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Yi Lin and Yongho Jeon

Abstract

In this paper we study random forests through their connection with a new framework of
adaptive nearest neighbor methods. We first introduce a concept of potential nearest neighbors
(k-PNN’s) and show that random forests can be seen as adaptively weighted k-PNN methods.
Various aspects of random forests are then studied from this perspective. We investigate the
effect of terminal node sizes and splitting schemes on the performance of random forests. It
has been commonly believed that random forests work best using largest trees possible. We
derive a lower bound to the rate of the mean squared error of regression random forests with
non-adaptive splitting schemes and show that, asymptotically, growing largest trees in such
random forests is not optimal. However, it may take a very large sample size for this asymptotic
result to kick in for high dimensional problems. We illustrate with simulations the effect of
terminal node sizes on the prediction accuracy of random forests with other splitting schemes.
In general, it is advantageous to tune the terminal node size for best performance of random
forests. We further show that random forests with adaptive splitting schemes assign weights to
k-PNN’s in a desirable way: for the estimation at a given target point, these random forests
assign voting weights to the k-PNN’s of the target point according to the local importance of
different input variables. We propose a new simple splitting scheme that achieves desirable
adaptivity in a straightforward fashion. This simple scheme can be combined with existing
algorithms. The resulting algorithm is computationally faster, and gives comparable results.
Other possible aspects of random forests, such as using linear combinations in splitting, are also

discussed. Simulations and real datasets are used to illustrate the results.

Key Words: Adaptive estimation, classification trees, randomized trees, regression trees, random

features.

1 Introduction

Nearest neighbor methods have been studied extensively in the fields of nonparametric statistics
and pattern recognition, and continue to be very popular because of their simplicity and because
they are very successful for many practical problems. See Fix and Hodges (1951), Dasarathy (1991),
Ripley (1996), and Hastie, Tibshirani, and Friedman (2001) for summaries of the extensive literature
on the topic. Random forests are among the recent additions to the nonparametric statistics and
machine learning toolbox. See Breiman (1999) for an overview. Random forests have been shown

to give excellent performance on a number of practical problems, but the mechanism for this is not



fully understood. In this paper we provide a framework connecting random forests with nearest
neighbor methods, and study the statistical properties of random forests through this connection.

Nearest neighbor methods and random forests can be used for both regression and classification.
In this paper we mainly focus on regression problems, but we give some discussion to classifica-
tion problems as well. Consider independent and identically distributed observations {(x;,¥;),7 =
1,...,n} of a random pair (X,Y’). Here X = (X(l), ...,X(d)) € R% is the input vector, and Y € R
is the response variable. We wish to estimate the regression function g(x) = E(Y|X = x). For
any point xo € R?, consider an estimator §(xo) of g(xg) based on {(x;,¥;),i = 1,...,n}. The mean

squared error at xg is

MSE[§(x0)] = E[j(x0) — g(x0)]?
= [E(j(x0) — g(x0))]* + var(j(xo))

= bias® + variance.

The integrated mean squared error is IMSE(g) = Ex MSE[§(X)].

Given a distance metric, the k nearest neighbor (k-NN) method estimates g(xo) by looking at
the k& sample points that are closest to xo: §(x0) = D.re; w;y;, where the weight w; is 1/k for the k
nearest neighbors of xg, and is zero otherwise. Different distance measures can be used to form the
neighborhood of a target point. The nearest neighbor approach is based on the assumption that
the regression function is approximately constant in the neighborhood. Ideally, for a target point
Xp, given the number k, the distance measure should be chosen to yield the k nearest neighbors
that have mean response values as close to g(xo) as possible. Hastie and Tibshirani (1996) gave a

nice discussion on the choice of distance measure.

Example 1 To illustrate, we generated n = 1000 sample input points {x; = (xgl), xz(?)),i =1,..,n}
uniformly in [0,1)2. The response was generated according to Y = g(X) + ¢, where g(x) = [zP)]?, €
was simulated independently of X from a normal distribution with zero mean and standard deviation
0.2. Figure 1, panel (a), gives a neighborhood of x9 = (0.5,0.5) defined by the ordinary Fuclidean
metric and containing k = 100 sample points. If we knew the underlying regression function, we
could find the neighborhood of x¢ that contains the 100 sample points whose regression function
values are the closest to g(xo). Thus the assumption that the regression function is approximately

constant in the neighborhood is satisfied. That ideal neighborhood is shown in panel (b) of Figure

1. Tt stretches out all the way in (Y direction.

It would be possible to do even better in reducing bias in Example 1, if we had the exact

knowledge of the regression function and the density of X. By choosing the neighborhood carefully



we can make the bias cancel out, because some of the neighbors have upward bias whereas others
have downward bias. However, this seems too much to hope for in practice, and we will not consider
it further. In this paper an ideal neighborhood refers to one that contains neighbors that are most

similar to the target point in terms of the mean response g(-).
Figure 1 here.

Several authors have studied the problem of how to adaptively choose the metric distance for
nearest neighbor methods. Friedman (1994) introduced a k-NN classification method that estimates
the local relevance of each input variable for each individual point to be classified, and uses this
information to separately customize the metric used to define distance from that object in finding
its nearest neighbors. Hastie and Tibshirani (1996) proposed another adaptive NN classification
method using a local linear discriminant analysis to estimate an effective metric for computing
neighborhoods. Earlier related proposals for adaptive nearest neighbor classification include Short
and Fukunaga (1981) and Myles and Hand (1990). The central idea of these existing adaptive
nearest neighbor methods is to select k-NN’s according to an adaptively chosen local metric. In
Section 2 we introduce a different paradigm by considering the set of potential nearest neighbors (k-
PNN’s), which consists of all the sample points that can be made a k-NN by choosing a reasonable
distance metric. (Thus the number of k-PNN’s is much larger than k.) In addition, we show in
Section 2 that there is a natural connection between the adaptive weighted PNN approach and
random forests.

