Statistics/Mathematics 310 Larget February 13, 2009

Solutions to Assignment #3

Solution:

Normal sample from N(3,2).
> x = rnorm(1000, 3, sqrt(2))
Two histograms with different width intervals.

> library(lattice)
> print(histogram(~x, breaks = seq(-5, 10, 1)))

15 ~

10 -

Percent of Total

> print(histogram(~x, breaks = seq(-5, 10, 0.1)))

Percent of Total

A density plot for comparison.

> print (densityplot(~x))
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A box-and-whisker plot.

> print (bwplot(“x))

Some numerical summaries.

> fivenum(x)

[1] -1.496412 1.969921 2.984676 3.973052 7.936133
> mean(x)

[1] 2.970241

> sd(x)

[1] 1.428932

> var(x)

[1] 2.041847
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> median(x)
[1] 2.984676

2. Do Exercise 5.5.5 using R.

Solution: The empirical function is the proportion of data less than or equal to x.

>x =c¢(1, -1.2, 0.4, 1.3, -0.3, -1.4, 0.4, -0.5, -0.2, -1.3, 0,
+ -1, -1.3, 2, 1, 0.9, 0.4, 2.1, 0, -1.3)

> plot(ecdf (x))

> median (x)

(11 0

q0.25 = quantile(x, 0.25)
q0.75 = quantile(x, 0.75)

igr = q0.75 - q0.25

F1 = sum(x <= 1)/20
print(c(q0.25, q0.75, iqr, F1))
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3. For a statistical model {fyg(s) : 0 € Q} with sufficient statistic T'(s), prove that for any two parameter values
01,02 € Q and for any two data samples s; and sy such that T'(s1) = T'(s2) that

L(01|s1) _ L(61]s2)
L(O2]s1)  L(62]s2)

Solution: Let T'(s) be a sufficient statistic and let s; and s2 be two samples such that T'(s1) = T'(s2). Then, by

the definition of sufficiency,
L(0]s1)

L(0]s2) cls1,52)
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for all 8. In particular, this ratio is equal if we plug in 61 or 3. Hence,

L(@l ’ 81) _ L(92 ’ 31)
L(@l | 82) L(92 ’ 82)

and if we rearrange factors,

L(01]s1) _ L(61]s2)

L(02]s1)  L(62]s2)

which completes the proof.

4. Let Xy,...,X, be an i.i.d. sample of size n from a Uniform(—#6, ) distribution.

(a)

Find a minimal sufficient statistic for 6.

Solution: The likelihood function is

1
29> L{—p<a,<0}
1

L1 26

<> Lz, |<6}
=1

7

= (29)_n1{maxi |$1‘§0}

L]s) = ﬁ(

[y

By the factorization theorem, max; |z;| is a sufficient statistic. Furthermore, for samples s1 = (z1,...,2y)
and s2 = (y1,...,Yn), if the likelihood ratio

L(e | 51) _ (20)_n1{maxi |x;| <0}
L(0]s2)  (20)""Limax, jy;|<0}

does not depend on 6, it must be the case that the numerator and dominator are non-zero for the same
range, so that max; |x;| = max; |y;| which implies that max; |x;| is a minimal sufficient statistic as well.

Find a maximum likelihood estimate of 6.

Solution: Note that L(€|s) = (20) "1 max, |;|<6} 1S zero for 6 < max; |z, is positive for 6 = max; |z],
and is a decreasing function in the interval (max; |z;|,00). This latter statement can be shown explicitly by
either taking the derivative

dL(0|s)

w0 - —2n(20)""1 <0 for # > maxz;

or by showing for any numbers 61, 02 where max; |z;| < 01 < 05 that L(61|s)/L(02|s) = (62/61)" > 1 for
n>1.

5. Let ag be a known fixed constant and let X4,...,X,, be an i.i.d. sample from a Gamma distribution with
density for a single observation

fo(x) = — % e for 2 >0,60>0.
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(a)

Find a minimal sufficient statistic for 6.

Solution: The likelihood is

o = it ({7 o=

=1

and by the factorization theorem, T'(s) = > ", z; is sufficient. (Note that if oy were unknown, then the
sum would not be sufficient.)

If s1 = (x1,...,2,) and s2 = (y1,...,Yn) are two samples and if the ratio
LO[s1) _ ( —orsr wies w0 (TTrm /0 yao—1
L(Q‘ 52) = (e 1 1 ) il;Il(CCz/yz)

does not depend on 6, then it must be the case that Y ;" , z; = > y;. Thus, T'(s) = > ;| z; is a minimal
sufficient statistic.

Find a maximum likelihood estimate of 6.

Solution:

L(0]s) = (Ff:;;)n (H x?”‘l) o2

=1

00]s) = naglog(f) —nlog(T'(ag)) + (ap — 1) Zlog(mi) - 92:@
i=1 i=1

olb|ls)  na - o
20— 0 ;xo

«

D>
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6. Let X1,...,X, be an i.i.d. sample from a Beta(f, 1) distribution.

(a)

Find a minimal sufficient statistic for 6.

Solution: The likelihood for the sample is

n 0—1
L(]s) =6 (H x>
=1

so [[ x; is a sufficient statistic by the factorization theorem. Note that [[" ;z; = exp(} ;- log(z;))
which implies that > | log(z;) is also a sufficient statistic.
To show this is a minimal sufficient statistic, let s; = (z1,...,2,) and s3 = (y1,...,yn) be two samples. If

the likelihood ratio 0-1
LOs) _ (vr.
L@]s) (H(x’/ y’)>
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does not depend on 6, it must be that
n n
H T = Hyz'
i=1 i=1

which proves that T'(s) = [~ z; is a minimal sufficient statistic.

(b) Find a maximum likelihood estimate of 6.

Solution:




