are available. In this section, we examine situations
where observations at some of the locations of some of the resolutions are not available. Because
of the mass-balanced property, the change-of-resolution Kalman-filter algorithm operates on the
basis of vectors u;y for k =1,...,N;_y,5 = 1,...,J. Thus if a scalar observation within {j, k}
is missing, then all the observations at {j, k} are regarded as missing. Implicitly, there ought to
be observations associated with at least one {.J, k} on the finest resolution, for otherwise the finest
resolution would be no more than J — 1. As it turns out, we need to distinguish two cases and
address them separately. The first case has at least one vector node of observations available on
at least one of the coarser resolutions j = 1,...,J — 1, while the second case does not have any
complete vector node of observations on any of the coarser resolutions j =1,...,J — 1.

The first case is suitable for those data sets that have multiple sources of observations on
different resolutions. For example, observations about a same variable are made in J different
ways, each with a different resolution, ranging from the coarsest 1st resolution to the finest J-th
resolution. For this case, minor modifications of the formulas in Sections 3—4 would suffice. We
use vjx = I{z;1 is observed} to indicate whether all the observation at {j, k} are observed. Let
z denote the vector of data and continue to let w denote the latent variables regardless of missing
observations.

Similar as (16), the probability density of z conditional on w is,

1

J Nj-
f(z]u) H H (2jklwjn)*, where zjglw;p ~ N(X kB + wjr, ®5).

Together with (17), the complete “data” log-likelihood function is,

00; z,u) Z > { 2¢ o (Zik — X B — wjin) (zk — X j B — “j,k)}

Jj= 1'7]k 1

13



N, 5, 1 T (-1 1 njg—1
_(710g01+201u11u11) jZle Tloga +22 - Qjk

(23)
We show the EM algorithm based on (23) and Kalman-filter results in Appendix A.

On the other hand, the second case is suitable for single-source observations on the finest J-th
resolution. The purpose here is to predict the underlying true process optimally and hence the
multiresolutions are mere artifacts for modeling the spatial dependence and processing the data
in a computationally efficient manner. In this case, the MTSLM defined in (3)—(9) feature model
parameters 6 = (0%,...,0%,¢7,8). Since E(z;) = X8, (12) holds for j = J only, and there
is no cov(zj,z;) for 1 < j < j' < J, the parameters are no longer identifiable. To ensure that
the MTSLM is identifiable, at least one of the parameters needs to constrained. We choose to
fix the measurement error variance ¢z, because it can oftentimes be estimated from external data
(see, e.g., Huang et al., 2002). For the constrained MTSLM, the model parameters are denoted as
0" = (0},...,0%,8) and can be estimated by an EM algorithm based on the observations on the
finest resolution.

Let zj = (zgp : k=1, ,Nj_1)" denote the data on the finest J-th resolution. Similar as

(16), the probability density of z; conditional on w is,
Ny

fzilw) = ][ flzaelwse)?*, where zjplusp~ N(X 8+ wyp, @)
fe1

Together with (17), the complete “data” log-likelihood function is,

% 1
00" 5z5u) x — > {%(ZJ,I{ - X kB —usp) (zok — X kB — UJ,k)}

v7,k=1

J N 1njq—1
7log01 55 2u1 1U1,1 E E 10ga —|— 5 Qjk |-
=2 k=1 9j

n],l
(24)

We show the EM algorithm based on (24) and Kalman-filter results in Appendix B.

6 Example: Optimal Prediction of Crop Yield

For illustration, we use the MTSLM to map crop yield in an experimental field at the Arlington
Research Station in Columbia County, Wisconsin. The field size is 160 m by 120 m and the

14



landscape includes one closed depression and less than a one percent slope. The raw corn yield
data, recorded by a yield monitor attached to a harvest combine, are gridded to 240 cells, each of
size 8 m by 10 m (Figure 2(a)). Within each cell, an average of the yield is used as a datum. A 3D
perspective plot (Figures 2(b)) suggests that lower yield tends to occur near the edge of the field

and in the depression area toward the center of the field.

