
Signi�cance T ests

An o v erview

� W e ma y view sample data as outcomes of a data generating

pro cess.

� The data generating pro cess ma y b e describ ed b y a proba-

bilit y distribution with certain parameters.

� W e b egin b y considering a random sample Y

1

; Y

2

; : : : ; Y

n

of

size n from normal distribution N ( �; �

2

) with unkno wn �

and kno wn �

2

.

� W e then use statistics from the sample data to dra w infer-

ence ab out the parameters of the probabilit y distribution.

� F or example, use the sample mean

�

Y to dra w inference

ab out the p opulation mean � .

� There are sev eral w a ys of statistical inference. One of them

is signi�cance testing.

� The main idea of signi�cance tests is to mak e a y es/no de-

cision ab out some asp ect of a p opulation, based on a single

sample.
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F ruit can example

A fruit canning compan y claims that the a v erage w eigh t of a

can of p eac hes is 15 oz, but there is some suspicion that the

canner is not �lling the cans. Supp ose the w eigh t of cans ha v e a

normal distribution N ( �; (0 : 3)

2

). An in v estigator plans to tak e

a random sample of 60 cans, w eigh them, and compute the

sample mean

�

Y . Her goal is to determine if what is observ ed

ab out

�

Y supp orts the claim that the a v erage w eigh t of a can

of p eac hes is 15 oz, or what is observ ed ab out

�

Y supp orts the

suspicion that the a v erage w eigh t of a can of p eac hes is b elo w

15 oz.

Ingredien ts of a signi�cance test

1. Asp ect of a p opulation that is of in terest.

2. Null h yp othesis H

0

.

3. Alternativ e h yp othesis H

A

.

4. Statistic and n ull distribution.

5. Measure evidence against H

0

.

6. Mak e a decision and in terpret in the con text of the problem.
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Ingredien ts of a signi�cance test

1. Of in terest is the p opulation mean � .

2. The n ull h yp othesis is

H

0

: � = 15 :

Remark: H

0

is the claim initially fa v ored or b eliev ed to b e

true. Th us the results of the sample re
ect random v aria-

tion.

3. The alternativ e h yp othesis is

H

A

: � < 15 :

Remark: H

A

is the departure from H

0

that one wishes to b e

able to detect. Th us the results of the sample re
ect some

factor other than random v ariation.

4. The statistic is the sample mean

�

Y based on a random sam-

ple of size n = 60 ( Y

1

; Y

2

; : : : ; Y

n

). Under H

0

,

�

Y � N (15 ;

(0 : 3)

2

60

) :

That is,

�

Y � N (15 ; (0 : 0387)

2

) :

Remark: The n ull distribution is based on F A CT 1.
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Ingredien ts of a signi�cance test

5. Supp ose the observ ed sample mean is

�y = 14 : 9

based on an observ ed sample of size n = 60 ( y

1

; y

2

; : : : ; y

n

).

Is this consisten t with the claim or the suspicion? W e mea-

sure the evidence against H

0

b y computing a p-value , whic h

is the probabilit y of ha ving data as extreme or more extreme

than the observ ed data, if H

0

w ere true. F or the giv en sam-

ple,

p � v alue = P (

�

Y � 14 : 9 j H

0

)

= P (

�

Y � 15

0 : 3 =

p

60

�

14 : 9 � 15

0 : 3 =

p

60

)

= P ( Z � � 2 : 58)

= 0 : 0049

6. Either H

0

is true but w e ha v e observ ed an ev en t with prob-

abilit y 0.0049, whic h is v ery rare, or H

0

is false.
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Remarks

� Alternativ ely , use:

Z =

�

Y � 15

0 : 0387

:

Under H

0

,

�

Y � N (15 ; (0 : 0387)

2

) and th us Z � N (0 ; 1).

