Larget — Statistics/Mathematics 309 Practice Exam April 20, 2009

These problems are more appropriate for homework than an exam as they are messy.. ..
In a Bayesian model, X1, ..., X, | # ~ N(u, 5%) with prior distribution p ~ N(100, 102).

1. What is E(X7)?
Solution: E(X;) = E(E(Xy |p)) = E(p) = 100.

2. Write an expression for P (X; > 110).

Solution: The conditional probability P (X; > 110 | u) is 1 — ®((110 — u)/5), and the answer is to average this
expression against the prior density.

P(X; >110) = /OOP(X1>110|M)7T(;L)d,u
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It turns out that it is possible to simplify this expression. Here is the solution to a general problem of finding
P(X <t) where X | ~ N(u,0%) and p ~ N(uo,08). The solution uses this algebraic identity found by
completing the square,

au—@2+wu—dﬁz<w+w(u—“gj?ﬁ2+(afb)@—dﬁ

and also this algebraic identity relating sums of variances and their sums of their reciprocals.

O’O’o\/O'_2+O'O_2 = \/02+0(2)

This derivation leaves out a lot of the algebra, but proceeds by switching the order of integration and writing the
inner integral in terms of a normal density.
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P <t = [ PUX<t]n)nln)du
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Note that this derivation implies that the marginal distribution of X is X ~ N(ug,0? + 08).

It follows that the numerical answer to the original problem is then P (X; > 110) = 1—-®((110—100)/4/100 + 25)
1 — &(0.8944) = 0.1855.

3. Suppose that for sample s, n = 50 and £ = 92. Find the posterior density of u.

Solution:
m(pls) oo w(w)fu(s)
x e (1—100)%/(210%),—(50/2:5)(92—p)*
e (H—h1)?/(2n)
where
= m 100 + l 92 = 92.0398
Fr=1\3%01 001)°°~ 7~
and .
1 50\
= — 4+ = =04
n (100+25> 0.4975

which implies that 1| s ~ N(u1,7).

4. Write an expression for P (X5 > 110]s).
Solution: Here we integrate the probability against the posterior density instead of the prior density.
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P (X5 >110|5):/ P (Xs1 > 100 ) (s | 5) dps
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By the work from before, X5 | s ~ N(j1, 0% + 1) which for this data implies that X351 | s ~ N(92.0398,25.4975)
so the probability is 1 — ®((110 — 92.0398)/1/25.4975) = 1 — ®(3.557) = 0.00019.