Random forests are classification and regression methods based on growing multiple random-
ized trees. Breiman (1999) formalized the concept of a random forest with M trees as an estimator
consisting of a collection of randomized trees {h(x,®,,),m = 1,..., M} where the {©®,,} are in-
dependent identically distributed random vectors. The m-th randomized tree is grown using the
training set and {©,,}, resulting in an estimator h(x, ®,,), where x is an input vector. The pre-
dictions of the M randomized trees are averaged to give the final prediction. Let ® be the generic
random vector having the same distribution as ©,,, m = 1, ..., M. Breiman (1999) showed that, as
M goes to infinity, the mean squared generalization error of the random forest goes almost surely
to that of Egh(x,®).

In random forests, a randomized tree is typically constructed without pruning (Breiman, 1999).
The tree building continues until each terminal node contains no more than k training sample
points for some pre-specified k (or until the terminal node is pure in classification, in which case
the result of the voting is the same as if we continue tree building until there are at most k sample

points in the terminal node). Different random forests differ in how randomness is introduced



in the tree building process. Bagging (Breiman, 1996) proceeds by growing trees on bootstrap
samples of the training dataset. Randomized outputs (Breiman, 1998) grows trees on the training
set with randomly perturbed output variable. Random split selection (Dietterich, 2000) grows trees
on the original training dataset. For a fixed number S, at each node, S best splits (in terms of
minimizing deviance) are found and the actual split is randomly uniformly selected from them.
Random feature selection (Amit and Geman, 1997; Breiman, 1999) searches for the best split over
a random subset of the features at each node. Random subspace (Ho, 1998) grows each tree with
a random subset of the features. Perfect random trees (Cutler, 1999; Cutler and Zhao, 2000) uses
an extreme randomness: at each node, randomly choose a variable to split on, and on the chosen
variable choose randomly uniformly a split point between two randomly chosen points coming from

different classes.

The statistical mechanism of random forests is under active investigation. Breiman (1999)
showed that the expected misclassification rate is bounded by an expression that depends on two
parameters: the expected correlation between pairs of classifiers, and the expected accuracy of
the individual classifiers. This bound is loose, but suggestive. Breiman (2000) showed that in
the population space for binary classification problems, random forests are approximately kernel
smoothers. Cutler and Zhao (2000) showed that their perfect random trees method is fitting a
block-wise linear surface, and can be computed directly using a recursive equation. Friedman and

Hall (1999), and Biithlmann and Yu (2000) provided some explanations of how bagging works.

In this paper we concentrate on random forests that use the original training data (not bootstrap
samples) in the construction of randomized trees. Most tree building schemes use splits on the
input variables. We concentrate on random forests with such splitting schemes, everywhere except
in Section 5, where we consider random forests using linear combinations of input variables for

splitting.

We start by looking at random forests locally at a target point xg. Given the training data
{(x4,9:i),s = 1,...,n}, at a target point xo, the prediction from the m-th randomized tree is
Yoieq1 Wimyi, with the weight Wiy, being 1/k,, if x; is among the k,, sample points in the ter-
minal node containing the target point xg; and is zero otherwise. This weight depends on the
training data {(x;,v;),7 = 1,...,n}. Given the training data, it is a function of the random vector
®,, in the definition of the random forest. Averaging over M trees, the random forest prediction
at xo is i Wiys, with W; = 1 /M 2%21 Wim. Therefore the random forest can be seen as a

weighted average of y;’s, with the weights depending on the training data and {@,,,m =1, ..., M }.



Since > 1 Wi, = 1, we have

S W= 1)

It will be clear that the weight W; is zero for most of the sample points. The sample points with
positive weights will be called voting points of the random forest for estimating g(x¢). In general,
the voting points are not the nearest neighbors of xg under any single distance metric. However,
we show in Section 2 that the voting points are all k-PNN’s, where k is the terminal node size of
the randomized trees. Thus random forests can be viewed as weighted k-PNN methods.

Random forests with different splitting schemes assign weights to k-PNN’s in different ways.

The splitting schemes can be classified into two broad categories. A non-adaptive splitting scheme
partitions the input space in a way that is independent of the response ¥;’s, given the input vectors
x;’s. One example of non-adaptive splitting schemes is the purely random uniform splitting: for
each internal node, we randomly choose a variable to split on, and the split point is chosen uniformly
among all possible split points on that variable. This splitting scheme is of theoretical interest and
has been considered in Breiman (2000). Most splitting schemes used in practice depend on the
response y;’s. One example is the random input selection (Breiman, 1999): at each node, a small
group of F' input variables are randomly selected, and the best split is searched for over these F
input variables. Breiman (1999) compared random input selection with ' =1 and F' = logyd + 1
in classification, and found similar results. For convenience, we will also refer to the random input
selection with F' = 1 as random side selection.
Example 1 (cont.) To illustrate the difference between the adaptive and non-adaptive splitting
schemes, we applied the purely random uniform scheme and the random side selection to the data
in Example 1 and xo = (0.5,0.5). The tree building process continues until each terminal node
contains at most k = 2 sample points. Both random forests were built to contain M = 1000
randomized trees. For each of the two random forests, we get the voting weight of each sample point
for estimating g(xo). Figure 1, (¢) and (d) give the voting points and their weights, where the sizes
(areas) of the symbols are proportional to the weights.

It can be seen that in the purely random uniform splitting case, the voting points and weights
are roughly equally spread out in the two dimensions. In the random side selection case, the voting
weights are spread out in the (! direction, but are concentrated around 0.5 in the 2 direction.
This is qualitatively similar to the ideal neighborhood discussed earlier. To give an idea of the
relative spreads in the two directions, we calculate the weighted total distance of the voting points
from xg in each direction: .1, Wi|:z:£j) —0.5], 7 = 1,2. We repeat the example 100 times and

average. For the purely random uniform scheme, the average weighted total distance is 0.0303



in the z(!) direction, and 0.0311 in the z(?) direction. For the random side selection, they are
0.0603 and 0.0137, respectively. This suggests that the random forest with random side selection
adaptively assign weights among the voting points, which will be shown to be k-PNN’s.

