Larget — Statistics/Mathematics 309 Solution to Exam 6A February 27, 2009

An iid. sample Xi,..., X, is taken from a distribution F with density fa(z) = (63/2)z *¢=%/* for z > 0
where 6 € Q = (0,00) is an unknown parameter. For this distribution, E(X) = #/2 and Var(X) = 6% /4.

1. (6 points) Find the maximum likelihood estimate (MLE) 6 of .

Solution:
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Note that the second partial derivative is 6249(29) = —3n6"2<0, so 6 is a maximum of the likelihood.
2. (6 points) For sample s = (1, ...,2,), show that T(s) = 3.1 , 2; ! is a minimal sufficient statistic.

Solution: We can write the likelihood as
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so by the factorization theorem, T((s) = Y7 x; ' is a sufficient statistic. To show it is a minimal sufficient
statistic, let s = (x1,...,2,) and s2 = (y1,...,yn) be two samples. If the likelihood ratio L(0|s1)/L(0] s2)
does not depend on 6, then
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does not depend on 6 which implies that >°7_ ;1 — S°7 v ' = 0, or that T((s1) = T(s2). Thus T(s) is a
minimal sufficient statistic.

3. (5 points) An alternative estimate of 6 is 6 = 2z. Find the bias, variance, and mean square error of 6.

Solution:
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Var(d) = Var(2X) = zn:Var(Xi) _ (;) (”ZQ> _

As the bias is 0, the MSE is the variance,

4. (2 points) It is a fact that Y = S_7 | X; ! ~ Gamma(3n, #). The corresponding density is
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for y > 0. Find the bias of the MLE.

Solution: Since the MLE is 3n/ Y"1, z; ' which has the same distribution as 3n/Y’, where Y ~ Gamma(3n, 6),
the bias is equal to E(3n/Y") — 0.
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So the bias is
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5. (1 point) You may assume that Var(0) = 9n262/((3n—1)%(3n —2)). Find an expression for MSE(#) /MSE()
in terms of n. If n = 10, does # or # have a smaller mean square error?

Solution: Since the MSE is the bias squared plus the variance,

. 0 \? 0%(9n2+3n—2) 0%(3n + 2)
MSE(9) = 9n%6%/((3n — 1)*(3n — 2 = = :
(6) = 9767/ ((3n = 1)"(3n ))+<3n—1> Bn-12Bn—2)  (3n—1)(3n—2)
The ratio is _
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which is equal to % when n = 10. Despite having a bias, the MLE has a much smaller MSE than the unbiased

estimate 6.



