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Abstract

The Lasso, the Forward Stagewise regression and the Lars are closely re-
lated procedures recently proposed for linear regression problems. Each of
them can produce sparse models and can be used both for estimation and
variable selection. In practical implementations these algorithms are typically
tuned to achieve optimal prediction accuracy. We show that, when the predic-
tion accuracy is used as the criterion to choose the tuning parameter, in general
these procedures are not consistent in terms of variable selection. That is, the
sets of variables selected are not consistent at finding the true set of important
variables. In particular, we show that for any sample size n, when there are
superfluous variables in the linear regression model and the design matrix is
orthogonal, the probability of the procedures correctly identifying the true set
of important variables is less than a constant (smaller than one) not depending
on n. This result is also shown to hold for two dimensional problems with gen-
eral correlated design matrices. The results indicate that in problems where
the main goal is variable selection, prediction accuracy based criteria alone
are not sufficient for this purpose. Adjustments will be discussed to make the

Lasso and related procedures useful/consistent for variable selection.

Keyword: consistent model selection, Forward Stagewise regression, Lars, Lasso,
variable selection



1 Introduction

The Least Absolute Shrinkage and Selection Operator (the Lasso) proposed by Tib-
shirani (1996) is a popular technique for model selection and estimation in linear
regression models. It employs an L; type penalty on the regression coefficients which
tends to produce sparse models, and thus is often used as a variable selection tool
as in Tibshirani (1997), Osborne, Presnell & Turlach (2000). Knight & Fu (2000)
studied the asymptotic properties of Lasso-type estimators. They showed that un-
der appropriate conditions, the Lasso estimators are consistent for estimating the
regression coefficients, and the limit distribution of the Lasso estimators can have
positive probability mass at 0 when the true value of the parameter is 0. It has
been demonstrated in Tibshirani (1996) that the Lasso is more stable and accurate
than traditional variable selection methods such as the best subset selection. Efron,
Hastie, Johnstone & Tibshirani (2004) proposed the Least Angle Regression (the
Lars), and showed that there is a close connection between the Lars, the Lasso, and
another model selection procedure called the Forward Stagewise regression. Each of
these procedures involves a tuning parameter that is chosen to minimize the predic-
tion error. This paper is concerned with the properties of the resulting estimators in
terms of variable selection.

Consider the common Gaussian linear regression model

y=XB+e

where y = (y1,...,4,)T are the responses, 3 = (31, ..., B4)T are the regression coeffi-
cients, X = (xy,...,X4) is the covariate matrix, and € = (ey, ..., ,) ~ N(0,021I,) are
the normal noises. Without loss of generality, throughout this paper we assume that
the covariates have been standardized to mean 0 and variance 1, and the response

has mean 0. That is,
1Ty =0, 1ij =0, and X;ij =1forj=1,...4d.

In many practical situations, some covariates are superfluous. That is, conditional
on a subset of the covariates, the response does not depend on the other covariates.

In other words, only a proper subset of the regression coefficients are nonzero. The



problem of variable selection is to identify this set of important covariates. A variable
selection procedure is said to be consistent, if the probability that the procedure
correctly identifies the set of important covariates approaches one when the sample
size n goes to infinity. See, for example, Rao & Wu (1989), Shao (1997), Broman &

Speed (2002) for some studies on the consistent variable selection problem.

It is of interest to investigate the consistency properties of the Lasso and related
methods in terms of variable selection as they are often used as variable selectors.
Tibshirani (1996) noted in one of the simulation examples, that in the majority of
the runs the Lasso chose models that contain the true model, but only in a small
fraction of runs did the Lasso pick the correct model. Fan and Li (2001) studied
the penalized likelihood methods in linear regression, of which the Lasso is a special
case. They proposed a nonconcave penalized likelihood method that enjoys the or-
acle property when the tuning parameter is appropriately chosen. The nonconcave
penalized likelihood method is consistent in terms of variable selection, and it es-
timates the nonzero regression coefficients as well as when the correct submodel is
known. They conjectured that the Lasso does not enjoy the oracle property. In this
paper we show that when the tuning parameter is chosen to minimize the prediction
error, as is commonly done in practice, in general the Lasso and related procedures
are not consistent variable selectors. In particular, we show that when there are
superfluous variables in the linear regression model and the design matrix is orthog-
onal, the probability of the procedures correctly identifying the true set of important
variables is less than a constant (smaller than one) not depending on n. The result
is also shown to hold for certain correlated design matrices. These are actually finite
sample results, since they are true for any sample size n. These results indicate that
in variable selection problems, prediction accuracy based criteria are not suitable
for these procedures. Simple adjustments do exist to make the Lasso and related
procedures consistent for variable selection, and we discuss possible ways to achieve
this.