We study aspects of random forests from the perspective of adaptively weighted PNN’s. The key
elements in the construction of random forests are the splitting scheme and the specified maximum
terminal node size k. In Section 3, we study the effect of the terminal node size k on the statistical
accuracy of random forests. The conventional wisdom is that random forests work best using the
largest trees possible (k = 1). See Breiman (2000, 2002). We derive a lower bound to the rate of
the mean squared error of non-adaptive regression random forests, and show that, if large trees are
used, then asymptotically it is impossible for non-adaptive random forests to achieve the optimal
rate of convergence in regression. It is desirable to have the terminal node size k go up with the
sample size n. We illustrate the effect of terminal node sizes on prediction accuracy of adaptive
random forests with simulations. In general, it is advantageous to tune the terminal node size for
best performance of random forests, though large trees often give the best performance when the
dimension of the problem is high.

In Section 4, we study the effects of splitting schemes. It is curious how the adaptiveness shown
in Figure 1(d), is achieved, since each variable has an equal chance of being split in the random
side selection. We show that there is a fundamental difference between deterministic splitting and
random splitting, and that this difference explains the adaptiveness of the random side selection. We
give a heuristic argument to show that, for the estimation at a given target point, the random forest
with random input selection assigns voting weights to the k-PNN’s of the target point according
to the local importance of different input variables. Simulations were carried out to illustrate the
discussion. We introduce random point selection, a new simple randomization scheme that achieves
adaptiveness in a more straightforward fashion.

Breiman (1999) introduced a random forest, Forest-RC, that uses linear combinations of input
variables in splitting. We consider the impact of using linear combinations in Section 5. The random
point selection can be naturally used with linear combinations. The resulting algorithm achieves
similar results to those of Forest-RC, but is computational faster. Discussion and summaries are

given in Section 6. Proofs are given in Section 7.

2 Potential nearest neighbors and random forests

We first introduce the concept of monotone distance measures. Throughout this paper, a hyper-

rectangle refers to a region of the form ®;l:1[a(j), b)]. A hyper-rectangle defined by two points a
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and b is a hyper-rectangle with the two points as opposing vertices. Any distance metric should
satisfy the positivity condition and the triangle inequality. In addition, in Euclidean space it is
reasonable to require distance measures to satisfy the following monotonicity condition: for any
two points a and b, any point c in the hyper-rectangle defined by a and b is closer to a than b.
This is intuitively clear since c is closer to a than b in every dimension j, j = 1,...,d. We call any
distance measure in the Euclidean space satisfying this monotonicity property a monotone distance
measure. Such measures include all the common distance measures in the Euclidean space, such as
any scaled L, measures, 0 < ¢ < oo.

Now we are ready to introduce the potential nearest neighbors.

Definition 1 A sample point x; is called a k-potential nearest neighbor (k-PNN) to a target point
xq if there exists a monotone distance metric under which x; is among the k closest to xo among

all the sample points.

Therefore, any k-PNN is a k-NN under a suitably chosen monotone metric. The number of k-PNN’s
is typically much larger than k, and depends on the number and configuration of the sample points.

Existing adaptive nearest neighbor methods can be seen to choose k sample points from the set of
all k-PNN’s according to an adaptively chosen local metric. Instead we may consider looking directly
at the set of all the k-PNN’s, and adaptively choose sample points from this set, or adaptively
assigns weights to the points in this set (adaptively weighted k-PNN). If K k-PNN’s are chosen
by an adaptive selection scheme, in general these K points are not the K nearest neighbors to xg
under any single distance metric. Therefore the adaptive PNN approach is much different from the
existing adaptive NN paradigm.

The proof of the following proposition is straightforward and is omitted.

Proposition 1 A sample point x; is a k-PNN to xq if and only if there are fewer than k sample

points other than x; in the hyper-rectangle defined by xg and x;.

Remark 1 In an exercise (problem 11.6, page 183), Devroye, Gydorfi, and Lugosi (1996) introduced
the so called “layered mearest neighbor rule” as an example of scale-invariant classification rules.
The layered nearest neighbors are “sample points x; for which the hyper-rectangle defined by xo and
X; contains no other data point.” See Figure 2 for an illustration of the layered nearest neighbors.

From Proposition 1 we see that the layered nearest neighbors are the same as 1-PNN'’s.
Figure 2 here.

Consider (regression and classification) random forests with terminal node size k. We can now

show that the voting points for a target point xg belong to the set of k-PNN’s of x(, no matter what



splitting scheme is used. The terminal nodes of each randomized tree define rectangular areas. If a
sample point x; is not a k-PNN of xg, then there are more than k sample points (including x;) in
the hyperrectangle defined by x; and x¢. Therefore x; cannot be in the terminal node containing
Xo. In other words, only k-PNN’s can become a voting point. Thus we can view random forests
as a weighted k-PNN method. For some splitting schemes including the purely random uniform
splitting, it is easy to see from the characterization in Proposition 1 that all k&-PNN’s of the target
point have positive probabilities of being in the same terminal node as the target point. Thus, for
these splitting schemes, all k-PNN’s can become voting points.

The following results give some idea of how many k-PNN’s there are for a given target point.
These results will be used in Section 3. Consider a random sample of n points {x;,i = 1,...,n}
from a density function f(x) supported on [0,1]%. Let Ay(n,d,xq, f) denote the expected number
of k-PNN’s of a fixed point xq € [0,1]¢. For example, Aj(n,d,0,1) is the expected number of

k-PNN’s of the origin 0 = (0, ...,0) among n uniform random points in [0, 1]%.

Theorem 1 Aj(n,d,0,1) = {k(logn)?'/d'}[1 + o(1)], as n — oo.
Lemma 1 Ag(n,d,0,1) < Ap(n,d,xo,1) < 2%A,(n,d,0,1), for any x¢ € [0,1].

Theorem 2 Assume the density f(x) is bounded away from zero and infinity in [0,1]%. Then there

erists 0 < A1 < Ao, such that
Ark(logn)?t < Ag(n,d, xo, f) < Aok(logn)?t,

for any xq¢ € [0,1]% and n. That is, the expected number of k-PNN’s is of order k(logn)?~1.

3 Terminal node size of randomized trees

In this section we consider the effect of the maximum terminal node size £ on the prediction

accuracy of random forests. We first consider random forests with non-adaptive splitting schemes.