� The observ ed z-score is

z =

14 : 9 � 15

0 : 0387

= � 2 : 58 :

� The p-v alue is

P ( Z � � 2 : 58) = 0 : 0049 :

� The statistic Z =

�

Y � 15

0 : 0387

here is a test statistic , whic h refers

to a quan tit y that one can compute from the sample and

can b e directly in terpreted using a statistical table.
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Remarks

� Often the p-v alue is compared against � = 0 : 05. If p-v alue

< 0 : 05, then w e sa y

\Reject H

0

at the 5% lev el"

or

\The results are signi�can t at the 5% lev el"

� The 5% lev el is kno wn as the � -lev el. W e can ha v e di�eren t

� -lev els. Some common � -lev els are 1%, 5%, and 10%.

� The p-v alue can b e in terpreted as evidence again H

0

. The

smaller the p-v alue, the greater the evidence. Roughly , w e

can in terpret a p-v alue

{ larger than 0.10 as no evidence again H

0

;

{ b et w een 0.05 and 0.10 as w eak evidence again H

0

;

{ b et w een 0.01 and 0.05 as mo derate evidence again H

0

;

{ b et w een 0.001 and 0.01 as strong evidence again H

0

;

{ smaller than 0.001 as v ery strong evidence again H

0

.

� H

0

is either true or not true. Th us p-v alue is not P ( H

0

is true).
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Remarks

� In the fruit can example, an observ ed sample mean �y close

to 15 oz relativ e to the standard error w ould result in:

{ a large p-v alue;

{ do not reject H

0

or accept H

0

;

{ �nding H

0

plausible;

{ the data supp orting the claim.

On the other hand, an observ ed sample mean �y far b elo w

15 oz relativ e to the standard error w ould result in:

{ a small p-v alue;

{ reject H

0

or accept H

A

;

{ �nding w eak/mo derate/strong/v ery strong evidence against

H

0

;

{ the data not supp orting the claim.
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Remarks

� In general, what w e wish to establish is set up as the H

A

.

F or example:

H

0

: � = 15 ; H

A

: � < 15

If H

0

is rejected, then the suspicion is plausible. Another

example:

H

0

: � = 14 : 9 ; H

A

: � > 14 : 9

If H

0

is rejected, then the claim is plausible.

� Signi�cance testing also needs to follo w rules to b e v alid

mathematically . Here w e fo cus on

H

0

: � = �

0

for a giv en �

0

and three t yp es of H

A

H

A

: � > �

0

; H

A

: � < �

0

; H

A

: � 6= �

0
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T omato w eigh t example

A giv en v ariet y of tomato es ha v e a mean w eigh t of 30 gm and

w eigh ts are appro ximately normal with �

2

= 5

2

. A new fer-

tilizer is in tro duced and its use ma y a�ect the mean w eigh t of

tomato es (but not the v ariance). Sixteen (16) tomato es whic h

ha v e b een gro wn with the new fertilizer are w eighed and a sam-

ple mean

�

Y is calculated. W e wish to determine whether there

is evidence of an e�ect of the new fertilizer on the mean w eigh t

of the tomato es.
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T omato w eigh t example

1. Of in terest is � = p opulation mean w eigh t of this giv en

v ariet y of tomato es.

2. H

0

: � = 30 (i.e., there is no fertilize e�ect).

3. H

A

: � 6= 30 (i.e., there is a fertilize e�ect).

4. Under H

0

,

�

Y � N (30 ;

5

2

16

)

(i.e., �

�

Y

= 30 ; �

�

Y

= 1 : 25). Or the test statistic is

Z =

�

Y � 30

1 : 25

� N (0 ; 1) :

5. Supp ose the observ ed sample mean is �y = 32 : 5. Then

z =

32 : 5 � 30

1 : 25

= 2

and the p-v alue is

p � v alue = P ( Z � � 2) + P ( Z � 2) = 2 � P ( Z � 2)

= 2 � 0 : 0228 = 0 : 0456 :

6. Reject H

0

at the 5% lev el. There is w eak/mo derate evidence

against H

0

.
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Remarks

� Here H

A

is a t w o-sided alternativ e.

