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Solution to Assignment #14

1. (ANOVA Theory)

(a) Show that E(S0, Yy (4 — 5)%) = - a)o?.

i
ii.

iii.

Show that Yij — Yi = (yz] 61) - k 1(yzk /82)

Show that E((yi; — 5:)(yir — 51)) is 0 when j # k and 0% when j = k.

Evaluate E(D 5L, >0 (vij — 7:)?) by making the substitution to represent the data in terms of
ij — Bi, square the expression (keeping y;; — f; together!), exchange the order of summation and

expectation, and simplify.

Solution: Here is a complete derivation. Begin by writing everything in terms of the independent variables
yi; and centering these random variables by subtracting their means.

i — g, k=190
Yi; — Yi ij i
Yoriy Yik — Bi + B
— o — B+ 8; — =
Yij 51 ﬁz g

1

Next, square this expression and simplify.

N2
(yij —5:)* = <(y,~j ~B) - W)
= (i — Bi)* -2 <(ym’ - ﬁz)zk 1y”“ ) <Zk | Yik — >2
= (v =B’ - 3 (is — B + Y (vig — Bi) (i — B:) | + iz (Yik — Bi) (Yim — Bi)
" k7 " =1 m=1
Note that

(yzj ﬁz) = Var(yij) = 02

and that when j # k

E(yi; — Bi)(yir — Bi) = E(yij — Bi)E(yix — Bi) =0

since the expected value of a product of independent random variables is the product of the expectations
and E(y;; — ;) = 0. It follows that

E(yij —9:)° = 0% — —a® + ﬁ(m’(ﬂ) =0 -0
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To finish the derivation,

a Mg a uz

E(D D -9 = DD E(wi—w)?)

i=1 j=1 i=1 j=1

a n; 1
- 23 ()

i=1 j=1 i

a

= Z (niUQ — 02)
i=1
= no’—ac?

= (n— a)02

(b) Show that E(}% ; ni(5; — §)?) = (a— 1)o? + >0, ni(B; — B)* where 8 =3¢ | (n;/n)G; is the weighted
mean of the means from each normal distribution.
i. Show that g; — 5 = (5 — B;) + (B = B) — 3 5= (55 — B)-
ii. Make the above replacement and square out the trinomial expression (A + B — C)? = A2 + B? +
C? +2AB - 2AC - 2BC.
iii. Multiply by n; and take expectations, recalling that E(y; — 3;) = 0, E(% — (3:)? = o2/n;, and
E(yi — Bi)(y; — B;) = 0 when i # j since §; and gy; are then independent. This shows that
E(ni(9i — 9)*) = ni(Bi — 6)* + 0*(1 — ni/n).
iv. Take the final sum, and simplify to complete the problem.
(c) Conclude (3 7, zy;l(yij—gi)Q)/(n—a) is an unbiased estimator of o2 for any {(3;}, but that >°¢_; n; (g —
7)? is an unbiased estimator of o2 only if the {f3;} are all equal.

Solution: The solution begins again by writing the expression in terms of independent random variables (the
sample means) and centering them all.

a Nl 2
Wi —9)° = (wzj:l ]y]>

n
S i (55 — B +ﬁj)>2

n

= (gi—ﬁrl-ﬁi—

= <(ﬂz‘—ﬁz‘)+(@'—ﬁ)—zj_l ]iy] 6])>

where "
Zj:l ;3

n

8=

is the weighted average of the (possibly different) means from each group. Next square out the terms and




Statistics/Mathematics 310 Larget May 7, 2009

rearrange.

a n; e — . 2
@—9)? = (@-—@)M(ﬁi_g)u(&:l i(9; ﬂg))

m@rﬁM@—m—%m—m<ZF”ﬁ%_@v—%m—m(ZFﬂﬁ%_@ﬁ
= (gz_ﬁz)Q +7222n]nk2 ﬁ] yk_ﬁk)
7=1 k=1

+2(5; — Bi)(Bi — B) — 2(9i — Bs) (Zj:l "jqiﬂj - ﬂj)) 25— ) <Zj=1 ”jT(L@?j - Bj))

Taking expectations and simplifying using E((4; — ;) (9; — 3;)) = Var(J;) = 0?/n; when i = j and 0 otherwise
results in this expression.

B _ o? 2n,;02
B -9 = —+( +—22n (0% /nj) +0— == —0
o? 02
- B-pP+ -2
n; n

Thus, the expected value of the numerator mean square is

E (Z ni(y;i — y)2) = ZniE(?J
i=1 i=1

=1 T

= 2 (”i(ﬁi—ﬁ)ng 22 >
i=1

= ao? -0+ an‘(ﬂz B)*

=1

= (a—1)o +an i

Thus,

£ (Z?:1 ni(Ji — 1?)2) _ 2y = MilBi = p)?

a—1 a—1

and is an unbiased estimate of o2 when f3; = 3 for all .




