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SUMMARY

We considera semiparametric generalisation of normal-theory discriminant analysis. The
semiparametricmodel assumeghat, after unspeci ed univariate monotonetransformations,
the classdistributions are multiv ariate normal. Weintro ducean estimation procedurebased
on the distribution quartiles, in which the parameters of the semiparametric model are
estimated directly without estimating the nonparametric transformations. The procedure
is computationally fast and the estimation accuracyis shovn to have the usual parametric
rate. The relationship betweenthe method and more general nonparametric discriminant
analysisis discussed.The semiparametricspeci cation of the classdensitiesis a submaodel of
the nonparametric log density functional analysisof variancemodel in which the main e ects
are completely nonparametric but the interaction terms are speci ed semiparametrically.
Simulations and real examplesare usedto illustrate the procedure.

Some key words. Distribution quantile; Linear discriminant analysis; Monotone transfor-
mation; Naive Bayes method; Nonparametric functional analysis of variance model; semi-

parametric discriminant analysis.



1. INTRODUCTION

Extensionsto normal-theory-baseddiscriminant analysisinclude the useof Box-Cox trans-
formations (McLachlan, 1992,x6.3; Riani & Atkinson, 2001), mixture discriminant analysis
(Hastie & Tibshirani, 1996) and generalnonparametric discriminant analysisthrough non-
parametric density estimation.

We consider a semiparametric approac in which it is assumed,that after unspeci-
ed univariate monotone transformations, the classdistributions are multiv ariate normal.
The model is closely related to nonparametric discriminant analysis. The semiparametric
speci cation of the classdensitiesrepreserns a submodel of the nonparametric log density
functional analysisof variance model in which the main e ects are completely nonparamet-
ric but the interaction terms are speci ed semiparametrically. The model speci cation and
its relationship with other discriminant analysis methods are introduced in x2. An algo-
rithm basedon distribution quantiles can be usedfor model estimation and classi cation.
The procedureis computationally fast and achievesthe usual parametric rate for estima-
tion accuracy The procedureis introduced in x3. In x4, we use simulations to illustrate
the e ciency of the classi cation procedure. Somereal examplesare shovn in x5 and x6

contains a discussion.

2. THE SEMIPARAMETRIC MODEL

2.1. Notation

Suppose we are given a training set of obsenations f(x';y');i = 1;::;ng, assumedto be

independert realisations of a random pair (X;Y). Here X = (X1;::Xq) 2 RY is the



obsenable predictor vector and Y 2 f 1;+1g is the classlabel to be predicted. The
classesare to be called the positive classand the negative class. Let n, and n be the
numbers of positive and negative obsenations respectively. The goal of classi cation is
to nd aclassication rule :RY! f 1;+1g with alow expected misclassi cation rate
prf (X) 6 Yg. It is well known that the decision-theoretic optimal rule, the Bayesrule,
can be expressedas signf p, (x) 1=2g, where p, (x) = pr(Y = +1jX = x) is the posterior
probability of the positive classgiven the predictor vector x.

Denote the prior probability of the positive classpr(Y = +1) by w,, and the density
of the positive classby f.. The corresponding quartities for the negative classarew and

f . By the Bayesformula, we have

w4 (X) .
wefe(X)+w f (x)

P+ (X) =
From this it is easyto seethat the Bayesrule is equivalert to

8
3 +1 if logfs(x) logf (x)+ logy™ > 0;
B(X) = (1)

.§ 1 otherwise

2.2. The model

De nition 1. LetV = (Vi;::;Vy) be a random vector. If there exists a set of uni-

variate strictly monotone functions g = (0z;:::;9q) suchthat g(V) = (g91(V1);:::; 94(Va))

follows a joint normal distribution with mean = ( 1;::; g), correlation matrix Q =
( x), and varfg (Vj)g = j2, k;l = 1;:::;d, then we say V has a transnormal distribution
TN(g ; Q).



In the above de nition g¢;'s are unique only up to scaleand shift. The assumption
that the g;'s are strictly monotoneis madeto ensureidenti abilit y and easyinterpretation.
Of course, any cortinuous univariate random variable has a transnormal represertation,
since, if W has cumulativ e distribution function F, then Y F(W)g N(0;1), where
is the cumulativ e distribution function of a standard normal random variable. In higher-
dimensionalspacesthe transnormal distribution imposesa dependencestructure amongthe
multiple variates. It can be seenthat the transnormal speci cation is equivalent to the use
of normal copulasto describe the relations among random variates; a copulais a contin uous
joint distribution whosemarginals are all uniform on (0; 1), and is often usedto characterise
the dependencestructure amongmultiple random variables (Joe, 1997;Klaassen& Wellner,
1997).

Our semiparametric model assumesthat the positive classand the negative classhave

transnormal distributions TN(g; +; +;Q+)and TN(g; ; ;Q ), respectively.
2.3. Relationship with nonparametric models

General nonparametric discriminant analysis methods are based on nonparametric den-
sity estimation. Howewver, nonparametric density estimation can be very problematic in
multiv ariate problems, becauseof the curse of dimensionality causedby the sparsenesf
high-dimensional data. The nonparametric functional analysis of variance model is a pop-
ular way of taming the curse of dimensionality. It assumeshat the d-dimensional function

to be estimated can be written as

X
constart + j(xjp)+ k(X X)) + o 2
j=1 k<l

where the componerts satisfy side conditions that guarantee uniqueness,and the seriesis
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truncated in somemanner. The functional analysis of variance model is easily interpreted
when the order of interactions is low. Seweral authors have applied the functional analysis
of variance model in various nonparametric estimation settings; seefor example Wahba et
al. (1995) and Stone et al. (1997). In the context of nonparametric discriminant analysis,
we assumethat the log densities of the classeshave the decomposition (2).

The nonparametric additive model (Hastie & Tibshirani, 1990)is a special caseof (2)
with no interaction term. The additive log density model for the class densities implies
that, conditional on the classesthe predictor variates are independert, which leadsto the
so-callednonparametric Naive Bayesmethod. This assumptionof conditional independence
is usually unrealistic, but the Naive Bayes method is still very popular among practition-
ers becauseof its simplicity and its frequertly good performancein practice. Howewer, the
Bayesrule (1) dependson the log densitiesonly through the sum of the di erences in the log
marginal densities, and this simple pooling exercisegives equal weight to the information
from ead predictor variable. In situations where the predictor variables are highly corre-
lated within classesthis approad is likely to fail. Thusit is desirableto take into accourt
the dependencestructure in the classdistributions when constructing a classi cation rule,
for example by consideringfunctional analysis of variance models with interaction terms.

One drawbadck of the functional analysis of variance model with general interaction
terms is that the computational load for model tting is quite heavy, usually of the order of
n3. Rather than model interaction terms as generalfunctions, one can sometimesassume
special forms for the interaction terms. In the regressioncontext, Hastie and Tibshirani

(1990, Chapter 9) suggesteda regressionmodel of the form

+ 1 1(X1) + 2 2(X2) + 1(X1)  2(X2);
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with j monotone, Ef ;(X;)g = 0, and varf j(Xj)g = 1. Clearly there are many other
possibilities.

The transnormal model is a submodel of the general log density functional analysis
of variance model in which the interaction is speci ed semiparametrically. Let V be a
transnormal random variable TN(g; ; ;Q). Straightforward calculation shows that the

log density function of V is

logdet(A) dlog(2 ) 1% a g(vi) ig(vi)

X - . X
2 2 5 + logjgi Vi) log i;

i5j ' : i i

whereQ 1 = A = (aj). Later in the paper, the summation notation in front of a
vector will mean the sum of all the elemeris in the vector. Operations between vectors
are componerntwise, and functions sud as log before a vector are also taken to operate

componertwise. Therefore, the above log density of V can be written as

logdet(A) dlog(2 )
2 2

1 X . . X
Slfav)  g=JAlfg(v)  g=1+ logjg4v)j log : (3)
This is a submadel of the functional analysis of variance log density model with
1 . .
i(vj) = éajjfgj (vi)  j9°=( j)*+ logjg’(v))j; (4)

k(Viov) = afoe(v)  «dfa(vi)  10=( « 1); %)

and there is no interaction term with order higher than two. The constart in the decom-
position guaranteesthat the density integratesto unity. Note that the main e ects  are
general: the log density function of any one-dimensionalcontin uousrandom variable can be
expressedn the form on the right-hand side of (4), essetially becauseany one dimensional

contin uous random variable is transnormal.



Sinceg (V;) N( j; J-Z), the log of the marginal density function of V; is

1 _  fa (v .02
ogfi(v) = log2 ) log( ;) + logig’y) 3,1
J

From this we get an equivalent form for (3):

T, log det(A);

0y (v) + 2f(6) )=l AN(@EW) )= g -

i

(6)

wheref; (v;) is the density function of V. From this it is clear that the transnormal model
generalisesghe additiv e log density model, which correspondsto only the rst term in the
above expression,by incorporating two-way interactions. The presenceof any two-way in-
teraction is cortrolled by onenumber a;; . The resulting model permits clear interpretations:
aj = O0if andonly if V; andV; areindependern conditional on all the other random variates.

This is seenfrom (5).

3. THE CLASSIFICATION PROCEDURE

3.1. Notation

Let X4+ = (X415 X4q) = TXjY = +1gand X = fXjY = 1g denote the genericran-
dom vectors corresponding to the positive classdistribution and the negative classdistribu-
tion, respectively. We assumethe X+ TN (g; +; +;Q+) and X TN(g;, ; ;Q ).
Since the transformations gj, j = 1;:::;d, are unique only up to scaleand shift, without
loss of generality we canset .+ = (0;0;:::;0), + = (1;1;:::;1), and assumethat all g; are
strictly increasing functions. We will considerthree di erent cases,ead corresponding to
a set of assumptionsabout the correlation matrices Q and the variances .

Casel Q: =Q and .+ =



Case2. Q+ = Q but ; and may be di erent.

Case3. Both the correlation matrices and the variancesmay be di erent.

In Casel, linear discriminant analysisis applicable after the transformation. In Case
3, quadratic discriminant analysis is applicable after the transformation. Case?2 in inter-
mediate represens a compromisebetween Casesl and 3.

Foranyj 2 f1,::;dg, denotethe cumulativ e distribution function of X +j by F+; and the
cumulativ e distribution function of X j by F j. Sinceg (X+j;) N(0;1), and gj(X )

N( §; Zj),wehavethat
g= ' Fy=( T F) g+ g 7

where denotesthe composition of functions. The basic idea of the estimation procedure
is to replaceF.; and F j by their empirical versions.

Let x‘+, i = 1;::;n4, be the positive obsenations, let the empirical cumulativ e dis-
tribution of X.; basedon ij, i = L:zins, be denoted by F.j, and dene Fi; =

fn.=(n+ + 1)gF+;. Let x',F j and F; bede ned similarly for the negative class.
3.2. Estimation of the correlation matrices

We consider the estimation of Q+ = ( +jx). The estimation of Q is similar. It is clear

that +j; =1, = 1,:5;d. Forj 6 Kk,
cjk = corrfg (X+j)iak(X+k)g=corrf 1 Fij(Xsp); b FaXsWo:

is the correlation betweentwo standard normal random variables. If we knew F.j and F.,

then .jx could be estimated by

Pn. . .
i mf PRl Fadxh)g

P _ P - — .
Lt T R @R e T R ) g7

8



Replacing F+j and F. in the above formula by Fi; and F.y, we obtain the estimator
“vjk Of +jk. This estimator is exactly the Van der Waerdennormal scorerank correlation
coe cien t. Klaassen& Wellner (1997,x3) showvedthat "y is a semiparametrically e cien t

estimator of i in the transnormal speci cation, i.e. the normal copula model:
(Mg s NFOIE 250)%;

in distribution asn! 1 . The asymptotic variance (1 Ejk)z is the sameasthe asymptotic
variance of the usual sample correlation coe cien t in the caseof normal distributions.

In situations where we assumeQ+ = Q = Q, we can simply pool the estimators for

Q+ andQ ,giving Q= (n+Q+ + n Q )=n, where Q. = (Njx) and Q@ = (" jk).
3.3. Estimation of the meanand variance of the transformed negative class

We rst considerestimation in Casel. In sud a situation .+ = = (1;1;:::;1), and we
only needto estimate j, j = 1;::;d. In this subsection,ead dimensionj 2 f1;::;dg
is treated separately Therefore, we can suppressthe subscript j in the discussionto ease
the notation. Thus in this subsection,for example, F. refersto F.j, F; refersto Fij, g
refersto g, refersto  j and X. refersto X4j. All quartities in this subsectionare
one-dimensional.

Fix any two real numbers a < b. The notation h®P stands for the truncation of a

function h at a and b. That is,

h?P(x) =

8
% h(x) if h(x) 2 (a:b);
% a ifhx) a

b ifh(x) b:



Sinceg= ! F,,wehaveg® = ! F; ,where = (a)and = (b). Let
o, = ! Fi.Thengd= ! F, isexpectedto be closeto g*P. In fact, it is well

known (Dvoretzky et al., 1956) that

SupjFi (x)  Fi(x)j = Op(n, ™):
x2R

Therefore,
supiFy () F{ (0] = Op(n,7);
supjgi’(x)  g*°()i = Op(n. ): ®
Recall that g(X ) N( :1). Therefore the distribution of g*®(X ) is N( ;1)
truncated to the interval [a;b]. If we knew the function g*P, we could apply the method
of momerts or maximum likelihood estimation to the data fg®°(x' )g, i = 1;2;:::;n , to
estimate . We do not know g2P, but we can approximate g*° by g2® in the estimation
method of choice. This is the basicidea behind our estimation.

Let F, 1( ) = inffx : Fy g. Denote the probability density function of the standard

P
normal distribution by . Write q= 1=n =~ [.; 1g,, (x1)2(ap)- Our estimator of s
#
A p LR i 1 1 1 1 .
=q n_ On. (X )1gn+(xi)2(a;b)+ f F Foo()g f FoFR()g
i=1

(9)

The proof of the following theorem is given in Appendix 1.

Theorem 1. Assumethat jgd < M for some positive number M. Then, for any two real

numbersa< b, A = + Op(n, =2, 1:2).