The remaining part of this article is organized as follows. In section 2, we review
the Lasso, the Lars and the Forward Stagewise regression. In section 3, we consider a
two dimensional problem with general correlation structure and demonstrate that the

three methods fail to find the right model with certain probability, when the tuning



parameters are chosen to minimize the prediction error. The results concerning
higher dimension problems are given in section 4 for orthogonal designs. We present

some simulation results in section 5 and discussions are given in section 6.

2 The Lasso, the Lars and the Forward Stagewise

regression

The Lasso estimate is the solution to
d
min (y = X8)"(y - Xp), st. Y[ <t (2.1)
j=1

Here t > 0 is a tuning parameter. Let BO be the ordinary least square (OLS) estimate
and tg = > |ﬁ?| Values of t < ty will shrink the solutions toward 0. As shown
in Tibshirani (1996), the Lasso gives sparse interpretable models and has excellent
prediction accuracy. An alternative formulation of the Lasso is to solve the penalized
likelihood problem

d
min = (v — XB)"(y = XB) + A" |5l 2.2
j=1

(2.1) and (2.2) are equivalent in the sense that for any given A\ € [0, 00), there exists
a t > 0 such that the two problems have the same solution, and vice versa.

The Forward Stagewise regression, which will be called the FSW hereafter, is an
iterative procedure, where successive estimates are built via a series of small steps.
Letting n = X3, and beginning with 7y =0, if 7 is the current estimate, the next
step is taken in the direction of the greatest correlation between covariate x; and the
current residual. That is, writing ¢ = X7 (y — 7)) and j = argmax|¢;|, the update is

Ml < 0 + € - sign(¢;) - x;,
where € > 0 is some constant. Smaller € yields less greedy algorithm for the FSW

and is recommended.



The Lars is a newly proposed model selection tool. We briefly describe the
procedure in the following. For a detailed account of the procedure, the readers are
referred to Efron, Hastie, Johnstone & Tibshirani (2004). The algorithm begins at
flo = 0. Suppose 7 is the current estimate and write ¢ = X7 (y — 7). Define the
active set A as the set of the indices corresponding to the covariates with the largest

absolute correlations,
€ = max{fe;|} and A = {7 ¢ = C1}.
Define the active matrix corresponding to A as
X4 = (8;%j)jea, where s; = sign(¢é;).

Let
GA = XZ;X.A and AA = (1£G211A)_1/2,
where 14 is a vector of ones of length being |.A|, the size of A. A unit equiangular
vector with columns of the active set matrix X 4 can be defined as
ug = Xqwy, where wy = AAG;lllA,
so that
XZ;UA = AA]-A and ||UA||2 =1.

The next step of the Lars estimate gives the update
M1+ Jua,

where 7 is the smallest positive number such that one and only one new index joins
the active set A. It can be shown that

. C—¢. C+e;
fy:mln;’EAC{A J J

2

9
_A—aj AA+aj

where min™

means the minimum is taken over only positive components and a; is
the jth component of the vector a = X qu 4.
The Lasso, the FSW and the Lars all build a sequence of candidate models, from

which the final model is chosen. In the Lasso, the sequence is controlled by t and



in the FSW, it is controlled by the number of steps (the step size in the procedure
is taken to be a small constant arbitrarily close to zero). The Lars builds (d + 1)
models with the number of variables ranging from 0 to d. Efron, Hastie, Johnstone
& Tibshirani (2004) showed that there is a close relationship among these procedures
in that they give almost identical solution paths. That is, if the candidate models
are connected in each of these procedures, the resulting graphs are very similar. The
solution path of the Lars is formed by connecting the (d 4+ 1) models with linear
segments. They noted that in the special case of orthogonal design matrix, the
solution paths of the procedures are identical. In this case, Tibshirani (1996) showed

that the Lasso solution has the form
B; = sign(B) (189 — )", j=1,....d, (2.3)

where v = A/2 for the A in (2.2); and (7)) =7, 7 > 0; 0, 7 < 0. It coincides with
the soft thresholding solution of Donoho & Johnstone (1994), where it is applied to

wavelet coeflicients.

