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Abstract

In this article, we consider a stationary c-mixing random field in R?. Under a large-sample
scheme that is a mixture of the so-called “infill” and “increasing domain” asymptotics, we
establish a functional central limit theorem for the empirical processes of this random field.
Further, we apply a blockwise bootstrap to the samples. Under the condition that the side
length of the block \; = O(M\?) for some 0 < 3 < 1, where ), is the growth rate in the
increasing domain asymptotics, we show that the bootstrapped empirical process converges
weakly to the same limiting Gaussian process almost surely. Extension to multivariate random
fields and application to differentiable statistical functionals are also given.

Keywords and phrases: Functional central limit theorem, increasing domain asymptotics,
infill asymptotics, resampling, a-mixing random field.

1 Introduction

Measurements over regions of interest are often modeled as a spatially distributed random process.
In this article, we consider a random field (r.f.) with continuous spatial index,

{Z(s): s € R}, (1.1)

where R C IR? is a spatial region of interest and Z(s) is a random variable at each spatial location
s € R. Associated with the r.f. {Z(-)} at a given spatial location s, the marginal cumulative
distribution function (CDF) is defined as,

G(z;8)=P(Z(s) < 2); z€ R. (1.2)

Based on a finite sample {Z(s1),- -+, Z(sn)}, observed at known spatial sampling sites {s1, -+, sy},
a commonly used estimator function of G(-), known as the empirical distribution function (EDF),
is defined as,

Fy(z;R)= N1 iI(Z(si) <z2); z€R. (1.3)

i=1

The EDF is important, because a large class of statistics are its functionals. We shall show that
the empirical process,

En(z;R) =by [Fn(2z;R) — G(2)]; z€ R, (1.4)

converges weakly to a Gaussian process, under a suitable spatial asymptotic framework and a
normalizing constant by to be determined later. Further, the sampling distribution of the limiting
Gaussian process oftentimes involves unknown population quantities, such as the marginal CDF
G(-), which need to be estimated separately. Here, we shall use an extension of a resampling
method, known as the blockwise bootstrap, to spatial data and establish almost-sure weak conver-
gence of the bootstrapped empirical process to the same limiting Gaussian process. Hence, large
sample inference for the marginal CDF may be based on the blockwise bootstrap.

For i.i.d random variables, Bickel and Freedman (1981) establish almost-sure weak convergence
of the bootstrapped empirical process for Efron’s (1979) resampling scheme. For stationary time
series with short-range dependence, Bithlmann (1994) proves validity of the blockwise bootstrap
of Kiinsch (1989) for the empirical processes of multivariate time series. For spatial data, after
Hall (1985)’s first proposal of block resampling, Politis and Romano (1993) address block resam-
pling schemes for general statistics. However, few results have been established for bootstrapped
empirical processes for spatial data (Davison and Hinkley, 1996).

In this article, we consider a variant of the blockwise bootstrap method for spatial data due to
Bithlmann and Kiinsch (1999) and show that the empirical process and the bootstrapped empirical



process have the same limiting distribution. To do so, we adopt some fairly general assumptions
and a flexible asymptotic framework. We assume that the r.f. is stationary and its short-range
dependence is specified via an a-mixing condition. The spatial asymptotic structure used for the
results is somewhat nonstandard. It is a combination of what are known as the “increasing domain
asymptotics” and the “infill asymptotics” (cf. Cressie, 1993) and is similar to the asymptotic
structures used by Lahiri (1999) for spatial CDF and by Hall and Patil (1994) for nonparametric
estimation of the covariance function of a spatial process. Specializing the arguments to the “pure
increasing domain” case, we also establish weak convergence of the empirical processes for a spatial
process obtained on the integer grid Z¢ in IR?. For proving the weak convergence results under the
nonstandard spatial asymptotic framework, we do need to contend with some technical difficulties
with boundary blocks of different shapes and sizes, which is not the case in time series. We describe
the r.f. assumptions, spatial sampling and asymptotic framework, and the blockwise bootstrap in
detail in Section 2.

The remaining paper is organized as follows. In Section 3, we state the weak convergence of
the empirical process and the almost-sure weak convergence of the bootstrapped empirical process.
Extension to multivariate r.f.s and application to differentiable statistical functionals are also given.
In Section 4, we present the proofs.

2 Framework and Assumptions

In this section, we describe the assumptions on the r.f., the asymptotic framework, and the block-
wise bootstrap method.

2.1 Random Field
We assume the following condition for the r.f. (1.1):

(A.1) Ther.f. {Z(s):s € IR} is stationary. Hence, the marginal CDF is spatial location invariant
and is denoted by

G(z) = G(2;0); z€ R, (2.1)

where G(z;0) is defined in (1.2) and 0 is the origin in IR?. Henceforth, we assume that G/(-)
is continuous.

Note that assumption (A.l) assures that the marginal CDF is smooth, but we do not require
knowledge of its parametric forms. By stationarity, the joint bivariate distribution of Z(-) is
spatial lag-shift invariant and is denoted by,

H(z,20:8) = P(Z(0)< 2,Z(s) <z); 2,2 € R, sc R (2.2)

Further, we use an a-mixing coefficient to specify the dependence structure of the r.f. {Z(s) :
s € ZRd} (cf. Doukhan, 1994, pp.3 and pp.15). For Sy, 52 C R, let

a1(81,%) = sup{[P(ANB) ~ P(A)P(B)|: A€ F4(S1), B € F4($)},

where Fz(S) is the o-algebra generated by the variables {Z(s) : s € S}; S € IR?. Then the
a-mixing coefficient of the r.f Z(-) is defined as,

a(k;b) = sup{ai(S1,S5) : S1, 85 € Ry(b),0(S1, S) > k}. (2.3)

Here the class of sets R, (b) = {U_; D, : Y-8 | |D;| < b} denotes the collection of all disjoint union
of p cubes Dy,---, D, in IR?, p is a positive integer, and b > 0. As it turns out, we shall use p = 6ry,



as it will be suitable for computing the (6r9)-th moment bounds by Theorem 1.4.1.1 of Doukhan
(1994), where ¢ is a positive integer to be specified later. Further, 6(S1,S2) = inf{|x — s| : « €
S1,s € S} denotes the distance between the sets Sy, Sy C IR%, where | - | is the ¢-norm on R?
defined by |x| = XL |z]; & = (21, -, x4)" € IR?. We shall further suppose that

(A.2) There exist positive real numbers 7,6, such that a(k;b) < const.k™7b.

A similar strong mixing condition has been used by Doukhan (1994) (cf. Chapter 2) and Lahiri
(2000) to obtain moment bounds on the weighted sums of r.f. variables Z(-). In the following,
we shall use assumption (A.2) under different conditions on 7 and 6 which will be specified in the
statement of each result separately.

2.2 Asymptotic Framework

Several different asymptotic structures have been used to study large-sample properties of estima-
tors and predictors based on spatial data. Oftentimes, they come from different combinations of
two basic sampling forms. One form is known as “increasing domain asymptotics”, where all sam-
pling sites are separated by a fixed positive distance and the sampling region becomes unbounded
as the sample size increases. The other form is called “infill asymptotics”, where more and more
samples are collected within a bounded sampling region (cf. Cressie, 1993). For our purpose, we
use a mixture of these two forms for the asymptotic structure, where we allow the sampling region
to grow and, simultaneously, allow infilling of any fixed bounded subregion. Other papers, where
a similar asymptotic structure has been used, are Hardle and Tuan (1986), Hall and Patil (1994),
and Lahiri (1999).

For the increasing domain component of the asymptotic structure, let Ry denote an open
connected subset of (—1/2,1/2]¢ that contains the origin 0. For any sequence of positive real
numbers {a, } tending to 0 as n — oo, let Ry satisfy the condition that:

(A.3) the number of cubes of the integer lattice a,Z? that intersect both Ry and its complement
R§ is of the order O(a;(d_l)), as n — o0o.

Then we obtain the sampling region R, by inflating the region Ry with R,, = A\, Ry, where {\,}
denotes a scaling sequence of positive real numbers tending to infinity as n — oo. Because Ry
contains the origin 0, the shape of the sampling region is preserved for different values of n.
Moreover, the number-of-cubes requirement of Ry in (A.3) guarantees that the effect of the sampling
sites on the boundary of R,, is negligible compared to the totality of all sampling sites in R,,.

