Example 6.6 (The sum of squares decomposition for univariate ANOVA)
Consider the following independent samples.

Population 1: 9, 6,9
Population 2: 0, 2
Population 3: 3,1,2

Since, for example, x; = 3 +1+2)/3=2andx=(9+6+9+0+
2+ 3+ 1+ 2)/8 =4, we find that

3=x3 =%+ (X3 —X) + (x33 — X3)
=4+ 2-4H+3B-2
=4+ (-2)+1

Repeating this operation for each observation, we obtain the arrays

9 6 9 4 4 4 4 4 4 1 -2 1
0 2 =14 4 +(-3 -3 +|-1 1
312 4 4 4 -2 -2 -2 1 -1 0
observation = mean + treatment effect + residual
(xej) (=) (x¢ — x) (xej - %)

The question of equality of means is answered by assessing whether the
contribution of the treatment array is large relative to the residuals. (Our esti-

4
mates 7, = X, — x of 7, always satisfy Y, n,7, = 0. Under H,, each 7, is an
e=1
estimate of zero.) If the treatment contribution is large, H, should be
rejected. The size of an array is quantified by stringing the rows of the array
out into a vector and calculating its squared length. This quantity is called the
sum of squares (SS). For the observations, we construct the vector
y =1[9,6,9,0,2,3, 1, 2]. Its squared length is
SSp =P + 62+ P+ 02 +22+32+12+22=216
Similarly
SSpean =X +# + 8 + 2+ 2+ 4+ 4+ 4=8#)=128

SS, = # + 4+ £ + (=32 + (=32 + (-2 + (-2)* + (-2)

= 3(4%) + 2(-3)% + 3(-2)* = 78



and the residual sum of squares is
SSis = 1P+ (=22 + 12+ (-1’ + 12+ 12+ (-1)> + 0* = 10

The sums of squares satisfy the same decomposition, (6-30), as the observa-
tions. Consequently,

Ssobs = Ssmean + Sstr + Ssres

or 216 = 128 + 78 + 10. The breakup into sums of squares apportions vari-
ability in the combined samples into mean, treatment, and residual (error)
components. An analysis of variance proceeds by comparing the relative sizes
of SS,; and SS,,. If H,) is true, variances computed from SS,; and SS,,, should
be approximately equal. ]

The sum of squares decomposition illustrated numerically in Example 6.6 is
so basic that the algebraic equivalent will now be developed.
Subtracting x from both sides of (6-30) and squaring gives

gy = %) = (% — X)* + (x5 — X)* + 2(%, - X) (X¢j = X¢)

e
We can sum both sides over j, note that 3, (x¢; — x¢) = 0, and obtain
j=1

n, e
2 (xt’j -x)= ne(xe — x)* + E (xej - ’_‘e)z
j=1 j=1

Next, summing both sides over € we get

> 2 (g = 3 = D~ 7+ 2 (e — %) (631)

=1

o oo) = ss, )+ (o )
total (corrected) SS between (samples) SS within (samples) SS

or

g N g g n
2 2=ty o+ n)xX% + X n (e — X + X (xe; — X¢)?
e=1j=1 =1 é=1j=1

(Ssobs ) = (Ssmean) + (Sstr) + (Ssres) (6'32)



Yec. 6.4 (Lomparing Several Multivariate Population Means (One-Way Manova) 319

ANOVA TABLE FOR COMPARING UNIVARIATE POPULATION MEANS

Source Degrees of
of variation Sum of squares (SS) freedom (d.f.)

g

Treatments SSe = X, ne(x, — x)? g-1
e=1

Residual g g

(EI'I'OI') Ssres = E 2 (xfj - fe)z 2 ne — 8
e=1j=1 7=

Total (corrected g n P

for the mean) SSeor = 2, > (xg; — X)? > -1
é=1j=1 =1

The usual F-test rejects Hy: 7y = 7, = -+ = 7, = 0, at level e if
SS./(g — 1)

F =

g > Fg—l,znl—g(a)
Ssres/(; ne = g)
=1

where F,_, 5, () is the upper (100a)th percentile of the F-distribution with
g — 1 and 3n, — g degrees of freedom. This is equivalent to rejecting H, for large
values of SS,/SS,., or for large values of 1 + SS,,/SS,.,. The statistic appropriate
for a multivariate generalization rejects H,, for small values of the reciprocal

1 _ SS..;
1+ 55,/5S, S5, + SS, (633)

Example 6.7 (A univariate ANOVA table and F-test for treatment effects)
Using the information in Example 6.6, we have the following ANOVA table:

Source
of variation Sum of squares Degrees of freedom
Treatments SS,, =78 g—-1=3-1=2
g
Residual SS,. = 10 >n-g=0B3+2+3-3=5
e=1

g
Total (corrected) SS..; = 88 Sn—-1=7
e=1