Asymptotically , the above estimators work for any given a < b. In practice, we needto

selecta reasonablepair a and b, or equivalently, and . For robustnessconsiderations,we
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choose and sothat , ,F fF,( )gandF fF, !( )gareall between2:5% and 97:5%.
In our implementations, we always take the classwith larger sample size as the positive
class. Intuitiv ely, this should enhancethe estimation accuracy when the two sample sizes
are very di erent.

The estimator ~ is essetially an approximate method-of-momerts estimator after
some simpli cation. The method-of-momerts estimator of basedon fg®°(x' )g, i =
1;2;::;n , is approximated by replacing the unobsenable f g®°(x' )g, i = 1;2;:::;n , with
fg,f?,‘?P(xi )g, i = 1;2;::;n . The estimator has the form of an approximate trimmed-mean
estimator of the normal mean . It is easily calculated and hasgood robustnessproperties.
An alternative approad is to approximate the maximum likelihood estimator based on
fg®°(X 1 )g, i = 1;2;::;n . The resulting approximate maximum likelihood estimator does
not have a nice explicit formula, but can be computed numerically. The rate of corvergence
is still Op(n, ™+ n ). A derivation of this is sketched in Appendix 2.

Now we briey discussCases2 and 3, in which the variancesare not assumedto be the
same. Equation (8) is still valid, and we haveg(X ) N( ; ). Approximate method-
of-momerts estimators or approximate maximum likelihood estimators can then be usedto

estimate and simultaneously.
3.4. Classifying a future obsenation

Once again we consider Case1l. The proceduresfor Cases2 and 3 are derived in similar
fashion. By (3) we can seethat the Bayesrule (1) for Casel amourts to the sign of the log

odds

ogw. =w ) 2Tg()eQ Mak)g + Sfak)  oQ Mox) g (10)
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The rst term can be estimated by log(n. =n ). After we obtain the estimates® and * |,
all we needto classify a new obsenation with predictor vector x = (X1;:::;Xg) isto nd
g(x) = (g1(x1);:::: ga(Xq)). Onepossibility isto use ! F.j to approximate g = 1 Fej.
This amounts to using the rank of x; among the x‘+j, or equivalently the rank of g (x;)
among g (ij), i = 1;:25n4, to locate gj (xj). Our implementation instead attempts to use
the rank of g (x; ) amongg (xJi ), i = 1;:25n, to locate g (xj): we know that the distribution
of gj(Xj) is a mixture of normals Hj() = w+ ( )+ w ( ). Let xj(k) be the kth
smallestamongx!, i = 1;::::n. Then 0j (xj(k)) is the kth smallestamong g (x}), i=1;:0n,
and g (xj(k)) should be closeto the probability quartile H; f(k 0:5)=ng. This is the
sameidea as is used in the construction of the probability quantile plot. We use ﬁj =
(n+=n)( )+ (n =n)( ~ ) in place of H;j in the calculation of the probability quartile.
(k) (k+1)

If xj is between X; and Xj , then g (xj) is between g (xj(k)) and g (xj(k+1)), and we

approximate g (xj) by Iiij L (k+ 0:5)=(n+ 1)g becauseg; (Xj) isthe (k+ 1)th smallestamong
(n + 1) obsenations. It is clear that the approximation is of the order Op(n, >+ n 7).

The approximated g; (X;j) is then pluggedinto (10) to create a classi cation rule.
3.5. Further considerations

Any ties between obsened values are broken at random in our algorithm. An alternative
would be to usetied ranks.

We estimate the Q's andthe  's separately This is straightforward if the transnormal
model speci cation is satis ed, but the estimation may be sensitive to deviations from the
transnormal speci cation. For robustnessconsiderationswe caninstead estimate  and

as described in x3.3, approximate g (x}), i = 1;::;n, by probability quartiles as described
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in x3.4, and estimate Q. and Q from the approximated g(x), i = 1;::;n+, and g(x' ),
i = 1;:5n , aswe know g(X+) hasnormal distribution with correlation matrix Q.+, and
g(X ) hasnormal distribution with correlation matrix Q . This is essetially equivalent to
applying linear discriminant analysisor quadratic discriminant analysisto the approximated
g(x'), i = 1;::::n. We usethis procedureasthe default in our implementation.