In the implementation of the Lars, it is often the case that only the (d + 1)
models at the end of the steps are considered as candidate models. The final model
is chosen among the (d 4+ 1) models, not the whole solution path. In this case the
Lars is slightly different from the Lasso or the FSW, even in the orthogonal design

matrix case. We will treat this case separately in this article.

Typical implementations of the Lasso, the Lars and the FSW attempt to find a
model with the smallest prediction error among the sequence of candidate models
built by these procedures. The prediction error is in terms of the squared loss (SL).

For an estimate 1 = X B, the squared loss is
SL() = (i —n)"(h—n) = (B = B)'XTX(5 - ).

In practice, since (3 is unknown, several methods, such as generalized cross validation
(Craven & Wahba 1979), k-fold cross validation or Stein’s unbiased estimate of risk

(Stein 1981), can be used for the purpose of minimizing the squared error.
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3 A simple example

In this section we give a simple example to demonstrate that the Lasso, the FSW
and the Lars when tuned to minimize the squared error (as people usually attempt
to do), miss the right model with a certain probability.

Consider a linear regression model with two predictors. Suppose that the true
coefficient vector is 8° = (52,0)7 with 8 > 0, and the standardized design matrix
X is

where |p| < 1. Therefore the model has one true component x; and one noisy
component Xy, and the two covariates may be correlated. Denote the ordinary least
squares solution by @0. The solution to the Lasso problem (2.2) when d = 2 can be
easily seen as

B; = sign(5))(15]1 = 17", i =12 (3.1)
This formula holds even if the predictors are correlated, see Tibshirani (1996). Let
6 = (6y,05)T = 89— 3°. Since € ~ N(0,021,) and XTX = 3, we have

6~ N(0,0227Y). (3.2)

Define
R = {(51,(52)T : (51 Z |52‘}

We will show that the Lasso tuned with prediction accuracy selects the right model
only for 6 € R and the probability of this event happening is 1/4.

It is clear that when |3°] < |39], the Lasso can not select the correct variables.
When 39 < —|39], from (3.1) it is clear that the null model (the model with no
predictor) is the best in terms of the squared loss, and therefore the Lasso tuned
with prediction accuracy does not select the correct model. Now we only need to
consider the case of 3 — |39] > 0.

When the Lasso solution is tuned to correspond to the v that minimizes the

squared loss

st =3-rs-m == (1 0) (P17) e
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it chooses the correct model if and only if the minimizer of (3.3) lies in [|39], 39).
Denote a = (9 — |39] — £9. We consider two cases of 39 — |39| > 0 separately.
(i) B9 — |39 > 0, but a < 0. Write s = sign(39). By (3.1) and (3.3) we get

T
sp) = (ot 18- 2sl18] - ) </1) j’) (a4 1381 =501 - )

= @ +2(1+sp)a(|65] =) + (183] = 7)*):

Since 1 4+ sp > 0 and a < 0, we have that the minimum of the second term above
over v € [0,]39]) is negative. Therefore the minimum of SL(v) is smaller than a?.
On the other hand, for any ~ € [|39], £9), from (3.1) we get,

SL(Y) = (B} =7 = 4)* = a*.

Hence the minimizer of SL(v) is not in [|39], 37), and the Lasso tuned with prediction
accuracy does not select the correct model.

(i) @ > 0. In this case it is easy to see that 4 = || obtains the minimum of
SL(7), and the Lasso selects the right model.

The above arguments show that the Lasso tuned with prediction accuracy selects
the right model if and only if § € R. By (3.2), the probability associated with region
Ris 1/4.