Theorem 3 In the regression problem Y = g(X) + € with E(e) = 0 and var(e) = o2, consider the
estimation of g based on a random sample {(x;,y;),i = 1,...,n}. Suppose X is distributed in [0,1]%,
and its density is bounded away from zero and infinity in [0,1]%. Consider an estimator § resulting
from a non-adaptive random forest with terminal node size k. There exists Ag > 0, such that for
any n,

MSE[§(x0)] > Ak~ (logn)~ @1 vxq € [0,1]% (2)

IMSE(§) > Ask™'(logn)~@=1, (3)



Theorem 3 states that a lower bound to the rate of convergence of the mean squared error of
random forests with non-adaptive splitting schemes is k~'(logn)~(®=1). On the other hand, it is
well known (Stone, 1980) that the optimal rate of mean squared error in regression problems is
n=2m/(2m+d) - where m is the order of smoothness of the regression function g. The smoothness
condition can be made precise by means of Sobolev spaces or Holder classes, but roughly it means

—2m/(2m+d)

the m-th order derivative of g exists. The rate n is a standard rate that can be achieved

—2m/(2m+d) i clearly

by many nonparametric methods. For smooth functions (m > 1), the rate n
much faster than the rate achievable by non-adaptive random forests if the terminal node size k
does not vary with the sample size n. To make it possible for non-adaptive random forests to
achieve the standard rate, the terminal node size k should be made to increase with the sample
size n. Therefore, for non-adaptive random forests, growing large trees (k being a small constant)
does not always give the best performance. The intuitive reason why non-adaptive random forests
with largest trees may not be optimal is that such random forests only use the 1-PNN’s of xg in the

estimation of g(xp), and the number of 1-PNN'’s is of order O,[(logn)?~!], which is not big enough

for the estimator to achieve the standard rates of convergence for smooth functions.

The above asymptotic argument only applies to situations where the sample size is large com-
pared with the dimension of the problem. In practice, however, we often encounter high dimensional
problems with moderate sample size. In such problems the number (logn)?!/(d — 1)! may not be

2m/ (2m+d)

smaller than n , even if the asymptotics indicate otherwise. Take d = 10, m = 2 for exam-

ple. When n = 100000, (logn)*1/(d—1)! = 9793, whereas n?"/ 2m+d) = 27 So (logn)?~'/(d—1)!

2m/(2m+d) — This is even more the case for larger d and smaller n.

is actually much larger than n
Therefore, in high dimensional problems, it can often happen that growing largest trees gives the

best performance for non-adaptive random forests.

We believe the results for non-adaptive random forests apply qualitatively to adaptive random
forests: growing largest trees is not optimal in general. We give an intuitive reason. If xg = x; for
some sample point %, then there is just one 1-PNN for xg which is itself. Therefore for largest trees
the prediction at any training data point is always the same as the response in the training set,
i.e., random forests with the largest trees predict the training set perfectly well. Such predictions

are usually sub-optimal for predicting future observations when the data are noisy.

To confirm our intuition, we carried out a simulation study to see how the prediction error
of random forests varies with the terminal size k. The dataset (Friedman#2) used is available
from the R library “mlbench”. It was originated from Friedman (1991) and was also described in

Breiman (1996). There are 4 independent input variables uniformly distributed over the ranges



0< M < 100, 407 < 23 < 5607, 0 < 3 <l,and 1< z® < 11. The response is
1/2
y=[@M)?+ @@z - (1/(@2)))2] 7 + ¢

where € ~ N(0,02). The noise level o was taken to be 125 to give a signal to noise ratio 3 to
1. In each run, we generated n = 1000 training examples and 1000 test examples. The random
forest was constructed with 100 randomized trees. The randomized trees were built with random
input selection with the size of the random subset being F' = 3. For each terminal node size k,
we calculated the average squared error over the test set. We ran the simulation 100 times and
averaged. The result is given in the left panel of Figure 3. We can see the test error goes down as
k goes up, the minimum test error is achieved at k = 20 or larger.

We then increased the dimension of the regression problem by throwing in six uniform noise
input variables, and ran the same experiment on the new problem. The result is given in the middle
panel of Figure 3. The minimum test error is achieved at k = 3.

Instead of increasing the dimension, in the third case we decreased the sample size of the training
set to 200, and repeat the experiment. The minimum of the test error is achieved at k = 5 (the
right panel of Figure 3). These experiments confirm our expectation that growing largest trees may
not be optimal, and that growing largest trees is often close to optimal when the dimension of the

problem is high, or the sample size is small.
Figure 3 here.

For classification problems, the asymptotic argument used in regression case can not be applied
directly, and the misclassification loss in classification is quite different from the square loss in
regression. However, it is still true that random forests with largest trees predict the training set
perfectly well, thus are likely to be sub-optimal for predicting future observations when the data
are noisy. We believe that, similar to regression random forests, classification random forests with
largest trees may not give optimal performance when the dimension is low, and the sample size
is large. We illustrate this with a very simple two dimensional simulation. The positive and the
negative class are both normal with a common covariance: identity matrix. The two class centers
are (0,0) and (1, 1), respectively. We generated 500 positive examples and 500 negative examples.
Random input selection with F' = 1 was used in classification trees. We used the Gini index when
searching for best splits. We varied the terminal node size k from 1 to 50. The random forests were
built with 100 randomized trees. The misclassification rate was calculated on a test set of size 1000

generated similarly to the training set. We repeated the whole process 200 times and averaged.

Figure 4 here.

10



The result is shown in Figure 4. The dotted lines give the standard error calculated from the
200 replicates. We see that as the terminal node size increases from 1 to 50, the misclassification
decreases monotonically, from over 30% to under 26%. Therefore largest trees are not optimal in
this example.

It is not surprising that random forests with largest trees were optimal in previous empirical
studies (Breiman, 1999): the datasets used in the empirical studies tend to be high dimensional,

with the sample size small relative to the dimension.

4 Splitting schemes

Given the terminal node size k, the assignment of weights to the k-PNN’s is determined by the
splitting scheme of the tree construction. A non-adaptive tree growing scheme gives rise to a linear
smoother because the weights of the k-PNN’s do not depend on the response variable, given the
input vector. For most random forests, the tree growing scheme depends on the response variable.
In this section we investigate how these random forests assign weights to k-PNN’s. In the discussion
of this section, we assume that X is uniform in [0, 1]¢.