In our implementation we usedan alternativ e versionof F . Let x(+kj); k=1,2::n+ be

the order statistic of the obsenations ij i = 1,250, . Also, Fyj(x) is 0 if x is smaller
than xﬂlj), 1if x is larger than xf,”j*), and linearly connectspoints (xfrkj); (k 0:5)=n,) and

k+1
(X-(|-j+)

;(k+ 0:5)=n,), for k = 1;2;::;;n.. This is more cortin uousthan the original version
and is computationally more stable. Theorem 1 and the similar result for the approximate
maximum likelihood estimator are still valid, with proofs unchanged, for this new version

of .. Details of the algorithm are givenin Appendix 3.
4. SIMULA TIONS

To illustrate the transformation discriminant analysis procedure we consider a problem
with dimensionality seven. The positive sample and the negative sample are generated
from dierent normal distributions with identical covariance structure. Therefore linear
discriminant analysisis the optimal method for this example,while quadratic discriminant
analysis should also produce reasonableresults. The purpose of the simulation is to see
how our procedurescompare with the optimal procedure. Let (Z1;:::;Z7) be independert
standard normal variables. The distribution of X, is de ned through X.1 = Z1; X4z =
X1+ Zg; Xeg = Xy + Z372; X4g = Xiz + Z2473; Xus = Zs; Xye = Zg; X4y =

X+5 + X4 + Z7. The negative classhas a normal distribution with the same covariance
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matrix and mean (1=7;2=7;::;; 7=7). We considertwo training sample sizesn = 1000 and
n = 100. For eacdh samplesize, we generatetwo-thirds of the training set from the positive
classand the rest from the negative class. We generatethe test setin the sameway. The test
set sizeis 1000for both training sample sizes. We applied the transformation discriminant
analysis procedures,aswell aslinear discriminant analysis, quadratic discriminant analysis
and the Naive Bayes method. For ead transformation discriminant analysis procedure,
we report the results for the procedure with both the approximate method-of-momerts
estimator (9) and the approximate maximum likelihood estimator. These are denoted by
TDA.mm and TDA.ml. We ran the simulation 100 times and the results are displayed in
Fig 1. The mean misclassi cation rates basedon the 100 simulations are given in Table 1.

The transformation discriminant analysis methods give very similar performanceto lin-
ear discriminant analysis, which is the optimal procedurein this situation. The Naive Bayes
method cannot incorporate the dependencestructure of the variates, and givespoor results.
In our implementation of the Naive Bayes method, the univariate densities are estimated
using the kernel density estimator with automatic bandwidth selectionimplemented in the
R library KernSmooth.

The TDA.mm and TDA.ml procedures perform similarly, although the procedures
TDA.mm are computationally faster. In the TDA.ml procedures,the approximate maxi-
mum likelihood estimation requires numerical maximisation. We usedthe R optimisation
functions “optimize' for the univariate optimisation in TDA1.ml and "nim' for the bivariate
optimisation in TDA2.ml and TDA3.ml. The function 'nlm' sometimesgiveswarnings; in
our experiments these warnings have never causedany problem in terms of classi cation

accuracy
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We can easily construct examplesin which our proceduresbeat linear discriminant
analysis, since if we apply monotone transformation to ead direction our procedure will
have exactly the sameperformance, but linear discriminant analysis perform poorly when

we force the optimal decisionboundary to be far from linear.

5. EXAMPLES

In a comprehensie study of the accuracy of classi cation methods, Lim et al. (2000)
comparedthirt y-three classi cation procedureson thirt y-two datasets. There were sixteen
original datasets but, to study the e ect of uninformativ e predictor variates, they added
noise variables to eadt of those datasets, yielding a total of thirt y-two. The classi cation
methods include twenty-two decision-treealgorithms, nine classicaland modern statistical
algorithms and two neural networks. The POLYCLASS algorithm (Ko operberg, 1997)
performed bestin term of overall accuracyin the study of Lim et al. (2000). This algorithm
is related to functional analysisof variance modelling. Another algorithm consideredin the
study that is related to functional analysis of variance modelling is Flexible Discriminant
Analysis (Hastie et al., 1994), denoted by FM2 in Lim et al. (2000). Fourteen of the
datasetsare from real-life applications and two are arti cially constructed.

Of the thirt y-two datasets, six satisfy the condition that there are only two classes
and all the predictor variables are cortinuous. These datasets are available at the Repos-
itory of Machine Learning Databasesat University of California, Irvine. The URL is
www.ics.uci.edu/~mlearn/MLRep ository.html.

Example 1. Wisconsin breast cancer (bcw) and its noisy version (bcw+). This

dataset was contributed by W. H. Wolberg. The objective is to predict whether a tissue
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sample taken from a patient's breast is benign or malignant. There are nine contin uous
predictor variables. Following Lim et al. (2000), we delete the sixteen obsenations that
contain missing values,leaving a samplesizeof 683. The noisy versionbcw+ is constructed
by adding nine independert noisepredictor variables, ead with a uniform distribution over
the integers1 to 10 inclusive.

Example 2. Bupa liv er disorder (bld) and its noisy version (bld+). This dataset was
contributed by R. S. Forsyth. The objectiveis to predict whether or not a male patient has
a liver disorder. The samplesizeis 345. There are six contin uous predictor variables. The
dataset bld+ is created by adding nine independert noise predictor variables, eat with a
standard normal distribution.