� The observ ed �y is 2 standard deviation ab o v e the p opulation

mean under H

0

(i.e. z = 2). If the observ ed �y w ere 2

standard deviation b elo w the p opulation mean (i.e. z =

� 2), w e w ould b e equally surprised.

� That is, if the observ ed �y is 32.5 or larger pro vides evidence

against H

0

, then so do es an observ ed �y of 27.5 or smaller.

� Decide on a one-sided v ersus a t w o-sided H

A

b efore lo oking

at the data.

� In general, use a t w o-sided H

A

unless there are strong rea-

sons to use a one-sided H

A

.

� In practice, the p opulation v ariance �

2

is not kno wn. Th us

the term

Z =

�

Y � �

� =

p

n

cannot b e calculated. W e estimate �

2

b y the sample v ari-

ance S

2

.
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Main idea

� Consider a random sample Y

1

; Y

2

; : : : ; Y

n

of size n from nor-

mal distribution N ( �; �

2

) with unkno wn � and unkno wn

�

2

.

� Supp ose the signi�cance test of in terest is:

H

0

: � = �

0

for a giv en �

0

.

� The follo wing is the test statistic

T =

�

Y � �

0

S =

p

n

� A v ery useful fact is that, under H

0

,

T � T

n � 1

where T

n � 1

is a T distribution with n � 1 degrees of freedom

(d.f.).
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T distribution

� Lik e a standard normal distribution Z , a T-distribution is

also de�ned b y a b ell-shap ed distribution curv e and is sym-

metric ab out 0.

� But a T-distribution has hea vier tails than the Z distribu-

tion curv e.

� The shap e of the distribution curv e dep ends on the sample

size n . F or larger n , the distribution curv e has thinner tails,

less spread, and more Z -lik e.

� In fact, T

1

= Z .

� The d.f. are the same as the d.f. of the sample v ariance S

2

.
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T able C

� T able C on page 410 of the blueb o ok giv es

P ( T � a )

for v arious d.f. (ro w index). The selected a v alues are inside

of T able C and the corresp onding probabilities are on the

top of T able C (column index).

� F or example,

df ... 0.10 0.05 0.025 ...

1
2

...

9 ... 1.833 ...

...

means P ( T

9

� 1 : 833) = 0 : 05.

� T able C giv es b oth upp er tail probabilities suc h as

P ( T

9

� 1 : 833) = 0 : 05

and quan tiles suc h as the 0.95

th

quan tile q

0 : 95

= 1 : 833

P ( T

9

� q

0 : 95

) = 0 : 05 :
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Wheat yield example

Six (6) 1-acre plots are so wn with a new v ariet y of wheat. The

yields are (in cut/acre):

25, 21, 24, 20, 26, 22

and are from N ( �; �

2

). Is there evidence that the p opulation

mean yield for this v ariet y of wheat di�ers from 20 cut/acre?
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Wheat yield example

� Let � = p opulation mean yield of this v ariet y of wheat.

� H

0

: � = 20 v ersus H

A

: � 6= 20 (i.e. �

0

= 20).

� Under H

0

, the test statistic is

T =

�

Y � �

0

S =

p

n

� T

n � 1

� Here n = 6 ; �y = 23 ; s = 2 : 37.

� The observ ed test statistic is

t =

�y � �

0

s=

p

n

=

23 � 20

2 : 37 =

p

6

= 3 : 10 :

on d.f. = n � 1 = 5.

� Th us the p-v alue is

p � v alue = 2 � P ( T

5

� 3 : 10) :

Since 0 : 01 < P ( T

5

� 3 : 10) < 0 : 025 from T able C, the

p-v alue is b et w een 0.02 and 0.05.