We start with the simple random side selection. Figure 1(d) shows that the random forest
with random side selection assigns weights adaptively to the k-PNN’s in a desirable way: the
weights are spread out in the direction that is not important, but are concentrated in the important
direction. This is qualitatively similar to the ideal neighborhood. In ordinary regression trees,
the best split is searched for in the current node. Therefore more important variables get more
cuts and the neighborhoods become narrower in that direction. Thus desirable local adaptivity
is achieved. In the random side selection, each variable has an equal chance of being split on,
therefore the adaptiveness shown in Figure 1(d) has to come from a different mechanism. We
argue that the adaptiveness comes from the difference between random splitting and deterministic
splitting. We start with a formal characterization of this difference by contrasting the behavior of
the deterministic bisection and the uniform random split.

First let us consider the deterministic bisection on [0, 1]. For a fixed point ¢y € [0, 1], consider
the interval sequence containing ¢y resulting from the deterministic bisection. Denote the length of
the J-th interval in the sequence by D;. Then it is clear that D; =277, V.J > 0.

Now consider the uniform random splitting. Fix ¢y € [0,1]. Starting from [0, 1], at a current
interval containing tg, the next split is randomly uniform in the interval. Consider the interval
sequence containing tg resulting from the uniform random splitting. Denote the length of the J-th

interval in the sequence by Rj;. Then Rj; is a random variable. Let us start with R;. Consider

11



the first cut 7, which is uniform over [0, 1]. The length of the interval containing ¢y is Ry = 17 if

T1 > tg, and Ry = 1 — 17 otherwise. Simple calculation gives
E(Ry) = (1 —1to)[(1+10)/2] + to[l — to/2] = 1/2 + to(1 — to).

This is larger than D; whenever tj is not on the boundary of [0, 1]. An intuitive explanation of this
difference is that for the random splitting scheme, the larger child node is more likely to contain %.
An explicit expression for E(Ry) is hard to come by for J > 2, but we have the following

Theorem 4
E(Rj)/Dy>1+6to(1 —to)[1.27 —1]. VJ > 1.

We see that the ratio between the lengths of the intervals containing ty resulting from the two
splitting schemes goes up exponentially for any ¢y that is not on the boundary of [0, 1]: deterministic
bisection gets to the target point more quickly than random splitting. This sheds light on the
working mechanism of the random side selection. Part of the discussion in the rest of this section is
heuristic, but the discussion should provide insights into the working mechanism of random forests.
We reinforce the heuristic arguments with simulations.

In the ideal case of an equidistant design and a linear signal with no noise, it can be checked
that the best split on the variable is equivalent to the deterministic bisection. On the other hand,
when we split on a variable with no signal, pure noise, the best split is close to uniformly random
splitting. In the random side selection, each input variable has equal chance of being chosen to
split. When we split on a variable of strong linear signal, weak noise, the best split is close to
bisection; when we split on a variable of very weak signal, the best split is close to a random split.
Thus the splits on variables with strong linear signals are getting to the target point more quickly
than the splits on variables with weak signals. Therefore the terminal node containing the target
point is on average narrower in dimensions with strong linear signals than in dimensions with weak
signals. Thus the random side selection achieves desirable local adaptivity.

To obtain further insight let us consider the linear regression function case: Y = ¢g(X) + ¢,
with g(x) = a(® + Z;l:l aWz(@) . This is a situation where the relative importance of the input
variables on [0, 1]% is clear cut: variables corresponding to larger |a(/)|’s are more important. More
generally, in a hyper-rectangle with the length of the sides being r9), j = 1, ..., d, the importance of
the j-th variables is measured by ]a(j)|r(j). This is easily seen by scaling the hyper-rectangle into
the hyper-cube [0,1]%.

For a fixed point xg, consider the hyper-rectangle around xg with a fixed volume so that the

responses of the points inside the hyper-rectangle are the closest to g(xg). This corresponds to
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the ideal hyper-rectangle neighborhood of x(¢ that contains a fixed number of sample points. Let
the length of the sides of this hyper-rectangle be ¢, j = 1,....d. It is easy to see that they
have to satisfy that q(j)|a(j)] = C, ¥y, for some constant C'. That is, in the ideal hyper-rectangle
neighborhood, all the variables are equally important.

Now let us consider the random side selection in this linear case. In the random side selection,
each input variable has an equal chance of being chosen to split. On the chosen variable, the best
split is searched for. In [0,1]¢, the splits on variables with stronger signal behave more similarly
to bisection, whereas the sides with weaker signal behave more similarly to the random split.
Therefore, on average the length of the more important dimensions shrink faster. In a node with
length () in the j-th direction, j = 1, ...,d, all directions will have on average the same shrinking
rate if |a()|r(9) are the same for all direction j. Again this can be seen by scaling the node to [0, 1]:
after such scaling the slopes of the linear regression function are a?)r(), and the shrinking rate is
not changed by scaling. On the other hand, if the |a(?)|r(7)’s are not the same, then similarly we
can see that the variable with larger |a()|r(%) tends to shrink faster and therefore |a?)|r() decreases
faster. Thus in equilibrium the relative lengths of the sides of the node should make all |a()|r()’s
be the same, i.e., all variables are equally important in the node. Therefore at equilibrium we get
ideal hyper-rectangular neighborhoods.

In the extreme case of one variable being random noise, the corresponding coefficient is 0.
Therefore that side always shrinks more slowly than the other sides, and the equilibrium can never
be reached. In the case all a9, j = 1,...,d, are the same, by symmetry in the end the expected

spread in each direction should be the same. Thus the equilibrium is achieved in this case.