Intuitively, the existence of the correlation makes model selection more difficult.
However, the result states that the probability of the Lasso selecting the correct
model is independent of correlation in this particular two dimensional example.

The argument above is valid for any finite sample size, and can also be applied

to the following lemma when the design matrix is orthonormal.

Lemma 3.1. When (3° = (8%,0,---,0)T with (d — 1) > 0 zero components and
XTX = I;, the Lasso tuned with prediction accuracy selects the right model only
when 6 = % — 3° € R, where

R={6: 6:8) >0, |61 > maz{|ds,--,|dal}},

that is, the probability of the right model being selected is 1/(2d).



Proof. The Lasso solution has the form (2.3) when XTX = I. Without loss of
generality, assume 30 > 0 and |39 > |39 > --- > |39]. We will show for 6 not in
R, the Lasso tuned with prediction accuracy does not select the right model. Again,
we only need to consider the situation where ﬁ? > | ﬁg | in the following. The Lasso

tuned with prediction accuracy selects the right model if and only if the minimizer
of SL(7) is in [| 3], 37).

1. When &, < 0, for any v € [|49], 39), we have

SL(v) = (

> (61— |02])* = (01 — [0s] + [d5] — [02])?
(61— 103])* + (102] = 103])” + 2(51 — 05])(|d5] — 02])
(1 — 103])* + (102] — 10s])* = SL(|0s]).

Since |03] ¢ [|39], 3°), the minimizer of SL(v) is not in [|3Y], 3%), and the right

model is not selected.

2. For 0 < 6, < |0, the minimum of SL(v) on the interval [|39], 39) is obtained
at v1 = |05 and SL(71) = (6, — |65])2. However, when [63] < (61 + |02])/2, if
we let o = (81 4 [02])/2, we have SL(v2) = (6, — [62])2/2 < SL(71). When
03] > (61 +102])/2, if we let v3 = |d3], we have SL(vs) < SL(y1). Therefore the
minimizer of SL(v) is outside [|39], 39), and the right model is not selected.

Therefore, when 0 € RC, the Lasso tuned with prediction accuracy does not select
the right model. For o€ R, the Lasso solution ¥ = & yields the correct model
n(3) = (% with SL(§) = 0. Since § ~ N(0,021,), we have Pr(§ € R) = 1/(2d).
This completes the proof. O

Now we return to our two dimensional example considered at the beginning of
this section. The solution path of the Lars and that of the Lasso are identical in
this two dimensional problem. Therefore our results about the Lasso apply directly
to the Lars if the final Lars estimate is chosen from the whole solution path of the
Lars. In practical implementations of the Lars, however, the final solution is often

chosen only among the models after each complete step. Thus we consider this

9



situation in the following. It is clear from the Lars algorithm that the Lars tuned
with prediction accuracy does not yield the correct model when 39 < 0 or |39] < |39).
In the situation where B? > |ﬁg |, the three step Lars estimates can be written as

o =0, i = (3% — |39)x1, 72 = (%%1 + (39%5. The corresponding square losses are
SL(o) = (8Y)*, SL(f) = (01 — |02])*, and SL(f) = 67 + 3.

We immediately see SL(#,) > SL(7);) when §, < 0. Putting these together, we get
that the Lars tuned with prediction accuracy does not select the right model when
the OLS estimate satisfies 37 < (9, which happens with probability 1/2 by (3.2).
The overall probability that the Lars tuned with prediction accuracy selects the right

model is no larger than 1/2.

4 Higher dimensional problems with orthogonal

designs

Theorem 4.1. When the true coefficient vector is 3° = (ay, ..., ag,,0, ...,0)T with
dy = (d —dy) > 0 zero coefficients and XTX = I, if the Lasso is tuned according
to prediction accuracy, then it selects the right model with a probability less than a

constant C < 1, where C' depends only on o and d;, and not on the sample size n.