For the infill component of the asymptotic structure, we partition the sampling region R,
into equal-volume cubes and denote them by T'(z) = (¢ + (0,1]%)hy; 4 € Z%, where {h,} denotes
a sequence of positive real numbers decreasing to 0 as n — oo, and I'(¢) N R,, # (. By allowing
exactly one potential sampling site in each cube I'(2), we can form a regular square grid of sampling
sites. Specifically, let ¢ denote an arbitrary point in the interior of the unit cube (0, 1]% and assign
ch,, in the cube (0, h,]? to be the starting sampling site. Then, the sampling sites are given by
the translated points, (i + ¢)h, € T'(é); i € Z%, that lie in the sampling region R,. That is, the
sampling sites in R,, form a grid, S, = {(i +¢)h, € T'(i) Ry, 4 € Z%}; and as n — oo, the number
of sampling sites N = N, in R, satisfies the growth condition, N,, ~ |Ro|A\¢h,, . Here, for any
two sequences of positive real numbers {a,} and {b,}, we write a,, ~ b, to denote a, /b, — 1, as
n — oo.

For notational convenience, we let F,(-) = Fn, (+; R,) and &,(-) = &N, (+; Ry). As it turns out,
the normalizing constant for &, is b, = by, = )\g/ 2 Hence,

Fo(2) =N;' Y I(Z(s) < 2); 2€ R, (2.4)
SES,
&n(z) = N2[F,(2) — G(2)]; z€ RR. (2.5)



In summary, we assume that,

(A4) N\, — oo and h,, — 0, as n — oc.

2.3 Blockwise Bootstrap

In this section, we consider a blockwise bootstrap method under the asymptotic framework in
Section 2.2. This bootstrap method is a variant of the method suggested by Bithlmann and Kiinsch
(1999) (also, cf. Kiinsch, 1989; Liu and Singh, 1992; Politis and Romano, 1993; Biithlmann, 1994)
and can be used to estimate the sampling distribution of the EDF F,, (-) and the empirical process
&n(+), defined in (2.4) and (2.5).

The basic idea is to produce replicates of the r.f. Z(-) over the region R,. First, we partition
the region R, into blocks of the form R, . = (k + [0, DY\ N R,; k € Z% Here {\} denotes a
scaling sequence of positive real numbers tending to infinity as n — oo. Hence A; controls the size
of the blocks. Let K, = {k € Z%: (k+[0,1))\; N R,, # 0} denote the index set of square blocks
that have sides of length A\; and that intersect R,. Then, we have, R, = Uk:e/can,k:' Bihlmann
and Kiinsch (1999) propose a more general partition of R,, where disjoint blocks are of similar
shape and size, in order to handle R, of general and irregular shape. As it turns out, partitioning
into squares an i would work for R, that is of general shape, provided that the boundary of R,
satisfies the condition (A.3).

Now, we define the index set for all possible translations of Rn,O at an increment h,, as,

T, ={t € Z%: thy+ R, o C Rn}.

Denote the collection of sampling sites in R g by B, . = R p NS, and its translation back
to the origin by ng = Bn,k: — Nik. Then, for the square blocks Rn,k: completely contained in
R, the set {th, + Bg k- t € 7,} consists of all possible translations of B, | within R, at the
increment hy,. For boundary blocks R 1., for simplicity, we restrict attention to only the collection

{th, + BS Lite T, } out of all possible translates of B, 1. in Ry,.
The main idea of the blockwise bootstrap is to select randomly with replacement a set B* Lk

)

from {th, + BS :tE 7.}, for each k € K,. Hence, the resamples for the region R _ ;. are
the data values lying in the randomly selected block BZ k> that is, {Z(s) : s € BZ k:} Since
{R,k : k € Kn} is a partition of Ry, {Z(s) : s € Ug i B’ ..} gives a set of resamples of the

observations {Z(s) : s € S,} over all of R_ . on the grid S,. We define the bootstrap version of
the EDF (2.4) as,

-1
Fi(z) = (Z \thk\) Y I(Z(s)<z2); z€ R (2.6)

kEICn kElCn SEB; k

Hence, the bootstrap version of the empirical process (2.5) is denoted by,
&(z) = NPFi(2) —E(Fi(2))]; 2 € R, (2.7)

where E,(-) denotes the expectation conditional on the sample {Z(s1), -, Z(sn, )}
To establish the almost-sure weak convergence, we make the following assumption on the block
scaling factor \; relative to the increasing domain rate A,.

(A5) N — 00, \y = O(\2) as n — oo, for some 0 < 3 < 1, and 3.°°; A\ ¢¢ < oo for any ¢ > 1.

It is known that the optimal (in the mean square error sense) choice of ); for estimation of variance

type functional is AT for some constant ¢ > 0 (cf. Politis and Romano (1994)). Assumption

(A.5) allows the bootstrap block scaling factor \; to grow at this optimal rate.



3 Main Results

In this section, we present the main theoretical results and their statistical applications. In Section
3.1, weak convergence of the empirical process is established. The blockwise bootstrap method is
applied in Section 3.2 and weak convergence of the bootstrapped empirical process is shown. In
Section 3.3, the results are extended to multivariate r.f.s and two applications are presented in
Section 3.4.

3.1 Weak Convergence of Empirical Processes

The first main result is a functional central limit theorem (CLT) for the empirical process &,(+)
defined by (2.5). We consider &, as a random element of the space D[—o0, 0] of real-valued
functions on [—oo, o0] that are right continuous with left-hand limits. We equip D[—o0, co] with
the Skorohod .Ji-topology and establish the weak convergence of &,.

Theorem 3.1 Under the asymptotic framework of Section 2.2, suppose that assumptions (A.1)-
(A.4) hold, and that the mizing coefficient parameters T and 6 satisfy T > 2d and 0 < 7/d. Then,
as n — oo,

I V)

D . .
Here = denotes weak convergence of D[—o0, 0c]-valued random variables, W is a zero-mean Gaus-
sian process on [—o00, 00| with covariance function,

CovW(z1), W(22)) = |Ro|™! /Rd [H(z1,2018) — G(21)G(z2)]ds; 21,0 € R,

Moreover, the sample paths of W are continuous with probability 1.

Theorem 3.1 shows that, under the given asymptotic structure on a stationary r.f., the empirical
process &, converges weakly to a Gaussian process that has zero mean and covariance function
depending on the marginal CDF (2.1) and the bivariate distributions (2.2). Note also that the
normalizing constant depends on the increasing domain rate A\, and does not depend on the infill
rate h,,.

As it turns out, Theorem 3.1 and the other results presented in Sections 3.2-3.4 continue to hold
for the pure increasing domain asymptotics under identical regularity conditions of the respective
theorems.

Remark 3.1 [t follows from the proof of Theorem 3.1 that the weak convergence of &, to W still
holds if hy, =1 for all n > 1.

When h,, = 1, this case corresponds to the pure increasing domain asymptotics, under which
weak convergence has been widely studied. In particular, when d = 1, the r.f. Z(:) reduces to a
sequence of random variables {Z7, Zs,---}. Deo (1973) establishes weak convergence of empirical
processes for a strong-mixing sequence of random variables. Sen (1974) and Yoshihara (1975)
show convergence results of multidimensional empirical processes for mixing sequences of random
vectors. More recently, several authors present convergence of the empirical processes based on
dependent random variables. For example, Arcones and Yu (1994) give convergence conditions for
[-mixing sequences indexed by the V-C subgraph classes of functions.

For the more general case d > 1, Guyon (1995) presents CLT results for the sums of a strong-
mixing r.f. on an integer lattice under the pure increasing domain asymptotics. Lahiri (2000)
establishes CLT for weighted sums of such r.f.s under the mixture of the increasing domain asymp-
totics and the infill asymptotics, for both fixed and random sampling designs. To establish Theorem
3.1, we shall use similar arguments as in Lahiri (2000). Moment bounds and techniques presented
in Doukhan (1994) for r.f.s and in Billingsley (1968) for random sequences will also be utilized.



3.2 Weak Convergence of Bootstrapped Empirical Processes

The second main result establishes the weak convergence of the bootstrapped empirical process.
Let ro = min{k € Z : k > 3 and k(1 — ) > 3/2}, where [ is defined in the assumption
(A.5). Also, define 70 = d(2rg — 1)(rg + 1), 79 = d(4ro + 3)[1 + 2(ro + 1)(48 — 1), /(7T — 63)],
and 79 = 31d[1 + 48(28 — 1)1 /(7 — 68)], where for any x € IR, z = max{z,0}. Note that for
0<pB<1/4, 79 =d(4rg+3)and for 0 < 3 < 1/2, 7 = 31d.

Theorem 3.2 Suppose that the conditions in Theorem 3.1 hold, and that the mizing coefficient
parameters T and 0 satisfy T > max{77d, 7, 79,7} and 0 < 7/d. Furthermore, assume the
bootstrap procedure given in Section 2.3, suppose assumption (A.5) holds. Then, there exists a set
A € F with P(A) =1 such that,

&2 oW,

as m — oo on A. Here 2 continues to denote weak convergence of D[—o0,o0]-valued random
variables and W is defined in Theorem 3.1.

Theorem 3.2 shows that the bootstrap version of the empirical process converges weakly to
the same limiting Gaussian process as that in Theorem 3.1. Hence, in practice, one can use the
bootstrapped resamples {Z(s) : s € Uk:elCnB: k:} to estimate the sampling distribution of the

empirical process &, and the asymptotic correctness is guaranteed. For smaller block scaling factor
A with 0 < 8 < 1/4, the almost-sure weak convergence of the bootstrapped empirical process
holds in any dimension d > 1, if 7 > 77d. Note that the optimal subregion size in dimension
d is given by \; ~ const. A/ (412 (cf. Politis and Romano, 1994). Thus, for d = 2, the optimal
Ao~ const.)\}/ % and it can be checked that Theorem 3.2 remains valid for this choice of A; (with
B =1/2), if 7 > 77d. For dimension d = 3, the optimal choice of \; corresponds to 5 = 3/5 and
this requires that 7 > 118.53d. The condition on 7 here is determined by repeated application of
the spatial version of Rosenthal’s inequality given by Doukhan (1994) (cf. Section 1.4).

For a sequence of stationary and dependent random vectors, {Z1, Zs,--- € IR™}, where m >
1, under the condition that the block length I(n) = O(n'/?~¢) with € > 0, Biithlmann (1994)
proves that the bootstrapped vector empirical process converges weakly almost surely to the same
Gaussian process to which the original empirical process converges. Naik-Nimbalkar and Rajarshi
(1994) give similar results for a sequence of random variables (i.e., for m = 1) and use somewhat
restrictive assumptions such that the weak convergence is achieved either in probability or almost
surely, depending on the block length. Specifically, almost-sure weak convergence is obtained if
I(n) = O(nY?=¢) for 1/4 < € < 1/2; and only convergence in probability is attained if I(n) =
O(n'/?=€) for 0 < € < 1/4. In comparison, our result is valid for all block lengths I(n) = O(n?)
for any 3 € (0,1) in the one-dimensional case, and for all subregions with \; = O(\?) for any
B € (0,1) in higher dimensions.

In Section 4.2, we extend the arguments in Bithlmann (1994) and present the proof of Theorem
3.2 for the r.f. case. The two main steps are to establish almost-sure weak convergence of the finite
dimensional distribution of £ and the tightness of ¥, as in Lemmas 3 and 11 of Bithlmann (1994).

3.3 Extension to Multivariate Random Fields

For some applications, an extension of Theorem 3.1 and 3.2 to the multivariate case is important.
In this section, we consider an m-dimensional (m > 1) stationary r.f. {Z(s) : s € IR?} with
components,

Z(s) = (Z1(s),++, Zm(s))’, (3.1)



and prove weak convergence of the EDF,
F™(z)=N' " I(Z(s) < z); z€ R™, (3.2)
S€ESn

and its block bootstrap version under the spatial asymptotic structures of Section 2, where for any
two vectors w = (uq, -, upy) and v = (vy, -, o), m > 1, we write u < v if u; < v; for all
1 <i < m. As in the univariate case (2.6), the block bootstrap version of the EDF F™ s given

-1
Fim*(z) = (Z |B;’k|) > > I(Z(s)<z); zeR™, (3.3)

ke, kek, S€B” 1.
n,

where BZ L k € K,, are defined as in Section 2.3. Define the normalized versions of Fém) and

m)*
Fn ) as,

YNz) = NPIFEM(z) -G (2)); z€ R, (34)
& (z) = NPIFM(2) - BRI (2)]; z€ R, (3.5)

respectively, where,
GM(z) = P(Z(0)<z); zeR", (3.6)

is the marginal distribution function of Z(-) under stationarity. Then, &(Lm) and §,(1m)* belong to
the space D[—00, 00]|™ of real-valued functions on [—oo, co|™ that are continuous from above with
limits from below. We equip D[—o00,00]™ with the extended Skorohod Jj-topology (Bickel and
Wichura, 1971) and establish weak convergence of {,({n) and &(Lm)* to a Gaussian process. Now, let
D denote weak convergence of D[—o00, 00]™-valued random variables. Also, let o™ (-,-) denote
the strong-mixing coefficient of Z(-) defined by (2.3) with Fz(S) replaced by F»(S); S C R%.

Theorem 3.3 Let {Z(s) : s € IR} denote a stationary m-dimensional multivariate r.f., let the
m-components of Z(0) have continuous marginal distributions on IR, assume a-mizing assumption
(A.2), and the parameters T and 6 of the mizing coefficient o™ (-,-) satisfy T > 3d(d + 2)m + 8d
and § < 7/d.

(i) Under the asymptotic framework of Section 2.2, further suppose that assumptions (A.3) and
(A.4) hold. Then, as n — oo,

gm) B ypim) (3.7)

where W™ is a zero-mean Gaussian process on [—00, 00|™ with covariance function,
CovW ™ (20 W (z2)) = [Rol™ [ [H (21,22 8) = GO (z1) G (29) s,
and bivariate distribution,
H™ (21, 29:8) = P(Z(0) < 21, Z(s) < z3); 21,20 € R™, s € IR".
Further, the sample paths of W) gre continuous with probability 1.

(ii) Moreover, assume the bootstrap procedure given in Section 2.3, suppose assumption (A.5)
holds. Then, there exists a set A € F with P(A) =1 such that,

gmx Boyylm), (3.8)

asn — oo on A.



3.4 Applications

Results of Sections 3.1-3.3 readily allow one to establish validity of the spatial block bootstrap for
estimators that are smooth functionals of the empirical process of a multivariate r.f. {Z(s) : s €
IR%}. Suppose that,

0 = T(G'™), (3.9)

is a parameter of interest where T'(-) is an IRP-valued (p > 1) functional defined on a rich subset
Gy of the set Py, of all probability measures in IR™. Then, a natural estimator of 8 is given by,

6, = T(F™), (3.10)

where F{™ is the EDF of {Z(s):seS8,}. A few important examples of such estimators are listed
below.

Example 3.1 The Sample Mean

Here p =1, m =1, T(G) = [2dG(z), and G € G = {F € P : [|z|dF(z) < oo}. In this case,
0 =E(Z(0)) and 6, = N1 S0 Z(s;).

Example 3.2 M-estimators

Let W : IR™ x IRP — IRP be a function and let,
Gy = {(F™M ep,, . /|\Il(ac,t)|dF(m)(a:) < oo for all t € IRP
and the equation / W (x; t)dF™ (x) = 0 for a unique solution}.
Let the parameter of interest 6 be defined by (3.9) with the functional T'(-) given by,
/ O (2, T(G™))dG"™ (z) = 0. (3.11)

Then, the estimator 0,, of 8 is a solution to the equation,

> w(Z(s);8,) = 0. (3.12)
SeSy

Under suitable regularity conditions, maximum likelihood estimators of parameters in parametric
spatial models (e.g., parametric Markov r.f. models) may be expressed in the above form. Also,
estimators defined through estimating equations in spatial semiparametric models (e.g., spatial
autoregression models and certain geostatistical processes with parametric variogram models) are
also covered by this example. In such applications, given a univariate r.f. {Z(s) : s € IR%}, it may
be appropriate to consider the multivariate r.f. Z(s) = (Z(s),Z(s + s2), -, Z(s + s8,)), s € IR?
for a given set of lag vectors s, -, 8 € IR

For establishing validity of the block bootstrap method, we shall assume that the functional is
Fréchet differentiable at G under the Kolmogorov distance in the sense that there exists a Borel
measurable function g : IR™ — IRP such that,

lim [[T/(G™) = T(G™) ~ [ gd(GE™) =G /1G4 = 6o = 0, (313)

n—oo

for any sequence {GS{”’} of probability measures in P, converging to G in the Kolmogorov
distance || - ||, defined by,

|G — G| = sup{G™ (=001, x] — G (—c0l,x] : @ € R™}.