Example 2 Assume the same setup as in Example 1, except with the regression function being
g(x) = W 4323 Then the ideal adaptive hyper-rectangular neighborhood should have side lengths
of ratio 3 : 1. We grew random forests with 100 randomized trees, according to random side
selection. The terminal node size is k = 2. Similar to Fxample 1, we calculated the weighted spread
of the voting points for xo = (0.5,0.5) in the two directions. Averaging over 100 realizations, they
are 0.0326 and 0.0207. The ratio is 1.6 : 1. We further conducted another experiment: the input
vector X was uniformly generated from [0, 1] x[0.4,0.6], while everything else is the same. Therefore
the ratio of the length of the two sides in the starting node is 5 : 1. This time the weighted spread
of the voting points in the two directions are 0.0244 and 0.00663. The ratio is 3.7 : 1.

This example suggests that the random side selection is heading to the equilibrium, but does
not quite get there. In the example the ideal ratio is 3 : 1. Starting from an initial ratio of 1 : 1,

the random side selection achieves a ratio 1.6 : 1; starting from an initial ratio of 5 : 1, the random

13



side selection achieves a ratio 3.7 : 1. We believe the reason why the random side selection gets to
the equilibrium so slowly is the indirect nature in which random side selection achieves adaptivity.

It is possible to design simple splitting schemes that achieve adaptiveness in a more direct
way. We consider the following: at the current node, on each input variable we randomly select
a split point, and choose the best split among these d splits. We call this scheme the random
point selection. This scheme is akin to the ordinary regression tree, but the split point on each
input variable is selected randomly, not by exhaustive search. Consider again the linear regression
function case g(x) = a(® + Z?ZI aWz(), We show that the random point selection achieves the
same equilibrium as the random side selection. In random point selection, more important variables
are more likely to be split. In equilibrium all the |a(?)[r()’s are the same in the node, where ) is the
length of the j-th direction of the node, j = 1, ...,d. This can be seen by scaling the node to [0, 1]%,
similar to the argument used earlier in the random side selection case. Therefore at equilibrium
the relative spread of different directions produced by the random point selection should be close
to that of the ideal hyper-rectangular neighborhood. It is our experience that the random point
selection goes to the equilibrium much faster than the random side selection. When the random
point selection is applied in Example 2, the average weighted spreads are 0.0381 and 0.0123 (ratio
3.1 : 1) starting from [0,1]2 and 0.0177 and 0.00654 (ratio 2.7 : 1) starting from [0,1] x [0.4,0.6].
These are close to the ideal ratio of 3 : 1.

When the regression function g(x) is not linear, by approximating g(x) locally with linear
functions, we expect that the relative spread of the voting weights in different dimensions be
determined by the relative magnitude of the partial derivatives of g(x). The relative magnitude of
the partial derivatives of the regression function is one reasonable measure of the local importance

of the input variables.

Example 3 To illustrate, we consider a setup that is similar to Example 2, but with g(x) =
[(W)2 + [zP]2. We consider the estimation at three points (0.75,0.75), (0.25,0.75), (0.75,0.25).
For random forests with the random point selection, we calculate the weighted spread in the two
directions of the wvoting points. Qver 100 realizations, the average spreads are (0.0219,0.0229),
(0.0367,0.0120), and (0.0133,0.0418), for the three target points respectively. These ratios are close
to the reciprocal of the ratio of partial derivatives at these points (1 : 1, 3: 1, and 1 :3). When
the random side selection is used, the corresponding numbers are (0.0248,0.0249), (0.0345,0.0156),
and (0.0174,0.0421).

The random side selection is the random input selection with the size of the random subset

being F' = 1. For random input selection with F' > 1, at each node the variables are not equally
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likely to be split. It is easy to see that more important variables are more likely to be split. In this
sense the random input selection with F' > 1 is similar to the random point selection, and it can
be shown with an argument similar to that for the random point selection that in equilibrium the
random input selection with F' > 1 achieves desirable adaptivity.

Both a single regression tree and random forests have the adaptivity property. However, random
forests averages over large number of randomized trees, thus stabilizes the result to close to the
equilibrium at which the desirable adaptivity is achieved.

The discussions in this section are based on the assumption that the input variables are inde-
pendent and uniformly distributed. In more general settings the situation is more complicated. In
particular, the equilibrium will depend on the density function of the input variables. However, we

believe the discussion in the special case sheds light on the general cases.

5 Linear combinations

One of the random forest algorithms considered in Breiman (1999), Forest-RC, uses linear combi-
nations of input variables in the construction of randomized trees. For specified numbers L and
F, at any internal node, L variables are randomly selected and added together with coefficients
that are uniform random numbers on [—1,1]. F such linear combinations are generated, and then
a search is made over these for the best split.

For splitting schemes that use linear combinations of the input variables, the terminal nodes of
the randomized trees do not define hyper-rectangular areas. Thus the voting points in the random
forests may not be the k-PNN’s. For such random forests, we show that the voting weights are
allowed to be adaptively assigned according to which linear combination is more important, not
just which variable is more important. To illustrate, let us revisit Example 2.

In Example 2, if we do not insist on hyper-rectangular neighborhoods, the ideal neighborhood
of the point xg = (0.5,0.5), that contains sample points whose regression function values are the
closest to g(xg), should be parallel to and be centered at the line z(!) + 3z(2) = 2 (which goes
through xg). Figure 5, left panel, gives the voting points and their weights when Forest-RC is
applied to the data in Example 2. We used L = 2, F' = 25, and k = 4 in the algorithm. The
dotted line is the ideal center line (! 4+ 32(2) = 2. The dashed line is the principal component of
the weighted voting points. We can see they are well matched, indicating that the voting weights

are assigned according to the ideal direction.

Figure 5 here.
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The random point selection can be combined with Forest-RC in a natural way. For specified
number L and F', at any internal node, F' linear combinations are generated in the same way as
that in Forest-RC. For each of the linear combinations we randomly use a split point, and the
best split among these F' random splits is used. This random combination point selection has the
advantage of being computationally fast, as no sorting or exhaustive search is needed. In contrast,
in Forest-RC, sorting has to be done for every random linear combination, because the best split
is searched for on every combination.

Figure 5, right panel, shows the result of the random combination point selection on the data
in Example 2. We used L = 2, F = 25, and k = 4. Again the principal component of the weighted
voting points matches the ideal center line.

