STAT/MATH 309 Solution 8

1 Solutions for HWS8

1:(a)Since X and Y are independent, fyy(z,y) = fx(z)fy(y) = Hry'e @), 2 >0,y > 0.
()W >0,0<Z <1
()X =WZY = W(l— 2)|J =W

fw.z(w, ) = w24wzw (1 = z)te(wrtw=2) = Loybz(1 — 2)te ™, w > 0,0 < 2 < 1.
(A)f ( waﬂwzwz—@w%”’w>0
fz(z fo fw.z(w, z)dw = 2,5,2(1 — z) 0<z<l.

(e)Smce fwz(w, z) = fw(w)fz(z),W is independent of Z.

2:(a)Since X is independent of Y, fxy(z,y) = fx(z)fy(y) = %6_%@ ceRyeR
(b)Let X = Rcosf,y = Rsin6, then r > 0,0 € [0,27) and |J| =1,
SO ng(r 0) = —6_7"2/2 >0,
so fr(r) = [77 fre(r,0)d0 = re/%r > 0.

3:(a) Y|X ~ Bin(X,1/3), X ~ Bin(5,0.2), So

P(X=2,Y =y) = P(X =2)P(Y =y|X =) = (2) 0.270.8%" (‘;) (1/3)Y(2/3)" ¥
0<y<z<5

(b): the marginal of Y is
S P(X =x,Y =), by calculation, Y ~ Binomial(5,1/15).

Y

4:Note that for an exponentially distributed random variable with parameter A, the c.d.f

(a) F$(1)< D)= 1[I P(X, > 1) = 1 — e St = )
( (z) =

b) fay(x Fé( J(2) = (30, Mi)eX= A x> 0,

(©) Fun(@) = [Ty PX; < ) = [Ty (1 — ), > 0.

(d) Since Ai = A, then Fy(z) = (1—e )", fom)(z) = Fi, () = nhe 2 (1—e )"z >
0.

5:(a) The joint distribution of X and Y is

X=0| 1 | 2| 3
=0 [1/2*[1/2*] 0 | ©
1| 1/24 3724 | 2/24 | 0
2 0 |2/24]3/2|1/2
3 0 | 0 |1/2¢|1/2*
Fx(@) [ 2725 [6/27 [ 6/27 | 2/2°




(b)The marginal density Pyx(y|z) = %

So P(Y =0|X =1) = 1/6,P(Y = 1|X =1) = 1/2,P(Y =2|X =1) = 1/3.

6:
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Note: x* — 2pzy + y? = (y — px)* + (1 — p*)2?, so the marginal density of X is

(y—pz)2+(1—p?)a>

e 2(1—p2) dy

fx(z) = /_OO Ixy(z,y)dy
o 1

/;oo 277'\/ 1-— p2

1 9 o0 1 _ (y—pa)?
_ e /2 — ¢ 209y
\/ 27T —o00 \/ 27‘((1 - p2)
1
= \/?e_ﬁ/Z(Note the integral part is the density of Norm(pz, 1 — p?), Sotheintegrationis]
™

X ~ N(0,1), Similarly, we have Y ~ N(0,1)
7=>" We know X and Y are independent. So fxy(z,y) = fx(z)fy(y)

1 _M 1 2 1 2
¢ 2(1—p2) — e_x /2 * e_y /2
214/ 1 — p? s V2m
Sop=0
"<=" we have p = 0. So
1 _22+ 2
fxy(zy) = %6 e = fx (@) fr(y)

So X and Y are independent

7:(a)Fy,,(u) =1 — (1 —u)"u € (0,1),
s0 fu,,(u) = F{,(l)(u) =n(l —u)" D ue(01).
(b)FU(n) (U) =u"u € (O’ 1)7
50 fu,, (u) = Fy (u) = nu™ Yy € (0,1).
(C)FU(l),U(n)(xay) = P<U(1) <, U(n) < y) =
when x < 0 ory < 0,0
when 0 <z <landy>1 P(Uy <z)=1-(1—a)"
when 0 <z <y <1, P(U(n) <y)—P(x< U(l) < U(n) <y) :y”—(y—x)”
when 0 <y <land z >y, P(Un <y) =y"
when x > 1 and y > 1, 1.

(d) fua v, (@) = 82;;—(6%’?’) =n(n—1)(y—2)"2%if 0 <z <y < 1 and 0 otherwise.

8: (a)l; is i.i.d Bernoulli distribution with § = P(X; < x) = F(z). So W is Bin(n,F(x)).



(b)

n n

POV 2 k) =3 POV =i) = 3 (F@))'(1 = F(2))"*

i=k i=k
(c)W > k if and only if at least k X;s are less are equal x. It is equivalent to say X) <«

Gi(z) = P(Xay S @)= PW 2 k) = Y (F(2))'(1 = F(x)""

i=k

ajy1 = (5 + )(j-|-1)!(n—j—1)! ~ jln—j—1)
n n!
bj = (n—j) =

So a;y1 = bj.
n!

0(x) = o= ) F@Y (= )

(f) If X; ~ Unifrom[0,1], then f(x) =1, F(x) =z,z € (0,1). So

n!

9i(x) = (n—k)(k—1)

()" (1 —2)" %, 2 € (0,1)

For Beta(k,n-k+1), the density is

‘,L,kfl (1 - x)nfk

J@) = B =k D

B(k,n—k+1) = F(k)rr(gl";’?’l) = (k_l);l(!"_k)!. So gr(x) = f(x). X@ ~ Beta(k,n —k+1)
9:(a)F(x) = [*_ f(z) = arctan(z) + 3, z € R.

(b) F!(y) = tan(ry — 5),0 <y <1

(¢) X = F7Y(U) = tan(ry — §), where U ~ Uniform(0,1).

Since F is the c.d.f of Cauchy distribution and U is uniform between 0 and 1, X has the

cauchy distribution.