Example 3. Pima Indian diab etes (pid) and its noisy version (pid+). This dataset
was corntributed by V. Sigillito. The objectiveis to predict whether or not a patient would
test positive for diabetes given a number of physiological measuremets and medical test
results. Following Lim et al. (2000), we remaoved the variable seruminsulin, which contains
many zero valuesthat are physically impossible,and recordsthat have impossible values
in other variables. The resulting dataset has 532 records and 7 predictor variables. The
dataset pid+ is created by adding eight independent noise predictor variables, eat with a
standard normal distribution.

We apply transformation discriminant analysis as well as linear discriminant analysis,
guadratic discriminant analysisand the Naive Bayesmethod to the six datasets. We repeat
ten-fold crosswlidation 100 times and report the average. The results are summarisedin
Table 2. For comparison, we also include in the table the error rates of Flexible Discrimi-

nant Analysis (FDA) and the POLYCLASS algorithm (POL), aswell asthe minimum and
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maximum error rate achieved by the thirt y-three classi cation methods as reported by Lim
et al. (2000). The error rates in Lim et al. (2000) were estimated using ten-fold crossal-
idation. When the nonparametric Naive Bayes method is used on the datasets bcw and
bcw+, we encourtered somenumerical problems. Therefore, for thesetwo datasetswe have
usedparametric normal density estimation instead of nonparametric kernel density estima-
tion in the Naive Bayesprocedure. Transformation discriminant analysis methods perform
quite well. The results reported here are basedon the TDA.mm procedures. The TDA.mI

proceduresperform similarly, and actually perform slightly better in these examples.

6. DISCUSSION

The computation complexity of the algorithm is roughly linear in the samplesizen. In fact,
the most signi cant piece of computation is the sorting of the obsenations in ead dimen-
sion, which has a linear expected computation time and worst-case computation time of
order O(nlogn). This comparesfavourably with most nonparametric discriminant analysis
procedures.

As discussedn x2.3, the assumption of transnormality amournts to a second-orderfunc-
tional analysis of variance log density model in which the main e ects are general,but eadh
two-way interaction is speci ed semiparametrically. This assumption is much more gen-
eral than the assumptionsmade in parametric methods or the nonparametric Naive Bayes
method. Howewer, it clearly imposessomerestriction on the classdensity which may not be
satis ed in practice. Furthermore, the assumptionin our classi cation algorithm is actually
a bit stronger than the transnormality of the classdistributions: we require that the two

classesbe transformed to multiv ariate normal by the same set of transformations. Our
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algorithm makes cheding the model assumption feasible: under the model assumption, we
e ectiv ely transformed the two classesnto multiv ariate normals in Step 2 of our algorithm,
and therefore the usual tests for multiv ariate normality (McLachlan, 1992,Ch. 6; Andrews
et al., 1973;Fatti et al., 1982;Hawkins, 1981) can be applied to the transformed data.

An alternativ e to cheding the model assumptionis to ched the quality of the resulting
classi cation rule directly by looking at its classi cation performance. In classi cation
problems it may happen that the classi cation rule developed under certain assumptions
works reasonablywell in situations where the assumptionsare violated (McLachlan, 1992,
Ch. 6). This is an approac widely usedin the machine learning literature, and is employed
in this paper.

The transformation discriminant analysis procedure described here applies to binary
classi cation. Similar ideascan be applied to the multi-class problems, but it is probably
easierto deal with the multi-class problems by applying the the binary transformation
discriminant analysisto all pairs of classesand then combining the results. This is a general
approad to solve multi-class problemswith binary classi ers; seeHastie & Tibshirani (1998)
and an unpublished Stanford University technical report by J. H. Friedman. How to best

combine our binary procedureto treat multi-class problemsis under study.
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APPENDIX 1
Proof of Theorem 1

The notation in this appendix follows the samecornvertions as those in x3.3.

Sinceg(X ) N{( ;1), wehave

Efg(X )gx ye@n9= f(b ) (a )g+ (@ ) (b )

By the Central Limit Theorem we have

1 X .
. (X" Mgxiyo@y + (b ) (a )
i=1
= f(b ) (a )g+Opn (A1)
R _
ni 1g(xi )2 (a;b) = ( b ) ( a )+ Op(n 1_2): (AZ)

i=1

On the other hand, sinceg(X ) N{( ;1), wehave

(a )=prfgX ) ag=prfFs(X ) g=F F.(): (A3)

The distance betweenF and F is of order Op(n 1:2) in the Ly norm, and F, ( )

F. 1( ) = Oy(n,*™); seeSering (1980, p. 75). Therefore

F{F, ()9 FF.Y()g (A4)
= FfRY()g F IR Y()g+F fRY()g FIF()g (A5)
= Op(n,P+n P (A6)

The last equality (A6) usesthe assumption that g°is bounded from in nit y, and there-
fore F° is bounded from innit y by (7). By (A3) and (A6) we obtain (a ) =
( F R Y )gD) + Op(n, 2+ n ). Similarly we can obtain
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(b )= ( YFfF, Y )g)+ Op(n, ™+ n ). Combining this with (8), (A1) and

(A2), the result follows.
APPENDIX 2
Rate of cornvergenceof the appraximate maximum likelihood estimator

The notation in this appendix follow the sameconvertions asthose in x3.3.
Now we consider the approximate maximum likelihood estimator. Since g(X )
N( :1), the scaledlog likelihood for ~ basedon g&®(X ') is

1 X h _ [
n_. . log fg(X") gla<g(xi )<b + log ( a ):I-g(Xi )y at logf1 (b )g:l-g(xi ) b
i=

=C u(Z )>=2+ 2log ( a )+ slog ( b)

L(C ;Z; 15 20 3);

P P
whereC doesnot dependon ,and 1= (1=n ) L} L (xiyep, 2= (170 ) L Lxi) a
P n P n i . . .

3 = (1:n ) i=1 1g(xi ) bandz = i=1 g(X )1a<g (Xi )<b:( 1n ) LetW = (Z, 1, 2, 3)
Sincelog ( t) is strictly concave, we seethat L is strictly concave in . The maximum
likelihood estimator = h(W) of basedon g®°(X ) is the solution of the likelihood
equation @ ( ;W)=@ = 0. By standard argumerts for maximum likelihood estimation

we have that

= +0y(n ) (A7)
By the de nition of h, we have that
_ay - GL _GL
@=@av = @ av @2 (A8)



Dene 71, 72, T3, Z and W analogouslyto 1, 2, 3, Z and W, with g,, replacing
g. The approximate maximum likelihood estimator is ~ = h(Z; 71; ~2; ~3), the solution
of @( ;Z;71;,72 73)=@ =0.

From (A8), direct calculation shows that @=@V is bounded in probability. From (8)

we have that j~  jj = Op(n,*Z+ n

Li= 123§ Zj= Oy(n, P+ n ),
Therefore,

~ = h(W) h(W)= Op(n,Z+n ).

Combining this and (A7) gives ~ = 0p(n, P+ n .
APPENDIX 3
Details of the algorithm

The algorithm takesasinputs the training setx!, i = 1;::::n, the classlabelsof the training
set, and the test set x&,, " = 1;::;np. The output is the classlabels of the test set. The
R code of the implementation and sample usageare available from the web pagesof the
authors, along with a description of the forms of the input and output. We implement
three versionsof the procedure corresponding to the three di erent Casesl1-3. The three
versionsare to be called TDA1, TDA2 and TD A3, where TDA stands for transformation
discriminant analysis. Two options are available for ead of TDAL1, TDA2 and TDA3,
corresponding to the two di erent ways of estimating and , namely the method of
momens or maximum likelihood. We only describe the method of moments option. The
maximum lik elihood option is similar, but doesnot allow explicit formulaein Step 1.4 below.

The algorithm in its simplest form hasthree steps. In Step 1, we estimate j and

for eadh dimensionj = 1;::;d. In Step 2, we transform the training set and the test set
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accordingto the estimated j and . In Step 3, we estimate the correlation matrices Q's
and apply linear discriminant analysis,in versionTD Al, or quadratic discriminant analysis,
in versionsTDA2 and TDAS3, to the data transformed in Step 2. In the rst two steps,
the estimation and transformation in ead dimensionj is done separately and therefore
we can suppressthe notation j for dimension. All the quartities in the rst two stepsare
one-dimensional.

Stepl: Estimating and . Thejth coordinate of the ith positive exampleis denoted
by x. , and that of the ith negative exampleby x' . Let r. be the rank of x, amongall
the positive examples,and let R' be the overall rank of x' amongthe combined set of both
positive and negative examples. We assumethat the rangesof the positive examplesand
that of the negative examplesoverlap. Otherwise the two classesare completely separable
in a single dimension, and we can simply usethis dimension for classi cation.

Step 1.1. For eat positive example x',, i = 1;:::n., compute its normal scoreN!

among the positive examples:
L. 05
N+ '

NI =
Theseare approximations for the transformed positive examples.

Step1.2. For a xed proportion p, such as2.5%, nd the pth quartile and the (1 p)th
quartile of the positive examplesx', 's. Denotetheseby |, andu . Similarly nd | andu
for the negative class. Let [l; u] be the intersection of the two intervals [l ;us]and [l ;u ].
If the intersection is empty, adjust the value of p sothat there is an intersection.