We further test the random combination point selection on several real and synthetic datasets.
The datasets and the results are given in Table 1. The datasets are the same as those used in
Breiman (1999), except we excluded one dataset whose input variables are all categorical. The
Abalone dataset is available at the UCI data repository. The Robot Arm data is provided by
Leo Breiman (who obtained the data from Michael Jordan, according to Breiman, 1999). The
other datasets are available from the R library “mlbench”. For the datasets Friedman#2 and
Friedman#3, the noise levels are set so that the signal to noise ratio is 3 : 1. For the first two
datasets, the test set error was estimated by training on a random 90% of the data, and testing on
the rest of the data. This was repeated 100 times and the test set errors averaged. The numbers
in parenthesis are the standard errors based on the repetitions. The Abalone dataset is larger
and originally came with a randomly selected 25% of the instances to use as a test set. Following
Breiman (1999), we trained on a randomly selected 75% of the data, and tested on the rest. This
was repeated 10 times. For Robot Arm data we used the given test set, so there is no standard
error estimate. The random combination point selection was run with L = 2, F = 25, and k = 4.
This is the setting used in Breiman (1999) for Forest-RC. Tuning (k, for example) may improve
performance. The results for Forest-RC are copied from Breiman (1999).

We can see the random combination point selection (shown in Table 1 as Forest-RCP with
number of cut points Q = 1) gives similar results to that of Forest-RC. A natural extension of the
random combination point selection is to use () > 1 random cut points on each linear combination.
In fact, Forest-RC can be seen as Forest-RCP with a very large (). We tried Forest-RCP with Q) = 3,
and the results are similar. Therefore it seems = 1 is a good choice because it is computationally
advantageous.

Breiman (1999) used bagging with Forest-RC. He noted that this seems to enhance accuracy

and can be used to give ongoing estimates of the generalization error. We have not used bagging

16



Mean Squared Test Set Error
Data Set # Training | # Test | # Input | Forest-RC Forest-RCP
Q=1 Q=3

Boston Housing 506 10% 12 10.2 9.26 (0.38) | 9.38 (0.42)
Ozone 330 10% 8 16.3 16.73 (0.44) | 17.11 (0.51)
Abalone 4177 25% 8 4.6 4.81 (0.13) | 4.58 (0.08)

Robot Arm -2 15000 5000 12 4.2 3.9 3.8
Friedman #1 200 2000 10 5.7 5.54 (0.04) | 5.34 (0.04)
Friedman #2 +3 200 2000 4 19.6 19.34 (0.10) | 19.76 (0.10)
Friedman #3 -3 200 2000 4 21.6 | 20.46 (0.25) | 20.25 (0.23)

* The + and — following a data set name indicate the power of 10 to multiply the result by. For
example, the prediction error of Forest-RC on Robot Arm data is 4.2 x 1072.

in our experiments, but the extension is straightforward.

6 Summary and discussions

Aspects of random forests can be studied from the perspective of adaptive potential nearest neigh-
bors. For fixed terminal node size k, the voting points of random forests for the estimation at a
target point belongs to the set of k-PNN’s of the target point. The number of k-PNN’s is much
larger than k& and increases with the sample size. However, asymptotically the rate at which it
increases with the sample size is not fast enough for the best performance of random forests. In
general tuning k in random forests can enhance estimation accuracy, especially when the dimension
of the problem is low, and the sample size is large.

Two simple splitting schemes are the random side selection and the random point selection.
Both achieve desirable adaptivity, but in different ways. The random point selection achieves better
adaptivity in a straightforward fashion, and is computationally faster. The two basic algorithms
can be combined in different ways to develop new algorithms. In particular, the random point
selection scheme can be used in existing algorithms to replace the search for best splits. The
resulting algorithms are computationally faster.

One difference between random forests and a single regression tree is that, by averaging over a
large number of trees, random forests stabilizes the result to close to the equilibrium at which the

desirable adaptivity is achieved. Another difference is that in a single tree, the prediction for any
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point in the same terminal node is the same, even when the target point is far from being at the
center of the terminal node. In random forests, the test target point is always close to the center
of the voting points for the target point. This is desirable for enhancing estimation accuracy.
Devroye, Gyorfi, and Lugosi (1996) (Exercise 11.6) stated that the layered nearest neighbor
classification rule is (universally) consistent. Since the layered nearest neighbor rule is equivalent
to the unweighted 1-PNN rule, it is hopeful that the techniques introduced in Devroye, Gyorfi,
and Lugosi (1996) can be used to prove the consistency of random forests. This demands further

research.

7 Proofs

7.1 Proof of Theorem 1

First we establish the following lemma:

Lemma 2 Ay(n,d,0,1) =k + 3>/, Ax({,d—1,0,1)/¢.

Proof: Let x;,7 = 1,...,n, be n uniform random points in [0, 1]d. Sort the points according to z(d)

direction. Let the points after sorting be x;), i = 1,2, ...,n. Denote xgi_)d) = (:cg)), - .CCE?)_l)). Then
xgi_)d), i =1,2,...,n, are iid uniformly distributed in [0,1]"!. Let Z; = 1[x@; is a k-PNN of 0],

that is,

g 1 : x() isak-PNNof0
' 0 : otherwise
Then we have Ag(n,d,0,1) = E[> )1 Z¢) = >.j—1 E[Z/]. Now it is easy to see Z;, = 1, for
L=1,.. k.
For £ > k, we see that x() is a k-PNN of 0 if and only if xgz)d) is a k-PNN of the origin among
xg;)d), i =1,..,¢ in [0,1]"1. The probability of the latter happening is A(¢,d — 1,0,1)/¢ by

symmetry, since the expected total number of k-PNN of the origin among xg;)d), i=1,...,¢, in

[0,1]971, is Ap(¢,d —1,0,1). Therefore
E(Zy) = Ar(£,d—1,0,1)/¢, V> E,

and the conclusion of the lemma follows.
Now return to the proof of the theorem. It is clear that Ag(n,1,0,1) = k for any n > k.
Applying the lemma we have

Ap(n,2,0,1) =k(1+ Y 1/0),
l=k+1
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the leading term of which is klogn, since > i, 1/i = logn + v + o(1), where v = .57... is Euler’s

constant. We further get (the notation ~ keeps track of the leading term)

Ap(n,3,0,1) = k+ > Ax(1,2,0,1)/

l=k+1
" logl
~ k(1+ ) —)
{=k+1
no]
~ k(1+ 8% d)
k+1 T
~ k(logn)?/2.