� Reject H

0

at the 5% lev el, but not at the 1% lev el. There

is mo derate evidence against H

0

.
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Remarks

� An observ ed sample mean �y close to 20 relativ e to the stan-

dard error w ould result in:

{ a small j t j and a large p-v alue;

{ do not reject H

0

or accept H

0

;

{ �nding H

0

plausible;

{ the data supp orting H

0

.

On the other hand, an observ ed sample mean �y far from 20

relativ e to the standard error w ould result in:

{ a large t and a small p-v alue;

{ reject H

0

or accept H

A

;

{ �nding w eak/mo derate/strong/v ery strong evidence against

H

0

;

{ the data not supp orting H

0

.

� This is kno wn as a t-test.
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Milk yield example

A farmer wishes to sell a herd in Wisconsin and claims that

the mean milk yield of co ws in this p opulation is at least 40

lbs/da y . But there is suspicion ab out this claim. Consider milk

yield in lb/da y for fourteen (14) co ws from this herd on a giv en

da y . Assume that data form a random sample of size 14 from

normal distribution N ( �; �

2

).
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Milk yield example

� Let � = p opulation mean milk yield of this herd.

� H

0

: � � 40 v ersus H

A

: � < 40 (i.e. �

0

= 40).

� Under H

0

, the test statistic is

T =

�

Y � �

0

S =

p

n

� T

n � 1

� Supp ose the observ ed �y = 36 : 2 ; s

2

= 95 : 26. Then the ob-

serv ed test statistic is:

t =

�y � �

0

s=

p

n

=

36 : 2 � 40

p

95 : 26 = 14

= � 1 : 46

on d.f. = n � 1 = 13.

� Th us the p-v alue is

p � v al ue = P ( T

13

� � 1 : 46) ;

whic h is b et w een 0.05 and 0.10.

� Reject H

0

at the 10% lev el but do not reject H

0

at the 5%

lev el. There is w eak evidence against H

0

.
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Remarks

� If H

0

: � = 40 is rejected, then an y �

0

ab o v e 40 will also b e

rejected.

� Again the issue of one-sided alternativ e v ersus t w o-sided al-

ternativ e as for signi�cance tests with kno wn � .

� Assumptions on a t-test:

1. Y

1

; : : : ; Y

n

form a random sample of size n from N ( �; �

2

).

2. �

2

is unkno wn (i.e., no assumption).

3. an y sample size n (i.e., no assumption).

� T-test is robust for non-normalit y , but is v ery sensitiv e to

dep endence.
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Coin toss example

T oss a coin 100 times indep enden tly . Let Y = # of heads and

Y � B (100 ; p ). P erform a signi�cance test on whether p is 0.65

or not.

� The parameter of in terest is the probabilit y of heads p .

� H

0

: p = 0 : 65 v ersus H

A

: p 6= 0 : 65.

� Under H

0

, w e ha v e Y � B (100 ; 0 : 65) with �

Y

= 65 ; �

2

Y

=

22 : 75 = (4 : 77)

2

.

� Supp ose the observ ed # of heads is y = 74. Then the p-

v alue is P ( Y � 74) + P ( Y � 56)

� T o compute the p-v alue, w e use normal appro ximation with

Y

NA

� N (65 ; (4 : 77)

2

) : Th us Z =

Y

NA

� 65

4 : 77

� N (0 ; 1) and the

appro ximate p-v alue is

P ( Y � 74) + P ( Y � 56) = P ( Y

NA

� 74) + P ( Y

NA

� 56)

= P ( Z � 1 : 89) + P ( Z � � 1 : 89)

= 2 � 0 : 0294 = 0 : 0588 :

� Reject H

0

at the 5% lev el, but not at the 10% lev el. There

is w eak evidence against H

0

.
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Remarks

� W e could ha v e used binomial distribution directly to com-

pute an exact p-v alue, but hand calculation is tedious.