For the sample mean of Example 3.1, it is easy to see that the functional T'() is Fréchet differentiable
at G and the function g is given by g(z) = z; z € IR. Under some regularity conditions on the
function W, Fréchet differentiability of the functional T'(-) under Kolmogorov distance in Example
3.2 (defining the M-estimators 0,, of (3.10)) is known to be true (see Clarke, 1983; Fernholz, 1983;
and Biihlmann, 1994). The following result shows that the spatial block bootstrap provides a

valid approximation to the distribution of normalized 8,,. Let 8% = T(an)*) denote the block
bootstrap version of ,, and let 6, = T(E*(Frgm)*)), where F,S’”)*() is as defined in (3.3).

Theorem 3.4 Suppose that the conditions of Theorem 3.5 hold, and that the functional T' defining
0 and 0 of (3.9) and (3.10) is Fréchet differentiable at G(m); Further, suppose that the function g
of (3.13) is such that E|g(Z(0))||*?> < co. Then, for @ and 0,,, as n — oo,

(1)
220, —6) 2 N(0,%), (3.14)
where Lo = |Ro| ™" [ra Elg(Z(s))g(Z(0))'|ds;
(ii)

sup
ceC

P.(AY2(0% — 0,) € C) —P(\Y/%(8, — 0) € C)] = 0,(1), (3.15)
for any collection C of measurable convex sets in IR™.

Thus, it follows from Theorem 3.4 that,

sup [P.(A/2(0;, — 8,) < @) — POXY2(8, — 0) < )| = 0,(1), (3.16)

TelR?
The convergence of the bootstrap distribution function in (3.16) can be strengthened to almost-
sure convergence under additional smoothness conditions on the functional T'(-). However, the in-
probability convergence of the bootstrap distribution is adequate for most statistical applications.

Indeed, when p = 1 (i.e., 6 and 6, are real-valued), (3.16) shows that a 100(1 — a)% bootstrap
percentile confidence interval for 8 of the form,

[én - )\;d/ZCjn,l—a/Za én - )‘;d/ZQn,a/Z]y

attains the nominal coverage probability (1 — a) asymptotically, where g, o denotes the quantile of
P.( d/2 (0% —0,) <) and 0 < o < 1. In the multiparameter case, that is, for p > 2, one is typically
interested in confidence regions of more general form than those defined through half-spaces. Hence,
(3.15) is more useful than (3.16) to justify asymptotic validity of bootstrap confidence regions in
the multiparameter setting.

4 Proofs

4.1 Proof of Theorem 3.1

Since the marginal CDF G(-) is continuous by assumption (A.1), by standard arguments (cf. Pol-
lard, 1984, pp.155), it is sufficient to show that the rescaled process &, (u) = &,(G~!(u)) converges
in distribution to W(u) = W(G~'(u)); u € [0,1], as a random element of D0, 1], where DI[0,1] is
the space of all right-continuous functions on [0, 1] with left-hand limits equipped with the Skoro-
hod Ji-topology. We use Theorem 15.1 in Billingsley (1968) to prove the functional CLT of gn()
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by first showing weak convergence of its finite-dimensional distributions, and then establishing the
tightness of &,(-) and almost-sure (a.s.) continuity of the sample paths of W(+)

To show weak convergence of its finite-dimensional distributions, we rewrite &,(-) as,

En(w) = NN D X(uss),
SeSn
where X (u; 8) = I(Z(s) < G~ Y(u))—u; s € R?, u € [0,1]. Under the stationarity assumption (A.1)
of the r.f. {Z(s): s € R}, the r.f. {X(u;s) : s € IR?} is stationary with mean E(X (u;0)) = 0
and P(] X (u;0)] < 1) = 1. Note also that hY2 N2 |R0|1/2)\g/2Nn_1. Hence, by Proposition 4.1
and Theorem 4.1 of Lahiri (2000), for a given u € [0,1], &,(u) 5N (0, |Ro| ™" [pa 6 (u,u; s)ds),

where 2 denotes the weak convergence of random variables as n — oo, and
G(u,u;8) = B(X(4;0)X(u;8)) = H(u,u;8) —u?; wel0,1], s e IR,

where H(u1,ug;s) = H(G (u1), G (ug); s) denotes the rescaled version of H(uy,usg;s) defined
in (2.2).

By similar arguments and the Cramér-Wold device (cf. Billingsley, 1968, pp.48-49), for i,j €
{1,---,m} and m € Z*, the covariance function for (X(u1;s), -+, X (um;s)) is o(u;,u;;8) =

E(X (ui;0)X (uj;8)) = H(uj, uj; 8) — uiuj, and for given uy, - - -, upy, € [0,1],

Ealun)s - &alum) = XN D7 (X (wass),- - X(ums s))
SeS,

LN <0, {|R0|_1/ 5'(ui,uj;s)ds} ),
R4 ij=1

where 2 denotes the weak convergence of random vectors as n — oco. Hence the convergence of
finite-dimensional distributions is verified.

For the tightness of &,(-) and a.s. continuity of the sample paths of W(-), it is sufficient to
show that, for all € > 0 and all > 0, there exist a § € (0,1) and an ng € Z" such that,

P( sup  [Gu(u) = &alug) > €) < g, (4.1)
up<u<(upo+9)Al

for all n > ng and ug € [0, 1]. The proof is similar to that of Theorem 22.1 in Billingsley (1968).
Let£,={l¢€ Z¢: (1+00,1)%) N R, # 0} denote the index set of unit squares in R,,. Rewrite
&n(u2) — &n(uq) in terms of sums over unit squares as,

En(u) — En(ur) = A7Y2 D7 V(g ugsl),

lE»Cn

where Y (uy,ug;1) = NAN 1 Y sed+ 011N, X (u2;8) — X(u1;8); L € Ly, ur,us € [0,1]. For 0 <
u1 < ug < 1, it can be easily verified that,

2
E(Y (u1,up;1))? = )\idNn_2E{ Z X (ug;8) — X (uq; s)} < const.(ug — uq),
se(l+0,1)M)nS,

for all I € £,,. Now, by similar arguments as in the proof of Lemma 6.1 (Lahiri, 2000),

E[ Z Y(ul,ug;l)]4 < const.(/\id(ug —u1)? + X (uy — ul))
le»cn

11



Fix u; € [0,1], € € (0,1) and 1 > 0. Choose ng such that, for all n > ng, eA;% < uy — u;. Then,

E(&n(ug) — &n(ur))* < )\;2dCOHSt.(>\%d(U2 —up)? + X (uy — ul))
< const.((u2 —up)?e 4 (ug — ul)ze_l)

= const. 2 (up —ug)e b

Let p > eA; 9. By Theorem 12.2 of Billingsley (1968),

P(l@%x En(uy +ip) — En(ur)] > €) < const.m?p?(2¢°) 7L (4.2)

Now, for u; < ug < wuj + p, (as in (22.17) of Billingsley (1968)),

En(u2) — En(ur)] < |€n(ur +p) — En(ur)| +pAY2,

and hence,

sup  [€n(u2) — &n(uw)] <3 max [€n(ur +ip) — &u(ur)| + AL/,
u1 Suz<ui+mp 1<i<m

(4.3)
Finally, with the choice of eA;? < p < e)\ﬁd/z, and by (4.2) and (4.3), for every n > ny,

P(maX1§i§m|£n(ul +ip) — &u(wr)] =€)
const.m?p?e . (4.4)

P(Supu1§u2§u1+mp|gn(u2) - gn(u1)| > 46) <
<

In (4.4), we choose § such that const.e >3 < 7, and m such that mp = 6. We can find such m by
choosing Se N2 < m < Se~ '\, Hence const.m?p?e® < nd and (4.1) holds. O

4.2 Proof of Theorem 3.2

Lemmas for Finite Dimensional Distributions

Let & (-) = €(G~1(+)), where & is defined in (2.7). For notational convenience, we abbreviate
Bn,k to B, ng to B’?:, and B;;k: to BZ:’ where Bn,k’ ng, and B;;k: are defined in Section 2.3.
Denote the empirical process at the block level by,

Xj(w) = 1Bol™ S [Rol YAN(Z(s) < G7Hw) —ul; we [0,1]k € K. (4.5)
seB¥
k
. d/2\—d/2 _ « ¥
Then, & (u) = A\, [Ro|/?|Bol (Chex, 1B ™ Shex, X5 () — Eo (X5, (w)]; u € [0,1].
Throughout this section, we shall use the fact that, given an a > 0,

E (Xp(w)") =1Ta ™" Y Xpep(w)?, (4.6)
teT,
where Xp;(u) = [Bg|™! Zselsg+thn |R0|_1/2)\7/2[I(Z(s) <G Hu) —ul;ue 0,1,k € Ky, t €T,

Moreover, we partition the index set /C,, into two subsets according to whether the block
R 1; k € K, intersects the boundary or not:C,,; = {k € zZ¢: (k+ 10,1\ C R,} and

Kna=1{kcZ: (k+[0,1))N\ N R, #0,(k+[0,1)N)\ N RE # 0}, respectively.
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Lemma 4.1 Under the asymptotic framework of Section 2.2 and the bootstrap procedure given in
Section 2.3, suppose that assumptions (A.1), (A.2), (A.4), and (A.5) hold, and that the mizing
coefficient parameters T and 0 satisfy T > 10, § < 7/d. Then, as n — oo,

Var,(Xq(u)) — 6(u,u) as.,
where &(u,u) = |Ro| ™ [jpa[H (u, u; 8) — u?]ds.
Proof: Since Var,(X{(u)) = E*(X(*)(u)Q) - [E*(X(*)(u))]2 We show that

E*(Xa(u)z) — o(u,u) a.s. (4.7)
E.(Xg(w) — 0 as. (4.8)

To show (4.7), note that by the stationarity of Z(-) and the same arguments as in the proof of
Theorem 3.1, we obtain,

E(E.(Xp(@)?) =T ™" Y~ E(Xg¢(w)?) = E(Xgg(w)*) — 6(u, u).
teT,

Further, we show that E[E*(X(*)(u)2) — E(Xgo(u)?)])?" is summable over n with r = ro. To do
so, we partition R, into blocks of side length 2); and denote the corresponding index set by
TIn={jeZ: (5+[0,1))2N N R, # 0}. Next, we group these blocks into 2¢ classes, each with
a corresponding index subset defined as, J,p = {j € Jn : (7 — p)/2 € Z%}; p € {0,1}4, so that
the distance between two blocks within each class is at least A\;-distance apart. Hence, we obtain,

E.[Xp(w)? = E(Xgo(uw)*)] = |To| ™" Y [Xot(u)* — E(Xgo(w)*)] = Tl™' > > Vo),
teT, P j€~7n,p

where Vg (J) = ¢ hote(G+[0,1)9) 20N Rn [Xo¢(u)? — E(Xgo(u)?)] denotes the sum over the block
(5 +1[0,)H2X N Ry; j € Tn. Now, it suffices to show that E[|7,,|~* Ejejn,p Vo(4)]?" is summable
for every p € {0,1}¢. Note that V(j;) and Vg(j,) are separated by a distance no less than

(const.||j; — Fallws) for all §; # jo, where || - ||o is the £%°-norm on IR? defined by ||z|s =
max{|z;| : 1 <i < d}; & = (x1,---,2q) € RL Further, with e = 7, since 7 > 3d(2r — 1),

Z(z + 1)d(2r—1)—1a(i)\l;)\zi)e/(2r+5) < const. Zid(2r—1)—li—r/3[)\l—7+0d]1/3 < o0.
i=1 1=1

(4.9)

Hence, by Theorem 1.4.1.1 in Doukhan (1994), the Minkowski’s Inequality, and the stationarity of
Z(-), we obtain,

E[ Y Vo) < const.|Tnpl" ax Vo ()ll3r
jGJn,p JEInp
< const.|Topl (N hy ) | X0 (w13
< const.|Tpl" (M hy > [Bo " A4 S 1(Z(s) < G (w) — ulli.

SEBO
(4.10)

To find the order of || 28630 I(Z(s) < G~Y(u)) — ull¢r, we group the sampling sites within unit
blocks and denote the corresponding index set by Ug = {i € Z% : By N (i +[0,1)%) # @}. Since
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7 > d(6r — 1) (for r = ry), there exists a large positive constant ey such that 7eg(6r + €)=t >
d(6r — 1). Hence,

S (i + 1)U =D= g (4 )0/ (6rF0) < o0, (4.11)

i=1

Now applying Theorem 1.4.1.1 in Doukhan (1994) again, we have,

6r 6r
E Z I(Z(s) < G Hu)) —u = E Z Z I(Z(s) < G u) —u
SGBO ’l:EZ/{O 36800(1'4-[0,1)‘1)
< const.[Up|* max | Z 1(Z(s) < G (u)) — qu:-i-e()
LeUy SEBHN(1+(0,1)%)
< const.|uo|3r(h;d)ﬁr. (4.12)

Hence, by (4.10) and (4.12),

E[T:7 Y. VoWl* < const.|Tul ™ |Tnpl (AT hy ) [Bo |~ AP (U | (hyy )"
jEJn,p
< const. A A" (4.13)

By the assumption (A.5), E[|7,|™!
holds.

For proving (4.8), we group the sampling sites within unit cubes. Recall that the corresponding
index set is denoted by £, = {l € Z%: (1 +1[0,1)) N R,, # 0}. Note that,

B (Xpw) = |T/™" S Xog(w)
teT,
= TN wals)|Rol YN 1(Z(5) < G7H(w)) — ]
8eS,
= TP YY),

lec,

Zjejnp Vo(4))?" is summable over n with r = ry. Hence (4.7)

where the constants wy,(s) € [0,1], forall s € S,,, and Y (I) = Y sed+(0,1))NSn wn(s)|R0|—1/2/\ld/2[](Z(s) <
G~ (u)) — u] denotes the sum over the unit cube (I + (0,1)%); I € £,,. By the stationarity of Z(-),
E(E.(X{(u))) = 0. Also by (A.2), 7> 3d(2r — 1), and Theorem 1.4.1.1 in Doukhan (1994),

2r

BE.(Xg@)* = E|IT.)7 YY)

lec,
const.|T,| 2| L,|" max ||Y (1)|[3
lec,

IN

IN

const. | T, =" | £p,|" max | Z )‘7/2(1(2(3) <G w) — w3
beln sedsiondns,

const.]’Z}L\_zr\ﬁnr)\ﬁir(hr_zd)%

const A AT

IA A

which is summable over n by assumption (A.5). Hence (4.8) holds.O

14



Lemma 4.2 Under the asymptotic framework of Section 2.2 and the bootstrap procedure given in
Section 2.3, suppose that assumptions (A.1)—(A.5) hold, and that the mizing coefficient parameters
7 and 0 satisfy T > 70, 0 < 7/d. Then, as n — 0o,

K, > Var,(Xp,(u)) — 0 as.
kGICn,z

Proof: Since Var, (X (u)) < E« (X[, (u))?, it suffices to show that,

Ap1 = |Kn| ™ Z E*(X,’;(u))2 — 0 as.
kGICn,z

Note that A,; = |IC,|~* D ke, |77t >oterT, Xp.¢(u)?. Hence, by the stationarity of Z(-), (A.3),
and (A.5), '

E(An) = K|t Z E(Xp0(u)?) < const.|Kn| ! Kn2| = O(Ni/An) — 0.
kE’Cn,Q

Next, using the arguments leading to (4.13) in the proof of Lemma 4.1 and the fact that |By,| < |Bg|
for all k € Ky, 2, one can show that, with r = r,

E[A, —E(4n1)]* < const.(|K,| HKn )" max |7, 2" E| Z (Xpp(0)® — E(X g (w)?)]*
kelCn,Z teTn
< const.(A/An) AT AT

Hence, Lemma 4.2 follows. O

Lemma 4.3 Under the asymptotic framework of Section 2.2 and the bootstrap procedure given in
Section 2.3, suppose that assumptions (A.1)—(A.5) hold, and that the mizing coefficient parameters
7 and 0 satisfy 7 > 10, 0 < 7/d. Then, as n — oo,

K| Z Var,(Xp,(u)) — o(u,u) as.

kEICn
Proof: Rewrite,
Cal™h Y Vard(Xj,(uw) = Kal™" >0 Vard(Xp(w) + 17" Y Vard (X}, (u)
ke’Cn kelc'n,,l kelcn,Z
= A+ A,