Figure 2 here

Crop yield is influenced by various factors, including field topography, soil types, weather con-
ditions, fertilization, and pest control. In this study, information of the field topography (elevation,
slope, and aspect) is available at 2-m resolution. Moisture levels of the crops were measured and
recorded, at the same time as the yield monitor measured the crop yield. As we do with the
yield data, these covariates are averaged within the 240 8 m by 10 m cells. In addition, we create
an indicator variable for the cells that are along the edges of the field. Thus we consider five
possible covariates, namely, moisture level of the crops, elevation, slope, aspect of the field, and
edge effect. A scatter plot of the crop yield, all the covariates, and the Global Positioning System
(GPS) measures of easting and northing is shown in Figure 3. The plot between crop yield and
the covariates seem to suggest that yield is correlated with elevation and aspect, while it is not
clear how yield relates to moisture level and slope. Among the covariates, slope and aspect are
the first and second derivatives of elevation, while moisture level seems to correlate with all three

topographic variables.

Figure 3 here

We now consider aggregating the cells on the finest 8 m x 10 m resolution, to a coarser 16
m x 20 m resolution, and to the coarsest 32 m x 40 m resolution of cells. Associated with the
partition, we use a tree structure consisting of J = 3 resolutions, N1 = 15 roots, and n; = ny =4
children for each of the node on the first two resolutions. Hence there are Ny = 60 nodes on the
second resolution and N3 = 240 nodes on the finest resolution.

We use an MTSLM to analyze the yield data along with the covariates. Since there was only

one source of data, there is no measurement error variance on the first two resolutions and we
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need to specify the measurement error variance ¢3 on the finest resolution to ensure identifiability
of the model. As a conservative estimate, ¢3 is chosen to be 200. The model parameters of the
noise variances are (07,03, a%)’ , for the given 3-resolution 15-root quad-tree. On the other hand,
the model parameters of the regression coefficients 3 = (fo, ..., 35)" are for the intercept, moisture

level, elevation, slope, aspect, and edge effect. We consider the full regression model and all its

reduced models.

For a given choice of regression terms, the EM algorithm in Section 3 is implemented to obtain
the MLE’s of the model parameters @ and their standard errors, where 8* = (02,03,03,8).
At the MLE 9*, the loglikelihood function is evaluated by Monte Carlo integration (with 10000
iterations). We use AIC to rank the models with different inclusions of the explanatory variables.
The best model has covariates elevation, aspect, and edge effect: yield = Bg + B2 x elevation + 34 x
aspect + 35 x edge effect, where BO = 121.08, ,@2 = —7.44, and 54 = 19.38 and 35 = —14.03, with
standard errors 11.79, 1.99, 13.59, and 2.64, respectively. Further, 67 = 49.35, 63 = 131.92, and

62 = 6.92 with standard errors 22.58, 35.71, and 16.54, respectively.

Now given the best model and the corresponding MLE’s, the method described in Section 4
is applied to obtain the best linear unbiased predictor (BLUP) of crop yield. In particular, the
Kalman-filter algorithm is applied to the detrended data. The BLUP of the detrended values
along with the prediction standard errors are computed. Then the estimated trend is added back
to obtain the final prediction of crop yield. Figure 2(c) shows the best predicted yield and the
prediction standard errors are 3.16. The prediction surface is smoother than the raw data surface,
but the main features of the original data remain such that the lower yield occurs along the

boundary and in the center of the field.

7 Conclusions

In this article, we have extended an existing multi-resolution tree-structured model to include
a linear regression mean. The maximum likelihood estimates of the model parameters and their
standard errors are obtained from an EM algorithm. Hence it is possible to draw conclusions about
the relationship between a response variable and potential explanatory variables. Further, optimal

prediction of the true underlying process is obtained via a fast change-of-resolution algorithm. We
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illustrate the method by mapping the yield in an agricultural land, but the method is general for

mapping spatial variables.
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Appendix A: Inference with Partially Incomplete Data

In this section, we derive formulas for parameter estimation and prediction when observations

are missing at some locations on some of the resolutions. Let T' = diag{vjs ® I, , : k =
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1,...,Nj_1,j =1,...,J} denote a diagonal matrix of the indicators ;1 = Z{z;, is observed}.
Recall that z denotes the vector of data and that u denotes the latent variables, regardless of
missing observations.