Proof. Let the OLS estimate be 3° and denote 5% — 3% = (41, ..., 64)7. Without loss
1

.
of generality we assume |0, 41| > |0a,42| > ... > 04| and o > 0, i = 1,...,d;. We

will show for the region
di
R = {(51, ...,5d)T : 5]' > —qy, j=1,...,dy and Z(SZ < O},
i=1

the Lasso tuned with prediction accuracy does not select the right model.
If 39 does not satisfy

{18 > 1301, for j € {1, ...} and k € {dy +1,...d} | (4.1)

obviously the Lasso does not select the right model. So we can concentrate on the

situation where (4.1) is satisfied. For the Lasso tuned with prediction accuracy to

10



select the right model, the solution must satisfy

min{[ 87, ..., [, [} > 7 = 84,41 (4.2)

Since § € R, we have ﬁ;) >0, j=1,...,d;. The estimate corresponding to any -~y
satisfying (4.2) is

n(7) = (B — v)x1 + .. + (B3, — 7)xa,
= (Ozl + 51 — ’}/)Xl + ...+ (Oédl + 5[11 — ”y)Xdl.

On the other hand, the estimate with v; = | ﬁgl | has the form

n(71) =67 = |83, 42l)x1 + -+ (83, — |83, yol)%a, + sign(5g, 1) (183, 1] — 100, 421)%a 11
(Oé1 + 51 - |5d1+2|)X1 + o+ (ad1 + 5d1 - |5d1+2|>xd1

+ sign(3dy+1) (|0as 1] — [Oay+2]) Xy +1-

It is easy to see the squared losses for the two estimates are

dy
SL(y) = > (6 =%
=1
d1 A A A A
SL(v) = Y (6 — [6a,52)® + (|00, +1] — [dar42])*.
=1

We show for any 7 satisfying (4.2), SL(vy) > SL(v1). Simple algebra yields

d1 dl
SL(v) = Z(@ —-7)? = Z(@ — [0a, 12| + 10a, 12| = 7)?
=1 =1
A A dl A A
= Z — ars2)® + di(y = [ars2)? + 207 = [6a,42) D (10, 42| — 65)
=1

:SL(%) - (|5d1+1| - |5d1+2|)2
di

+dy (7 = 9a,420)* + 20y = [0a,12]) Z(|5d1+2| —3;).

1=1

Since v > [64,41], we have
di (v = (04, +21)” = (10 11| = 10y 12)* = (di = 1)(3 = [a12])*.

11



It follows

d1
SL(v) 2 SL(m) + (dy = 1)(y = 184, 421)” + 207 = [0ay12]) Y ([8ar 1] — 65).
i=1
It is easy to see when Zf;l &; < 0, the following satisfies
dl dl

(dv = D) = [Bars2) + 2D (10arsal = 8) = (i + 1)daysa] + (d = 1)y =2 6> 0.
i=1 i=1
Therefore, we have SL(vy) > SL(7y;) when 5 € R. The optimal v that minimizes
SL() does not satisfy (4.2), that is, the optimal v does not yield the correct model.
Since (81, -- ,04)T follows a multivariate normal distribution N (0, I,), it is readily

seen
PrdeR)>Pr(6c{(0:0>0; > —aj,j=1,....,d}) = C,

where C' is a constant strictly less than 1 depending on ¢? and d; but not on the
sample size n. We have proved that with a positive probability not depending on n,

the Lasso tuned with prediction accuracy does not select the right model. O

The conclusion holds for the Lars and the FSW due to the equivalence of the three
procedures, if the whole solution path of the Lars is considered. When only (d + 1)
candidate models in the Lars are considered, the conclusion follows by replacing ~
by [64,41] in the preceding proof. When the design matrix satisfies X7X = nlj,
following the same argument in theorem 4.1, we can prove that when the Lasso is
tuned according to prediction accuracy, the probability of the Lasso selecting the
wrong model is larger than a strictly positive constant not depending on n.

Although the conclusion of the theorem is proved with the design matrix being
orthonormal, it is expected to hold for general design matrix cases, as is the case for

d = 2. We demonstrate this point via simulations in the next section.

5 Simulation

We conduct some simple simulations in general design matrix cases to demonstrate

our results. All simulations were conducted using MATLAB code. We used the

12



algorithm as suggested in Tibshirani (1996). Each ; is rewritten as ﬁ;’ — 0;, where
ﬁ;r and (; are nonnegative. We then used the quadratic programming module
quadprog in MATLAB to find the Lasso solution.