Note that for k € K1, X, (u) are i.i.d, and Ky 1| ~ [KCp|. By Lemma 4.1, Var.(Xg(u)) — 6(u,v)
a.s. Hence, A,2 — 6(u,u) a.s. By Lemma 4.2, A,3 — 0 a.s. Hence, the result of the lemma
holds. O

Lemma 4.4 Under the asymptotic framework of Section 2.2 and the bootstrap procedure given in
Section 2.3, suppose that assumptions (A.1), (A.2), (A.4), and (A.5) hold, and that the mizing
coefficient parameters T and 0 satisfy T > 10, § < 7/d. Then, as n — oo,

E*(Xf)(u)4) — 36(u,u)? as.
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Proof: By the stationarity of Z(-) and same arguments as in the proof of Theorem 3.1, we obtain,

E(E.(Xg(w)") = [T| ™" Y E(Xot(w)!) = E(Xgg(w)") — 36 (u,u)*.

teT,
Furthermore,
E.[X((w)" — E(Xgo(w)")] = 7|7 Y [Xop(w)! —E(Xgo(w)")] = [To[7'>° > Wold),
teT, P .7'€~7n,p

where Wq(3) = ZtETn,hnte(j+[07l)d)2>\lﬂRn [(Xot(uw)* — E(Xgg(w)h)]; 7 € Jn. As in the derivation
of (4.13), it can be shown that, with r = r,

2r

E "Tnf_l Z Wo(3) Sconst.)\flr)\;d’",
je*]n,p

for every p € {0,1}%. Hence, the lemma follows. O

Lemma 4.5 Under the asymptotic framework of Section 2.2 and the bootstrap procedure given in
Section 2.3, suppose that assumptions (A.1)—(A.5) hold, and that the mizing coefficient parameters
7 and 0 satisfy T > 70, 0 < 7/d. Then, as n — oo,

Kl ™h Y E*]X,’;(u)\3—>0 a.s.
kGICn,z

Proof: Similar to the proof of Lemma 4.2. We omit the details. O

Lemma 4.6 Under the asymptotic framework of Section 2.2 and the bootstrap procedure given in
Section 2.3, suppose that assumptions (A.1)—(A.5) hold, and that the mizing coefficient parameters
7 and 0 satisfy T > 70, 0 < 7/d. Then, as n — oo,

K|~ Z E. Xy, (u) — E*(X,’;(u))\?’ < const. a.s.
kek,

Proof: Rewrite,

Kl ™" D7 Eul Xp (u) = Bu (X (w))]?

ke’Cn

= K™ Y0 Bl Xp(w) = Ba(XG ()P + a7 Y Eul X (w) — Ba(Xp (w)?
kEICnyl kEICng

< comst. ([ 1 [[Kn] T EL(XG ()T + a7 D Bl X (w))

kGICn,z
= const.(|Kn1|[Kn| "AY! + Aps).

By Lemma 4.4, A4 — 36(u,u)? a.s. and by Lemma 4.5, A,5 — 0 a.s. Since |K,,1|/|Kn| ~ 1, the
result of the lemma holds. O
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Lemma 4.7 Under the asymptotic framework of Section 2.2 and the bootstrap procedure given in

Section 2.3, suppose that assumptions (A.1)—(A.5) hold, and that the mizing coefficient parameters
7 and 0 satisfy T > 70, 0 < 7/d. Then, as n — oo, for any given m € Z* asn — oo,

(€ (ur), - Exlum)) B W), W(u)) as.,

for all uy,- -+, uy € [0,1], where L, denotes weak convergence of random vectors in IR™. That is,

there exists a set A € F with P(A)=1 such that for allw € A, the finite dimensional distributions
of & (-;w) converges weakly to those of W(-), as n — oc.

Proof: It suffices to show that, for any real numbers aq,-- -, a,, € IR, and uq,- -, u,, € [0,1],
m _ D m B
Yo aibi(ui) = Y aW(w) as.,
i=1 i=1

where 2 denotes weak convergence of random variables. Without loss of generality, we show that
for m =1 and a given u € [0,1], & (u) 2 W(u), a.s.

By Berry-Essen Lemma (cf. Shao and Tu, 1995, pp.451), Lemma 4.3, Lemma 4.6, and assump-
tion (A.5), we obtain,

sup, [P (Var. (& (u) 726 (u) < &) — ®(x)|
const. | Z Vau:.;(X,’::(u))]_?’/2 Z E.[ Xy, (u) —E*(X;;(u))\?’
kek, ke,
Kt E. X5 (u) — Eo (X3 (w)]?
= const. ’Kzn‘_l/2‘ ‘ Zlclelcn ’ k( ) * ( I;,:/(Q ))’
(K|~ Xpeerc,, Var«(Xp,(u))]
< const. )\7/2//\‘5/2 —0 as. O

IN

Lemmas for Tightness

Now, fix e > 0, n > 0, and ug € (0,1). Let 6 € (0,1) denote a constant to be specified
later. We divide the interval [ug, up + 0] into subintervals (u;, u;y1] such that u; = ug + i€/ (GAZ/ 2);

i=0,1,---,my,, where m, = [5(6/\51/2)/6] denotes the largest integer not exceeding 5(6/\;11/2)/6.
Further, with Au; = w11 — u;, we let,

X, (wiwin) = Bol ™ Y2 (G (w) < Z(s) < G (i) — A,
SEB;C

(4.14)

Then,

1
& (uit1) — & (u;) = /2 ( > !Bk!) Bol > (X5 (uiuit1) — Bu(XE (wi,uig))].  (4.15)

ke, kex,

Also, let F*(-) = F*(G~'(-)). In the rest of the section, we shall use the fact that, given an a > 0,
B (X, (i, uien)®) = 1Tal ™" Y0 Xpg(wi, wig) (4.16)
tETn

where th(ui,uiﬂ) = |Bg|™* 23682+thn[I(G_1(ui) < Z(s) < G Yus41)) — Auy]. Henceforth,

we abbreviate f(u;11) — f(u;) to f(1;), for any real-valued function f.
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Lemma 4.8 Under the asymptotic framework of Section 2.2 and the bootstrap procedure given in
Section 2.3, suppose that assumptions (A 1)-(A.5) hold, and that the mizing coefficient parameters
7 and 0 satisfy T > max{35d, 70,79, 79}, 0 < 7/d. Then, as n — oo, for any given ug € [0,1], for
every € >0, n > 0, there exist a § € (0 1) and an ng € Z™, such that for all n > ng,

P*(og}él%if_l € (¥i)] > €/6) <nd/2 as.

Proof: We apply similar arguments as in the proof of Lemma 7 and 8 of Bithlmann (1994). The
main task here is to derive the following inequality: There exit a set A € F with P(4) = 1, an
integer r > 1, and a real number ¢ > 1 such that for any w € A,

E.[&5 (15)]* (w) < const.(Au;)C, (4.17)

uniformly in i € {0,1,---,m, — 1}, whenever n > N(w) for some N(w) > 1.
Set 7 = 2. Then by (4.15) and Rosenthal’s Inequality (cf. Theorem 2.12, Hall and Heyde
(1981),

E&n @)t < const G| | Y0 Bl X ()|t + (D0 Bul Xg(vi) )2] (4.18)

LkekC, kek,

= const. \2|KC, |74 Z A;(k) + ( Z Ql(k:))z}, say.

LkeK, kek,

We shall show that there exist a ( > 1 and integers 1 > 1, ro > 1 such that,

Ip = _max  AJKa|™ 37 B(Qi(k)) < const. A/, (4.19)
- kek.,
L= o&%’i_ﬂi‘i\ﬁn!“‘ >~ E(Ai(k)) < const. A2, (4.20)
- kek,
_ 2r1
— ¢d/4Nd -2 . _ . —d/2y—¢d
L= max BN > (Qi(k) E(Qz(k)))] < const. A, AL,
- L kelcn
(4.21)
— 2rg
Iy = _max BINPNCT DT (Ailk) — B(Ai(R)| < const A H2AC
== L kek.,
(4.22)

Then, assuming that (4.19)—(4.22) hold for now, from (4.18), we have,

P(E.|€ (v;)|* > const.(Au;)S : for some i€ {0,1,---,m, —1})

8||M8

< Z WA D Ai(k) —E(A(R) [+ Y Qi(k) — E(Qi(k))|*)
n=1 kek., kek..
> const. A ¢¥? for some i€ {0,1,---,m, —1})
0o mp—1 2r
< const. Y D0 B [NTIZC, 1T N (Ai(k) - E(Ai(k)))
n=1 i=1 ke,
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2r9

oo mp—1
+eonst. D 3 E (NI, T2 Y (Qi(k) — E(Qi(k)))
n=1 i=1 kek,
< const.Z)\,_LCd < 0. (4.23)

n=1

Hence, by the Borel-Cantelli Lemma, Lemma 4.8 follows from (4.23).
Now, we show (4.19)—(4.22) under the assumed mixing condition. By stationarity and the
a-mixing condition (4.9) (with r = 1), for any k € K, 1,

E[E.(X},(¥:)%)] = EE(X§(%)*)] = E(Xgg(¥:)?)
2
= [Bol’E| X > (G (wi) < Z(s) <G uipr)) — Au
ieuo seBOm(i+[o,1)d)
< const.]BO\_2\L{0\ max || Z I(G_l(ui) < Z(s) < G_l(Ui+1)) — AuZH%
Y0 seBgn(i+onY)

< const.)\l_d)\gd/g, (4.24)

uniformly in 7 € {0,1,---,m,, — 1}. By similar arguments, we obtain,
max  max E|E*(X',’::(1/)Z)2)| < const.)\l_d/\;d/?’. (4.25)

keic,, , 0<i<mn—1

This proves (4.19). Next, consider (4.20). Let Uy, = {j € z¢ . Bg NG +[0,1)% # 0} and
V(i) = =1(4,. =1(4,. _ . G

Yi(7) = EseBgn(j—i—[O,l)d) (G (u;) < Z(s) < G (uj41)) — Aw,. Since 7 > 15d, by Theorem
1.4.1.1 of Doukhan (1994),

4

B(E.[ X, ()l") = E(IXgo@il") = Bol "B | > Yi(4)
Jeuy,

< const.|Bo ™t | S IVi@)IE+ (YD IVi(G)I3)?
jeuk Jeuk
< const.)\l_‘ldhid[/\fhg4d|Aui|4/5 + (A?h;2d|Aui|2/3)2]

uniformly in i € {0,1,---,m,, — 1} and k € K,,. Thus,
I < const A2\, | 3NN 245 4 \T2INS24/3]) < const. A\, N2 AIAS AN 23
and hence (4.20). To prove (4.21) and (4.22), define the variables,

ViE() = > [Xpet (0i)* = E(X e (0)*)),
teT,, hnte(J+[0,1]9)20NRy

where k € Ky, j € Jn, s = 1,2. Then, using the partitioning by the sets J, p, p € {0, 1}¢, as in
the proof of Lemma 4.1, for any r» € Z*, and € > 0,

B [B. (X (01)%) — BB.(X500%)]
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ar

< const.|T,|7*" Z E Z Vé(g)
pefo1} | jed. p
< comst [Tl Y | Y V@B (X V6B
Pe{o1} |Jed, p J€Tup
< const.| T 72 [N /A )2 | Koo ()2 37 + (/A O )1 Koo (00 134) |
(4.26)
uniformly in i € {0,1,- — 1}, provided 7 > d(2r — 1)(1 4 2r/€) and 6 < 7/d. First consider

s=1. Take r =g _mln{k‘ 6 Z" k>33 6)} and € = 2 in (4.26). Since 7 > d(2r — 1)(r + 1),
(4.26) yields,

Cdr/2 —2dr+d y 2dr N 4(r+1) r/(r+1)
B < const A0 A THEINET | ama (B[ Ko (0] )

Cdr/2 —dr \2dr r/2
+eonst. AL 2 (A /A) TN 0<g1%}i_1’1g1ax (E|Xk0(¢z)| )

= Is1 + I20, say. (427)
Consider I5;. Since 7 > 35d, there exists an €; € (0,2) such that,

T > 7d(1+8/e1) > 35d, (4.28)
1 < min{4/(2+¢€),14+4/(8+¢€1)—2/5}. (4.29)
Let ¢ > 1 be such that ( is strictly less than the right side of (4.29). Then, applying Theorem

1.4.1.1 of Doukhan (1994), and using the fact that E[Y;(5)|* < h; % Aw;| for any a > 1 and for all
i€{0,1,---,my — 1}, j € U, we have,

I < const.)\%d’“/Q()\ /A )—dT’)\Zdr
X getmax | max [1Bo| L 3 IV D)lRee + (X Vi@l re) Sl
Jeuy, Jeuy,
< const.AgdW(An/Al)—d"A?d"A;‘*df0<12ax (NP2 A /(8 0) o \2dr| Ay /24y
< const. A, TAIC/22/ D) | const (A, /) AL (C/2-2/ ()
< const.A, 2N, (4.30)

for some « > 0, by our choice of ¢; and (. Indeed, for the first term,

—dr+dr[C/2 —2/(8 +e1)] = —dr+dr(1/2 —2/10) +dr[C/2 — 2/(8 + 1) — 1/2 + 2/10]
= —Tdr/10+dr[¢ — (1+4/(8 + 1) — 2/5)]/2 < —2d.

And for the second term, (X, /) "% < )\E(l_ﬁ)dr < )\;3[1/27 by the definition of 7. To estimate Io,
again applying Theorem 1.4.1.1 of Doukan (1994), we have (with r = ry),

r/(r+1)

Cr /2 —2dr+d y2d Ar+1) | )i+
Iy < const A7 ( N,/ A) T2 TN T0<52%§_1,?1&X |Bg| " Z V()4
Jeuk

< const AST2 (N, /A) T2 TN max max
" ! 0<i<mn—1 kek,,
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r r r/(r+1)
18010 32 TG ey + (3 IR0
Jeuy, Jeuy,
< COHSt.)\%drﬂ()\n/)\l)_2dr+d)\l2dr )\l—4dr

X max {A;lr/(T—l—l)|Aui|4r/(4(r+1)+ez) + )\l2dr|Aui|4r/(2+e2)}
0<i<mp—1

< const. A\ST2A-0 4 const NSH/2 )\ (1) (2dr=d) \~2dr/(2+e2) (4.31)
for some ey > 0, provided 352, i4(r+1)—-1)—1;=re2/(A(r+1)+e2) « o that s,
7> d(4r +3)[1 +4(r +1)/es]. (4.32)

Since 7 > d(4r+3), there exists e > 0 arbitrarily large, such that (4.32) holds. When 0 < 3 < 1/4,

r/i2—01-=p)2r—-1) < ¢r/2-3(r—1)/4—(1-0)r
= (-2 /A4 34— (1B
< r(¢-1)/2-3)2.

Now choose ¢ > 1 such that, r((—1)/2—-3/2—2r/(2+€3) < —3/2, that is, 1 < { < 1+4/(2+¢€2).
Then, with this choice of €3 and (, the last line of (4.31) is summable and therefore, (4.21) holds.
When 1/4 < 8 < d/(d+2), choose €3 € (0, (14 —123) /(43 — 1)) such that, 7 > d(4r + 3)[1 +4(r +
1)/ea] > d(4r + 3)[1 + 4(r + 1)(48 — 1)/(14 — 123)]. Then, it can be shown as in the g € (0,1/4]
case that there exists a ¢ > 1 such that the exponent of A% in the second term of (4.31) is less than
—3/2 — ~y for some y > 0. Therefore, (4.21) holds.

The proof of (4.22) is similar to that of (4.21). Here, we set r = 3,5 = 2,e = 2 in (4.26) and
repeatedly apply Theorem 1.4.1.1 of Doukhan (1994) in carrying out steps analogous to (4.27),
(4.30), and (4.31) (where we set both €; = €5 = (14—1203)/[3(26—1)] for 8 > 1/2 and €1, €2 € (0, 00)
arbitrarily large for 0 < § < 1/2). We omit the details to save space.

A

Lemma 4.9 Under the asymptotic framework of Section 2.2 and the bootstrap procedure given in
Section 2.3, suppose that assumptions (A.1)—(A.5) hold, and that the mizing coefficient parameters
T and 6 satisfy T > T7d, 0 < 7/d. Then, there exists a set A € F with P(A) = 1 such that for any
w € A, for any given ug € [0,1], for every € > 0, there exist a 6 € (0,1) and an N(w) € Z™, such
that for all n > N(w),

max 2B, (F ()] < /2

0<i<mp—1

Proof: Note that,

d/2 [ % . < d/2 ~ % ' d/2 |
Oggna"b)i—l NP E(Fy (v1)] < Ogg%}i—l)\" |Ex(E) (1)) — Aug| + <ZI£172711>7<L_1)\ Au;
d/2 %k ) . .
= 0<im 1 AP E(Fy (¥i) — Aui| + €/6.

Hence, it suffices to show that maxo<j<m, —1 )\2/2|E*(13';f(1/)i)) — Au;| — 0 a.s, which holds if the
upper bound of,

P(, max 1>\§/2|E*(FZZ(¢¢)) — Ay >7) < > v TENYEEL(F; () — A
ST 0<i<mpn—1

(4.33)

is summable over n, for a properly chosen r € Z7.
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Rewrite,

kelcn

E.(Ey (i) — Au; - = (Z By |

kek.,

kex, k:elCn teT,

= T Y wi) < Z(s) < G Huipr)) — Auy,
SESn

) (Z |Bk> Bol > 1Tl 3 Xpy(u)

where the constants @,(-) € [0,2]. Hence,

BE.(F () - Au)” = [T/ 7E | Y @u(s)I(G (w) < Z(s) < G (win1)) — Auy)

= |LI7"E| Y W@O)| .

where W(l) = 2 sel+01)DNS, On(8)[I(G™(ug) < Z(8) < G™Y(uit1)) — Aug] denotes the sum over
the unit block (I +[0,1)%) N R,; I € £,,. Note that for a given a > 0,

EW@PE < BE| Y Gue) (G () < Z(s) < G (i) — Au)
sel+0,1)M)nS,
< const.(h,, )“E|I( ( i) < Z(s) < G_l(ui+1)) A
< const.(h; ) Au.

Take r = 6. Since 7 > 77d, there exists € € (0,2) such that 7 > d(2r—1)(1+42r/¢) > 11d(1+12/2).
Hence, with this €, by Theorem 1.4.1.1 of Doukhan (1994),

2r
7|77 E {Z W(l)] < const.| T max{ Y [WO)I3e [ D WO}
lec, lec, lec,
< (:onst.()\fllh,;d)12 max{)\flzh;w ]Aui\12/(12+5), (Agh;Qd]AuiP/(HE))G}
< const.)\;15d/2_7,
for some v > 0. This shows that the right side of (4.33) is summable over n. Hence the result of
the lemma holds. O

Lemma 4.10 Under the asymptotic framework of Section 2.2 and the bootstrap procedure given in
Section 2.3, suppose that assumptions (A.1)—(A.5) hold, and that the mizing coefficient parameters
7 and 0 satisfy T > max{77d, 70, 79,79}, 0 < 7/d. Then, there exists a set A € F with P(A) =1
such that for all w € A, for any given ug € [0,1], for every e > 0, n > 0, there exist a § € (0,1)
and an N(w) € Z™", such that for all n > N(w),

P.( sup |6 (u) — & (uo)| > €) < nd.
up <u<ug+9
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Proof: By (22.18) of Billingsley (1968),

sup  [&(u) — & (uo)| <3 16 (uir) — & (ui)
o <u<ug+6 0<z<mn 1
+ _max  AVEL(F; (i) — Bu(F (w)|
0<i<mp—1

By Lemma 4.8 and Lemma 4.9, there exist a § > 0 and an N(w) € Z7 such that, for all n > N(w),

P.( _max & (uip1) = & (ui)] = €/6) < 0d/2,

0<i<mp—1

d/2|E*(13';L"(ui+1)) — E.(F*(u;))| < €/2 for all w € A. Hence the result of the

and maxo<i<m,—1 A
lemma holds. O
Proof of Theorem 3.2

Since the marginal CDF G(+) is continuous by assumption (A.1), it suffices to show that, the
rescaled process converges weakly a.s.; that is,

& 2W as, (4.34)

where 2 denotes weak convergence of random elements in DI[0,1], &5(-) = ££(G7(-)) and W(-) =
W(G~1(")) are defined as before.

By Lemma 4.7, the finite dimensional distributions of £/(-) converge weakly to those of W(:)
a.s. By Lemma 4.10, W(-) is tight. Hence, by Theorem 15.1 in Billingsley (1968), the result of
(4.34) and hence, Theorem 3.2 holds. O

4.3 Proof of Theorem 3.3

As in the univariate case, the proof consists of two steps, namely, (I) showing the weak convergence

of finite dimensional distributions and (II) proving the tightness of the relevant process. For §£Lm),
step (I) is a simple consequence of the Cramér-Wold device and the CLT result of Lahiri (2000)
(c.f. Theorem 4.1). For 5&”’*, step (I) easily follows by repeating the steps in the proof of Section
4.2. Thus, it remains to establish step (II). Using the arguments developed by Biithlmann (1994),
it is enough to show that for any given ug € [0,1]™, for every € > 0, n > 0, there exist ¢ € (0,1)
and ng > 1 such that for all n > ng,

P( sup [E0 (u) = £7 (uo)| = €) < s, (4.35)
’U/EQ('U/(L(S)
and
Po( sup [E0(u) = €1 (ug)| 2 €) <o as., (4.36)
’U/EQ('U/(L(S)
where Q(ug,d) = {u € [0,1]™ : ug < u < wug + 01}, 1 = (1,- ) € ]Rm, and £n ) and éﬁ{”)*
are the rescaled versions of 5£,m’ and £n * defined by £n ( )= (Gl (u1), -, Gyt (un)), and
" () = €0 (G () G ), = ()’ € 0,117 Here, Gi(2) = P(Zi(0) < 2),

z € IR denotes the marginal distribution function of Z;(0), 1 <1i < m.

First, consider (4.36). A proof may be constructed by using the error bounds derived above
for the univariate r.f. case while retracing the steps of Bithlmann (1994, pp.1003-1006). In partic-
ular, using arguments similar to the proof of (4.17) above and using Theorem 1.4.1.1 of Doukhan
(1994) in place of the moment bounds of Yokoyama (1980), one may derive the following analog
of Bithlmann (1994)’s key inequality (15) (cf. pp. 1003) for the spatial bootstrap case.
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For a bounded measurable function f : IR™ — IR with E(f(Z(0))) =0, and any integer r > 1,
[ Z E.|( )\dh2d —1/2 Z f(z |27’}
ke’Cn SGBZ:
< Cd,r,m)|Cy | max{(E[f(Z(0))["*") /%, (EIf(Z(0))*) }(M/An) "

provided T > 3d(4r — 1)/2 and 6 < 7/d.

Similarly, one needs to use arguments similar to the proof of Lemma 4.9 above to establish an
analog of Biithlmann (1994)’s Lemma 10, which in turn allows one to prove (4.36). The proof of
(4.35) is similar to (and indeed simpler than) the proof of (4.36). We omit the details.

4.4 Proof of Theorem 3.4

By the Fréchet differentiability of T at G, we have,
TG — T(G™) / gd(GL™ — Gy 4 R(GU™), (4.37)
where for any € > 0, there exists a § > 0 such that,
IR(GT)| < ellGE = G, (4.38)

whenever HGng) — G| 5 < 6. Part (i) of Theorem 3.4 now follows from Theorem 3.3 (i), (4.37),
(4.38), Slusky’s Theorem, and Theorem 4.1 of Lahiri (2000).

Next, consider part (ii). Without loss of generality, suppose that [ gdG(m) = 0. Then, applying
(4.37) twice, we have,

N0~ 0,) = NG — §,) + R, (4.39)
where g = fngT(Lm)*, g, = [gdE.( T(Lm)*), and R = )\d/2[R( (m) ) + R(E.(Fn (m)= ))]. Since
G, -+, Gy, are continuous on IR, by arguments similar to the proof of Lemma 4.9,

MNP ELFT™) = G| = Op(1). (4.40)

Also, by (4.40) and Theorem 3.3 (ii), the conditional distribution of AW

sequence, a.s. Hence, by (4.38), for any ¢ > 0,

1™ — G0™)|| is a tight

PR, > €) = 0p(1). (4.41)
Also, using arguments similar to those in Section 4.2, we have,
A2(g* —g.) B N(0,50) as. (4.42)
Hence, by Corollary 2.6 and Corollary 3.2 of Bhattacharya and Rao (1986), Theorem 3.4 (ii) follows
from (4.39), (4.41), and (4.42).
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