In the EM algorithm, the E-step based on (23) gives,

E(((0; z,u)|z,0) «

J
1 . . .
-2 > l *log ¢ + 2. sz — X kB — k) (26 — XjrB — ) + tf(Vjvk)}]
J=17k=1 J
N1 J Nit n] 1— 177,] 1—1
- 710g01 {u11u11+t1" (Vi1)} ] ZZ loga T 552 2 0, Qi
=2 k=1 J—
(25)
In the M-step, we maximize (25) and obtain the t-th parameter estimates 6"
1 1 s
20 = Ll an ot (v N —o
(61) N, {u1,1u1,1 +tr(Vi1)}, (Ug) N, _1nj1 kZI Qj,lm J
and the simultaneous solutions to the equations,
1 N N ~ .
¢ = Z Yik{ (Zjk — XjuB — Ujn) (zjp — XjpB — ) +tr(Ve)}, 7=1,...,J,

i1 S vk i
B = (X' 'rxX)"'X'®7'I'(z —u),

/
where X = {X;yk tk=1,...,Nj_1,5=1,..., J} is the overall regression design matrix,® =

1
diag{®;®IN, , :j=1,...,J} consists of the measurement error variances, and 4 = E(u|z, o' ))
By the Louis’ formula (1982), the observed information matrix is,

z) _E{<(%(0€;9z,u)> (86(06;;,u)>' z}.

z; 9MLE> evaluated at 9MLE has diagonal elements:

020(0; z,u)
1o =E (‘ 0006’

. _ 8%0(0;z,u)
The matrix E ( 000

01

N1 Nj_l(nj_l — 1) . ng 1 Iq—1
j=2,...,J g =1,. X TX
2( 2)27 { 2(0_]2)2 J > > ) 2¢j2 Vik : J= I

and non-zero off-diagonal elements corresponding to ¢; and 3: %Zgi{lw,k(zj,k - X8 —
w; 1) X j ;. The non-zero first and second derivatives of the log-likelihood function (23) are:

A C) Y Lo G\ .
9of 207 20D TV (9097 T 20D (PP MMV

alr =

18



85(9) _Nj_l(nj_l - 1) 1

a; = 80‘]2 = 20_? + Q(O'j) n] . Z Q] k>
826(0) Nj_l(nj_l — 1) 1 nj 1 —
= - Q ]{:7 ] - 7 R J’
@ 207 <aj> nis E :
N;_1 Nj_
or(0 Ni_1 « -
bj = 8;,) = %5 2 Tkt 5 ki XoaB - ) (e — X8 - i),
J J k=1 J k=1
920(0) nj_1 O 1N ,
o = g7 2o Wik g3 2 Mak(zie = XguB = win) (2 — X5 )
J J k=1 J k=1
820(0) 1 N , ,
00,08 ¢ Z Vi (Zjge = XjB = win) Xjg, J=1,...,7;
J k=1
oL(0) ra—1 >°(6) ) 1
=—— = X'® T'(z—X3-— =-X'® 'I'X.
Thus the elements of the matrix F(ACAl'|z) evaluated at Oy are,
2 1 ~ 2 ~/ - ~
E(ailz) = W{U(Vm) + 24y, Vi),
1
nj 1 — 1 Ny
E(alaj’Z) = 277, 1(0_ ) ( 2 Z {tr Wl]kwljk?) + 2U’l 1W1]kw] k} j - 2 J
Jj— 1 ]
1 N N .
E(aibjlz) = W{tr(‘ﬁl,j.rjvﬁ,j.) — 20, Vin; Tz — X8 —4y)} j=2,...,J,
1)°05
1 ~ N
E(alc]z) = —(02)2X1q)71]:‘v..711ul71,
1
N/
(nj—1 —1)( n]/,l NJ g . .
E(a‘jaj"z) = 2 ( 2 Z Z {tl‘ jk]’k’ k]’k’) + 2’LU] k;X kj’k’wj’,k’} 533 =2,
-1 -1 J’ k=1 k'=1
nj—1 A
E(ajbyi|z) = m Z {60 (Vg Ty Y o) + 20 Yy Dy (25 — X 0B — jr) },
J J
nj Ny
E(CLJC’Z) = —mX @ 1F Z {V Vypa{]7k}A;’k}w]7k,
J—1895 k=1
Bbjbylz) = QW [0V Ty VL) 4 2(25 — X8 — )TV T2y — X8 — )},
E(bjclz) = ?Xi’ V., Ti(z; — X;8 — 4;),
E(cd|z) = X' 'TV. T® X,
Here z; = (z;71,...,z9,Nj71)’, u; = (“9,17---vu},Nj,1)/v T; = diag{vj1,-.., YN} @ In,_y,

