
STAT/MATH 309 Solution 8

1 Solutions for HW8

1:(a)Since X and Y are independent, fX,Y (x, y) = fX(x)fY (y) = 1
24

xy4e−(x+y), x > 0, y > 0.
(b)W > 0, 0 < Z < 1
(c)X = WZ,Y = W (1− Z),|J | = W ,
fW,Z(w, z) = w 1

24
wzw4(1− z)4e−(wz+w(1−z)) = 1

24
w6z(1− z)4e−w, w > 0, 0 < z < 1.

(d)fW (w) =
∫ 1

0
fW,Z(w, z)dz = 1

6!
w6e−w, w > 0

fZ(z) =
∫ ∞

0
fW,Z(w, z)dw = 6!

2!5!
z(1− z)4,0 < z < 1.

(e)Since fW,Z(w, z) = fW (w)fZ(z),W is independent of Z.

2:(a)Since X is independent of Y, fX,Y (x, y) = fX(x)fY (y) = 1
2π

e−
x2+y2

2 ,x ∈ R, y ∈ R
(b)Let X = R cos θ,y = R sin θ, then r > 0,θ ∈ [0, 2π) and |J | = r,
so fR,θ(r, θ) = r

2π
e−r2/2,r > 0,

so fR(r) =
∫ 2π

0
fR,θ(r, θ)dθ = re−r2/2,r > 0.

3:(a) Y |X ∼ Bin(X, 1/3), X ∼ Bin(5, 0.2), So

P (X = x, Y = y) = P (X = x)P (Y = y|X = x) =

(
5

x

)
0.2x0.84−x

(
x

y

)
(1/3)y(2/3)x−y

0 ≤ y ≤ x ≤ 5

(b): the marginal of Y is∑5
y P (X = x, Y = y), by calculation, Y ∼ Binomial(5, 1/15).

4:Note that for an exponentially distributed random variable with parameter λ, the c.d.f
is FX(x) = 1− e−λx,
(a) Fx(1)(x) = 1−

∏n
i=1 P (Xi > x) = 1− e−

∑n
i=1 λix,x > 0.

(b) fx(1)(x) = F ′
x(1)(x) = (

∑n
i=1 λi)e

∑n
i=1 λix, x > 0.

(c) Fx(n)(x) =
∏n

i=1 P (Xi < x) =
∏n

i=1(1− e−λix), x > 0.
(d) Since λi = λ, then Fx(n)(x) = (1−e−λx)n, fx(n)(x) = F ′

x(n)(x) = nλe−λx(1−e−λx)n−1, x >
0.

5:(a) The joint distribution of X and Y is

X=0 1 2 3
Y=0 1/24 1/24 0 0

1 1/24 3/24 2/24 0
2 0 2/24 3/24 1/24

3 0 0 1/24 1/24

fX(x) 2/24 6/24 6/24 2/24
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(b)The marginal density PY |X(y|x) = P (X=x,Y =y)
P (X=x)

So P (Y = 0|X = 1) = 1/6,P (Y = 1|X = 1) = 1/2,P (Y = 2|X = 1) = 1/3.

6:

fX,Y (x, y) =
1

2π
√

1− ρ2
e
−x2−2ρxy+y2

2(1−ρ2)

Note: x2 − 2ρxy + y2 = (y − ρx)2 + (1− ρ2)x2, so the marginal density of X is

fX(x) =

∫ ∞

−∞
fX,Y (x, y)dy

=

∫ ∞

−∞

1

2π
√

1− ρ2
e
− (y−ρx)2+(1−ρ2)x2

2(1−ρ2) dy

=
1√
2π

e−x2/2

∫ ∞

−∞

1√
2π(1− ρ2)

e
− (y−ρx)2

2(1−ρ2) dy

=
1√
2π

e−x2/2(Note the integral part is the density of Norm(ρx, 1− ρ2), Sotheintegrationis1)