Step 1.3. For eat negative example x' 2 [l;u], nd the positive examplesx: and

xR closestto it from below and from above. Let RL, RR and R' be the overall ranks

corresponding to x4, xR and x' respectively among the combined set of both positive and
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negative examples. Calculate the transformed value of x' by linearly interpolating between

the transformed valuesof x; and xR, seeStep 1.1:
g =NE+ (NF NEXR' RH=RERY):

Transform | and u in the sameway, and denote the transformed valuesby a and b. Let the
averageof the g 's for X' 2 [l;u] beg and the variance be \

Step 1.4. Denote the proportions of the negative examplesin (1 ;l) and (u;1)
by and1 , respectively. These are the same as the proportions of the negative

examples belov a or above b after transformation. Since the negative class distribu-

tion is N( ; 2) after transformation, we can now use the method of momeris to es-
timate and basedon , , g, Vy, aandhb in version TDAl = 1 and
No=g +f (b (a)g=( ); and in versions TDA2 and TDA3 the estimators
are 2 = Vg =f b (b + a (a)g( N (@ )>and ~ =

g+~ 1t (3o ).

Step2: Transform any examplesx', positive or negative, to the f(R!  0:5)=ngth quan-
tile of the mixture normal distribution w.+N(0;1)+ w N(~ ;~ ). HereR' is the overall
rank of x' amongall the training examples,positive or negative. Let R be the overall rank
of a test obsenation whenit is addedto the training set. Compute the corresponding trans-

formedvalue, which isthe f (R 0:5)=(n+ 1)gth quartile of the mixture normal distribution.

Step3: Apply linear discriminant analysis,in version TD A1, or quadratic discriminant

analysis,in version TD A3, to the transformed data from Step 2. VersionTD A2 is in between
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versionsTDAL1 and TDAS3 in that it pools the estimates of the correlation matrices, but

allows di erent 4 and
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(a) Error rates (n = 1000) (b) Error rates (n = 100)
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Figure 1: Box-plots of the error rates of di erent methods in the simulation example of
x4, basedon 100 simulations, (a) for n = 1000, (b) for n = 100. The methods included

are linear discriminant analysis, transformation discriminant analysis methods, quadratic

discriminant analysis and the Naive Bayes method.
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Table 1: The mean error rates of di er ent methalds in the simulation exampleof x4, basal
on 100 simulations. The methads included are linear discriminant analysis, transformation
discriminant analysis methads, quadmtic discriminant analysis, and Naive Bayes methad.
The standard errors for the entries in the row for n = 100 are about 0:002, and the standard

errors for the entries in the row n = 1000are slightly larger than but closeto 0:001

n LDA TDALmm TDALml TDA2mm TDA2ml TDA3.mm TDA3.ml QDA NB
100 0.246 0.249 0.249 0.265 0.266 0.282 0.283 0.282 0.312

1000 0.222 0.222 0.222 0.224 0.224 0.226 0.226 0.225 0.281

Methods compared: LDA, linear discriminant analysis; TDA 1-3, transformation discrimi-
nant analysis corresponding to Casesl-3in x3.1, with mm and ml stand for the method of
momerts and the maximum likelihood, respectively; QDA, quadratic discriminant analysis;

NB, the Naive Bayes method.
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Table 2: Classi cation error rates, in percentage,in six datasets. The last two columns give
the minimum and maximum error rates of the thirty-thr ee classi cation methads considered
in Lim et al. (2000) on the samedatasets. The numbers in parenthesesare the ranks of the
transformation discriminant analysis methads amongthe thirty-six, i.e. thirty-thr ee plus the
three transformation discriminant analysis methads, classi cation procedures, if the methads
of transformation discriminant analysiswere included in the comparison study of Lim et al.

(2000).

Dataset TDA1 TDA2 TDA3 LDA QDA NB FDA POL Lmin Lmax
bew 2.53(1) 3.01(3) 3.04(4) 3.98 4.90 3.78 3.80 4.24 278 8.48
bew+  2.57(1) 3.04(4) 3.06(5) 3.96 4.89 3.81 321 3.83 293 7.60
bld 27.4(15) 27.8(3) 27.4(15) 31.9 40.1 354 28.0 28.6 27.9 43.2
bld+ 27.7(3) 27.5(2) 27.4(1) 32.2 37.8 37.0 32.0 286 286 44.1
pid 22.6(8.5) 21.7(1) 24.4(25) 22.1 240 227 248 237 221 31.0

pid+ 21.8(3) 20.9(1) 24.2(18) 21.9 236 229 22.8 217 21.7 318

TDA 1-3, transformation discriminant analysis corresponding to Cases1-3 in x3.1 based
on the method of momerts; LDA, linear discriminant analysis; QDA, quadratic discrimi-
nant analysis; NB, the Naive Bayesmethod; FDA, exible discriminant analysis;POL, the
POLYCLASS algorithm; Lmin and Lmax, the minimum and maximum error rate achieved

by the thirt y-three classi cation methods as reported by Lim et al. (2000).
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