We generate data from two models which have the form
y =X0+e,
where

Model 1: 3 = (1,0)Ta
Model 2: 8= (3,1.5,0,0)";

e follows standard normal distribution and x; has marginal distribution N (0, 1).
The pairwise correlation between x; and x;, i # j, is pl'=/l with p = 0, 0.5, 0.9.
We simulate data with sample size n = 40, 400, 4000. For each p and each sample
size, we simulate 100 data sets and apply the Lasso method. The tuning parameter
is chosen to minimize the prediction accuracy. We summarize the result for various
sample sizes and correlations in Table 5.1. The percentage of correctly selected
models is summarized in the PCM column. We divide the SL of the Lasso by the
SL of corresponding OLS estimate and report the mean of these relative squared
losses in the MRSL column. When it is tuned according to the prediction accuracy,
the Lasso can achieve much improved accuracy, but misses the right model a large
fraction of the time. This seems to be true independent of the sample size and the
correlation among the covariates. The results of the experiment are consistent with

our analytical results above.

6 Discussions

We wish to make it extra clear that the results in this paper should not be inter-
preted as a criticism of the Lasso and related methods or taken to imply that the
Lasso and related methods can not be used as variable selection tools. In most prac-
tical applications, prediction accuracy is the golden standard. As shown by many

authors and also in our simulations, the Lasso can improve greatly over the ordinary

13



n p | Model 1 PCM (%) MRSL | Model 2 PCM (%) MRSL
0 26 0.464 15 0.632
40 0.5 16 0.573 20 0.573
0.9 22 0.487 16 0.569
0 27 0.482 9 0.655
400 0.5 23 0.513 15 0.594
0.9 25 0.546 13 0.583
0 22 0.492 15 0.667
4000 0.5 21 0.500 18 0.597
0.9 24 0.523 20 0.539

Table 5.1: Simulation results for the Lasso.

least estimate in terms of accuracy. In problems where the primary goal is selecting
the set of true variables, our results simply imply that prediction based methods
for tuning are not sufficient for the Lasso and related methods. It is possible that
some other criteria of choosing the tuning parameter can yield consistent variable
selection for the Lasso and related methods, and there are also simple adjustments
to the solution of the Lasso and related methods that make the estimators consis-
tent for variable selection. For example, Meinshausen & Bithlmann (2004) proposed
doing neighborhood selection with the Lasso in a multivariate Gaussian graphical
model. They allow the number of variables to grow (even rapidly) with the number
of observations. They noted that the optimal tuning parameter for prediction accu-
racy does not lead to a consistent neighborhood estimate by giving an example in
which the number of variables grows to infinity and in which the tuning parameter
chosen according to prediction accuracy leads to the wrong model with probability
tending to one. They proposed to choose the tuning parameter by controlling the
probability of falsely joining some distinct connectivity components of the graph in-
stead of minimizing prediction accuracy, and showed that their approach delivers
consistent model selection. In fact, they showed that if the tuning parameter A has a

—1/24€

rate n with some € > 0, then the Lasso can achieve consistent model selection.

Another possibility in our setup is to use a A that achieves y/n consistency in terms

14



of estimating the coefficients (Knight and Fu, 2000), and then threshold the Lasso
solution by a quantity of the order n® with —1/2 < a < 0. Since the coefficient
estimates are y/n consistent, it is easy to see that with probability tending to one,
the estimates of coefficients of important variables will not be thresholded to zero,
whereas the estimates of the coefficients of redundant variables will be thresholded
to zero. Thus consistent variable selection can be achieved. A third possibility arises
upon considering the intuitively clear argument that tuning for prediction rather
than variable selection tends to create non-zero coefficients when the true coefficient
is zero, but not the other way around. Simulation results (not shown) support this
argument, and this is also noted in Meinshausen & Biithlmann (2004). Thus, this
possibility entails tuning for prediction and then creating a test for estimating when
a non-zero coefficient is ’small enough’ to be set to 0 that is compatible with this
tuning. A similar approach was taken in a somewhat different context in Zhang,
Wahba, Lin, Voelker, Ferris, Klein & Klein (2004).
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