X ∼ N(0, 1), Similarly, we have Y ∼ N(0, 1)
”=>” We know X and Y are independent. So fX,Y (x, y) = fX(x)fY (y)

1

2π
√

1− ρ2
e
−x2−2ρxy+y2

2(1−ρ2) =
1√
2π

e−x2/2 ∗ 1√
2π

e−y2/2

So ρ = 0
”<=” , we have ρ = 0. So

fX,Y (x, y) =
1

2π
e−

x2+y2

2 = fX(x)fY (y)

So X and Y are independent

7:(a)FU(1)
(u) = 1− (1− u)n,u ∈ (0, 1),

so fU(1)
(u) = F ′

U(1)
(u) = n(1− u)(n−1),u ∈ (0, 1).

(b)FU(n)
(u) = un,u ∈ (0, 1),

so fU(n)
(u) = F ′

U(n)
(u) = nu(n−1),u ∈ (0, 1).

(c)FU(1),U(n)
(x, y) = P (U(1) ≤ x, U(n) ≤ y) =

when x < 0 ory < 0, 0
when 0 < x < 1 and y > 1, P (U(1) < x) = 1− (1− x)n

when 0 < x < y < 1, P (U(n) < y)− P (x < U(1) < U(n) < y) = yn − (y − x)n

when 0 < y < 1 and x > y, P (U(n) < y) = yn

when x > 1 and y > 1, 1.

(d) fU(1),U(n)
(x, y) = ∂2F (x,y)

∂x∂y
= n(n− 1)(y − x)n−2,if 0 < x < y < 1 and 0 otherwise.

8: (a)Ii is i.i.d Bernoulli distribution with θ = P (Xi ≤ x) = F (x). So W is Bin(n,F(x)).
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(b)

P (W ≥ k) =
n∑

i=k

P (W = i) =
n∑

i=k

(F (x))i(1− F (x))n−i

(c)W ≥ k if and only if at least k Xis are less are equal x. It is equivalent to say X(k) ≤ x

Gk(x) = P (X(k) ≤ x) = P (W ≥ k) =
n∑

i=k

(F (x))i(1− F (x))n−i

(d)

gk(x) =
dGk(x)

dx

=
n∑

i=k

[

(
n

i

)
if(x)(F (x))i−1(1− F (x))n−i −

(
n

i

)
(n− i)f(x)(F (x))i(1− F (x))n−i−1]

(e) So ai = i
(

n
i

)
, bi = (n− i)

(
n
i

)
. So bn = 0

aj+1 = (j + 1)
n!

(j + 1)!(n− j − 1)!
=

n!

j!(n− j − 1)!

bj = (n− j)
n!

j!(n− j)!
=

n!

j!(n− j − 1)!

So aj+1 = bj.

gk(x) =
n!

(n− k)!(k − 1)!
f(x)(F (x))k−1(1− F (x))n−k

(f) If Xi ∼ Unifrom[0, 1], then f(x) = 1, F (x) = x, x ∈ (0, 1). So

gk(x) =
n!

(n− k)!(k − 1)!
(x)k−1(1− x)n−k, x ∈ (0, 1)

For Beta(k,n-k+1), the density is

f(x) =
xk−1(1− x)n−k

B(k, n− k + 1)

B(k, n− k + 1) = Γ(k)Γ(n−k+1)
Γ(n+1)

= (k−1)!(n−k)!
n!

. So gk(x) = f(x). X(k) ∼ Beta(k, n− k + 1)

9:(a)F (x) =
∫ x

−∞ f(x) = 1
π

arctan(x) + 1
2
, x ∈ R.

(b) F−1(y) = tan(πy − π
2
),0 ≤ y ≤ 1

(c) X = F−1(U) = tan(πy − π
2
), where U ∼ Uniform(0, 1).

Since F is the c.d.f of Cauchy distribution and U is uniform between 0 and 1, X has the
cauchy distribution.
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