P ( Y � 74) + P ( Y � 56) = p (0) + � � � + p (56) + p (74) + � � � + p (100) = 0 : 0741 :

� W e could ha v e used the prop ortion of heads as the test

statistic

^p =

Y

n

with an appro ximate normal distribution

^p

NA

� N ( p;

pq

n

) :

� In the coin toss example, ^p

NA

� N (0 : 65 ; (0 : 0476)

2

) under

H

0

. Th us

Z =

^p

NA

� 0 : 65

0 : 0476

� N (0 ; 1) :

Since the observ ed ^p = 74 = 100, the p-v alue is

2 � P ( ^p � 0 : 74) � 2 � P ( Z �

0 : 74 � 0 : 65

0 : 0476

)

= 2 � P ( Z � 1 : 89) = 0 : 0588 :

Same p-v alue as b efore!
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Remarks

� W e can use the normal appro ximation, b ecause np = 65 ; nq =

35 are b oth larger than 5.

� If np < 5 or nq < 5, then w e cannot use normal appro xi-

mation.

� F or example, for Y � B (10 ; p ), w e wish to test:

H

0

: p = 0 : 2 v ersus H

A

: p < 0 : 2.

Under H

0

, Y � B (10 ; 0 : 2). Since np = 2 < 5, w e cannot

use normal appro ximation. Instead use binomial distribu-

tion directly .

� Supp ose the observ ed y = 0. Then the p-v alue is

P ( Y � 0) = (0 : 8)

10

= 0 : 107 :

Th us there is no/w eak evidence against H

0

.

� If H

A

: p 6= 0 : 2, then w e de�ne p-v alue as

2 � P ( Y � 0) = 2 � 0 : 107 = 0 : 214 :

� Note that there is no

�

Y in v olv ed. The r.v. of in terest is

Y � B ( n; p ).
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Main idea

� Consider a random sample Y

1

; Y

2

; : : : ; Y

n

of size n from an

arbitrary distribution D ( �; �

2

) with unkno wn � and un-

kno wn �

2

.

� Recall the CL T,

�

Y � N ( �;

�

2

n

) :

� Since for large n , S

2

� �

2

, a useful fact is that

�

Y � �

S =

p

n

� N (0 ; 1) :

� Supp ose the signi�cance test of in terest is:

H

0

: � = �

0

for a giv en �

0

.

� The follo wing test statistic

�

Y � �

0

S =

p

n

is appro ximately N (0 ; 1).
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Signi�cance T ests Using CL T

Remarks

� If the distribution is normal, then regardless of the sample

size n ,

�

Y � �

0

S =

p

n

� T

n � 1

and the distribution is exact, not appro ximate.

� If n is large, then T

n � 1

is more and more lik e N (0 ; 1). Th us

the new fact here is consisten t with the previous results.
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Chec k w eigh t example

A scale is used to w eigh a c hec k w eigh t. Ov er the y ears, the

w eigh t is 40.6 gm. After a lab �re, the scale is re-tested to see if

it is a�ected b y the �re. One h undred (100) measures are tak en

and the observ ed �y = 41 : 6 ; s = 5.

� Let � = mean w eigh t of the c hec k w eigh t after the �re.

� H

0

: � = 40 : 6 v ersus H

A

: � 6= 40 : 6 (i.e. �

0

= 40 : 6).

� By the CL T, under H

0

,

Z =

�

Y � �

0

S =

p

n

� N (0 ; 1) :

� Th us the observ ed test statistic is

z =

41 : 6 � 40 : 6

5 =

p

100

= 2 : 0 :

and the p-v alue is

2 � P ( Z � 2 : 0) = 2 � 0 : 0228 = 0 : 0456 :

� Reject H

0

at the 5% lev el, but not the 1% lev el. There is

w eak/mo derate evidence against H

0

.
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A quic k summary

Y

1

; : : : ; Y

n

�

2

test on test stats test is

N ( �; �

2

) kno wn � Z =

�

Y � �

� =

p

n

exact

� N (0 ; 1)

D ( �; �

2

) kno wn � Z =

�

Y � �

� =

p

n

appro ximate

n is large � N (0 ; 1)

N ( �; �

2

) unkno wn � Z =

�

Y � �

S =

p

n

exact

� T

n � 1

D ( �; �

2

) unkno wn � Z =

�

Y � �

S =

p

n

appro ximate

n is large � N (0 ; 1)

B ( n; p ) np � 5 p Z =

Y

NA

� �

Y

�

Y

appro ximate

nq � 5 � N (0 ; 1)

�

Y

= np

�

2

Y

= npq
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Another quic k summary

Y

1

; : : : ; Y

n

n � kno wn � unkno wn

N ( �; �

2

) small Z T

N ( �; �

2

) large Z T

D ( �; �

2

) small no general result no general result

D ( �; �

2

) large Z b y CL T Z b y CL T
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Another lo ok at the � -lev el

� Recall that � is the lev el of signi�cance testing. F or example,

� = 0 : 01 ; 0 : 05 ; 0 : 10.

� In signi�cance testing, w e can mak e t w o t yp es of mistak es:

{ T yp e I error: reject H

0

when H

0

is true.

{ T yp e I I error: accept H

0

when H

A

is true.

� Then the probabilit y of t yp e I error is � .

� In the milk yield example, under H

0

: � = 40, from T able

C,

� = 0 : 05 = P ( T

13

� � 1 : 771 j H

0

)

� The observ ed t = � 1 : 46 and the p-v alue is b et w een 0.05

and 0.10.

� Do not reject H

0

at the 5% lev el, b ecause the observ ed t is

ab o v e -1.771.

� This is another w a y of thinking ab out signi�cance testing.

� W e will return to this later on.
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Key R commands

> #fruit can example p-value

> pnorm(14.9, mean=15, sd=0.3/sqrt(60), lower.tail=T)

[1] 0.004911637

> #tomato weight example p-value

> 2*pnorm(32.5, mean=30, sd=5/sqrt(16), lower.tail=F)

[1] 0.04550026

> #wheat yield example

> wheat = c(25, 21, 24, 20, 26, 22)

> t.test(wheat, mu=20, alternative="two.si de d ")

One Sample t-test

data: wheat

t = 3.1053, df = 5, p-value = 0.02669

alternative hypothesis: true mean is not equal to 20

95 percent confidence interval:

20.51658 25.48342

sample estimates:

mean of x

23

> #alternatively

> wheat.ybar = mean(wheat)

> wheat.s = sd(wheat)

> wheat.n = length(wheat)

> wheat.mu = 20

> wheat.t = (wheat.ybar-wheat.m u) / (w he at .s /s q rt (w he at . n) )

> wheat.t

[1] 3.105295

> 2*pt(wheat.t, wheat.n-1, lower.tail=F)

[1] 0.02669259
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Key R commands

> #milk yield example

> milk.ybar = 36.2

> milk.s = sqrt(95.26)

> milk.n = 14

> milk.mu = 40

> milk.t = (milk.ybar-milk.mu )/ (m i lk .s /s qr t( m il k. n) )

> milk.t

[1] -1.456774

> pt(milk.t, milk.n-1, lower.tail=T)

[1] 0.08445275

> #coin toss example

> #exact p-value

> pbinom(56, size=100, prob=0.65, lower.tail=T)+pbino m (7 3, size=100, prob=0.65, lower.tail=F)

[1] 0.07405748

> #normal approximation

> 2*pnorm(74, mean=100*0.65, sd=sqrt(100*0.65*0 .3 5) ,l o we r. ta il =F )

[1] 0.05917207

> #success proportion

> 2*pnorm(74/100, mean=0.65, sd=sqrt(0.65*0.35/ 10 0) ,l o we r. ta il =F )

[1] 0.05917207

> #check weight example

> 2*pnorm(41.6, mean=40.6, sd=5/sqrt(100), lower.tail=F)

[1] 0.04550026
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