~

_ % ¥ 3 / 9 /
Xjkjrr = cov(Wjp, wirw|2) = Vg i —A5 6V patinygr bk =V ikpali by A i+ A5V pali k) pali’ by A s
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Yjy = cov(wjp, —uj|z) = —f/'jk’jr. + Aj,k%a{j7k},j/., lek = cov(ui1, w;klz) = Vl,Lj’k —
V1717pa{j7k}A;7k, \A/jkvj/k/ = cov(u;k, ujp|2), We use a single - to denote covariances involving u;
and a double ‘- to denote covariances involving w. When there are no missing data as in Section
2-3, we have y;x =1, I’y = Iy, and I' = Iy 4.y N,

As for the Kalman-filter algorithm, the Kalman-filter formulas in Section 4 remain the same,

except for the following changes:

ypr = Ewsrlzig) =vVie(Vie+®0) (200 — X 5u8),

VJ,k\J,k = var(ugplzie) = Ve =k Vie(Vie+ ®5) 7V,

Wi = Eujrlzaering) = Vikie(he®; (250 — X8) + (V] k|J k) )
Vj,k|j,k = var(ujglzaegn) = V;ku,k - ’Yj,kv;,ku,k(vj,k\j,k +®;)" V;k|j,k‘

Appendix B: Inference with Single-Source Data

In this section, we derive formulas for parameter estimation and prediction when observations are
missing on all the coarser resolutions. That is, there is only one source of observations on the finest
J-th resolution. Recall that z; = (255 : k = 1,---,Ny_1)’ denotes the data on the finest J-th
resolution and let I'; =diag{~y;xIn, ,} indicate which data among z; are observed.

In the EM algorithm, the E-step based on (24) gives,

E((6*;z5,u)|z,,0 )

1 . . ~
- > [— (zgk — X B —wyp) (2o — XgpB — Ggp) +tr(Ve)}

vs,k=1 20

N1 J Nia njl 177,] 1—1A
—10g01+2 2{u11u11+tr V11 ZZ loga +2 2 L Qjk | -

j=2 k=1 nj—
(26)
In the M-step, we maximize (26) and obtain the ¢-th parameter estimates o
1 N

A\(H) L sl ~2)\(t) _ j=

o = wy w1 +tr(Vi)f, o ks =2,...,dJ,
DY = el +uVih @) Jm]l,;@

B = (X)®;'T,X ;) X8 T (25 — ay).
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Again by the Louis’ formula (1982), the observed information matrix is,
oL(0%; z5,u)\ (00O z5,u)\
- F
zJ) {< 06" ) ( 06" >

Z7J; 9K/ILE> evaluated at 9;/ILE has diagonal elements:

_826(0*; zZj,u)
00* 00"

7(6*) = E(

The matrix E —M
0050

N1 Njfl(njfl - 1) . / —1
i=2,...,J X0, T,X
2(0_%)27 { 2(0_]2)2 J ) ) ’ Jx] JNJ
The non-zero first and second derivatives of the log-likelihood function (26) are the same as in

Appendix A, except

oler _ 02((0* _
C = a(ﬂ) = Xf]q)JlrJ(ZJ—XJﬁ—UJ), ﬁ:— f,<I>J1I‘JXJ.
Thus the elements of the matrix E(AlAl|z ) evaluated at 9;/ILE are the same as in Appendix A,
except
1 I a&—1 ¥ ~
E(CL1C|ZJ) _WXJq)J I‘JVJ.711'U/1717
1
niq1—1 N1 .
E(ajclzy) = —mxfﬂi’}lrJ Y AVirik = Vi palimy A} @k,
-1\ k=1

E(CC/|ZJ) = X{]¢31FJVJ.7J.FJ¢;1XJ.

The change-of-resolution Kalman-filter algorithm remains the same, except that v;; = 0 when-

ever j < J.
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Figure 1: A square region is partitioned into 4 cells, each partitioned into 4 subcells. The multiresolu-
tion tree structure has 3 resolutions, 1 root, and 4 child nodes for each node that is a parent

node.
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Figure 2: (a) A square field (160 m by 120 m) is partitioned into 240 cells on the finest resolution.
(b) 3D smoothed surface plot of yield data over the field. (c¢) 3D smoothed surface plot of
predicted yield over the field.
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Figure 3: All pairwise scatter plots among the variables of yield, crop moisture, elevation, slope, cosine

of aspect, edge effect, easting, and northing.
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