Larget — Statistics/Mathematics 309 Solution to Exam 8A April 17, 2009

Name:

1. (4 points) If s = (z1,22,...,2y) is an ii.d. sample from a Binomial(2,6) distribution, find the maximum
likelihood estimator of 6.

Solution: The likelihood is
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The log likelihood is

log (H (j)) +nZlogh + n(2 — z)log(l — 0).
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when 0 < § < 2. When & = 0, the likelihood is (1 — (9)2" which decrease§, so the maximum is & = 0 and when
T = 2, the likelihood is 62" which increases and achieves its maximum at § = 1. Thus, § = Z/2 is the maximum
likelihood estimator for all samples.

2. Assume that X; ~ i.i.d. Binomial(2,6,) for i = 1,...,10 and that ¥; ~ i.i.d. Binomial(2,65) fori =1,...,10
and that the samples s; = (z1,z2,...,710) and s2 = (y1,¥2,...,y10) are independent of each other. The
parameter space is Q = {0 = (601,02) : 0 < 01,02 < 1}. The observed data is s; = (0,0,0,0,0,1,1,1,1,0) and
s2=(0,1,0,1,1,1,2,2,1,1).

(a) (5 points) Write an expression for the log-likelihood log fy(s) under the full model in terms of #; and 6
for the data s = (s1, s2). Use the result from problem 1 to give numerical estimates for the maximum
likelihood estimates of §; and 6 and for maxgeq log fo(s).

Solution:
For two independent samples, the likelihood is the product of the likelihoods for each sample and the log-
likelihood is the sum of the two log-likelihoods. We can plug in to the expression above, noting that z = 0.4
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(b)

s0 0 = 04/2=0.2andy=1so by = 1/2 = 0.5. The log-likelihood is the following.

log fo(s) = log fo,(s1) + log fo,(s2)
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41og(2) 4+ 410og(0.2) + 1610g(0.8) + 6log(2) 4+ 101og(0.5) + 101og(0.5)
= —16.9395

(5 points) A null model assumes that §; = 6a: let v be this common value. Write an expression for the
log-likelihood log f(s) under this null model in terms of 7. For this null model, use the result from prob-
lem 1 to give numerical estimates for the maximum likelihood estimate for v and for maxgeq, log fo(s)
where Qy = {9 = (91,92) :0< 01,0, <1,60, = (92}

Solution: For the null model, we can combine the two samples into one, which has a combined sample mean
of 14/20 = 0.7. The estimated parameter is 4 = 0.7/2 = 0.35. The log-likelihood is then
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= 10log2 + 1410g(0.35) + 261og(0.65) = —18.9664

(4 points) Find a numerical value for the test statistic for the likelihood ratio test of null hypothesis
Hy: 01 = 05 versus alternative H4: 01 # 05.
Solution: The test statistic is —2log A = —2(—18.9664 — —16.9395) = 4.0537.

(2 points) Circle choices or fill in the blanks. The p-value for this hypothesis test is equal to the area
to the RIGHT of 4.0537 below the density of a chi-square distribution with 1 degree of freedom.