Continuing with this argument, by induction we get A(n,d,0,1) =~ k(logn)?~1/(d — 1)!.

7.2 Proof of Lemma 1

Let x;,i = 1,...,n, be n uniform random points in [0, 1]¢, and xg be any fixed point in [0, 1]%. Let
Vi = 1[x; is a k-PNN of x¢]. Then Ag(n,d,xo,1) =Y, E(V;) = nP(x1 is a k-PNN of xg). Now
for x; to be a k-PNN of xq, less than k points among Xs, ..., X, should be in the rectangle defined

by x¢ and x7. So conditioning on x; = x, we have
P(x; is a k-PNN of x¢|x; =x) = B(k—1;n—1,h(x,x%0)),

where B(k;n,p) is the cumulative distribution function of Binomial(n,p) distribution at k, and

h(x,x9) = H;-lzl 207) — :c(()j)\. Thus
Ag(n,d,x9,1) =n B(k—1;n —1,h(x,x0))dx. (4)

[0,1]¢

In the following we proceed in the d = 2 case, the general case is similar. Divide the integral
above into integrals over Ej, ..., Ey (see Figure 6). Since B(k;n,p) is decreasing in p, by appropriate

changes of variable we can see that
n/ B(k—1;n—1,h(x,x0))dx >n [ B(k—1;n—1,h(x,0))dx, i=1,..,4. (5)

Ei E'L'
Equality holds in E7, in other areas the inequality holds. This is also easy to see from a symmetry
argument: given that x; is in E7, by symmetry the probability of x; being a k-PNN of the origin
is the same as the probability of x; being a k-PNN of x¢. In all other areas, the probability of x;
being a k-PNN of the origin is less than the probability of x; being a k-PNN of xq. By (5) we get
Ag(n,d,0,1) < Ag(n,d,xo,1).

Figure 6 here.
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On the other hand, it is clear that

/ B(k—1;n —1,h(x,%0))dx < ) B(k—1;n—1,h(x,0))dx, i=1,..,4.
E; [0,1]

For example,

B(k—1;n—1,h(x,%0))dx = /

Es—xo

B(k—l;n—l,h(x,o))dxg/ B(k—1;n—1, h(x, 0))dx.

Es [0,1]¢

The other areas can be treated similarly. This gives Ay (n,d,xq,1) < 2¢4;(n,d,0,1).

7.3 Proof of Theorem 2

Since the density f(x) is bounded away from zero and infinity, there exist positive constants 0 <
C; <1 < Cy < o0, such that C§ < f(x) < C4. The conclusion of the theorem follows from

Theorem 1 and that for any x € [0, 1]¢ and n,
(C1/C2)*A(n,d,0,1) < Ag(n,d, xo, f) < 2%(C2/C1)* Ay(n, d,0, 1). (6)
In the following we prove (6). Following the proof of (4), we have

Ag(n,d, %0, f) =n 01 B(k —1;n — 1, h1(x,%0)) f(x)dx, (7)

with hy(x,x0) = fR(xny) f(u)du, where R(x,X¢) is the hyper-rectangle defined by x and xg. Now

since B(k;n,p) is decreasing in p, we get from (7),

n/ ) B(k—1;n—1,C9h(x,x0))Cldx < Ap(n,d,xo, f) <n ) B(k—1;n—1,C{h(x,x0))Cldx,
[0,1] [0,1]

with h(x,xg) = H;-lzl |207) — xéj ) |. An argument similar to that employed in the proof of Lemma 1

leads to

n dB(k:— 1;n —1,C9h(x,%0))Cldx > n dB(k:— 1;n — 1,C4h(x,0))Cidx
[0,1] [0,1]

n ) B(k —1;n — 1,C¢h(x,x0))Cldx < 2%n ) B(k —1;n — 1,C¢h(x,0))Cldx
[0,1] [0,1]

Now
n/ B(k —1;n — 1,C%h(x,0))Cdx

0.1

_ n/ B(k — 1;n — 1, h(v,0))(Cy/Co)dv
[O,Cz]d

> n(cl/cg)d/ Bk~ Lin— 1,h(v,0))dv

0.1]
= (CI/CQ)dAk(n7 d7071)
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n B(k —1;n — 1,C¢h(x,0))Cddx
(0,17

_ n/ Bk —1:n — 1, h(v, 0))(Ca/C1 ) dv
[Ovcl]d

< n(cg/cl)d/ Blk—Lin—1,h(v,0))dv
0.1]
- (CQ/Cl)dAk(n7 d7071)

Therefore (6) is proved.

7.4 Proof of Theorem 3

We only need to prove (2), since (3) follows from (2). Let K = K(xo0;X;,? = 1,...,n) denote the
number of k-PNN’s of xq € [0, 1]¢ among {x;,i = 1,...,n}. Then K(x;X;,i = 1,...,n) is a random
number depending on the configuration of {x;,7 = 1,...,n}. By Theorem 2, there exists Ay > 0
such that
EK(x0;xi,i=1,....n) < Agk(logn)?~1, (8)
for any xg € [0,1]¢ and n. We prove (2) with A3 = Ay o2
Fix any x¢ € [0, 1]%. Denote the responses of the k&-PNN’s of xq as Y@, ¢ =1,..., K. Conditional
on {x;,i = 1,...,n}, for random forests with node size k, only k-PNN’s can become voting points.
That is, §(x0) = Ele V_V(g)y(g). Since the splitting scheme is non-adaptive, the weights W(g)’s are

independent of y;’s, given {x;,7 = 1,...,n}. Therefore,

E[(3(x0) = 9(x0))* {1, = 1, s ms Wiy, p = 1, ..., K]
var[g(xo)[{xi,i = 1,..,n; Wy,p =1, ..., K}]

AV

K
= V&I‘[Z W(K)Z/(Z)HX?,:Z = 17 —eey 1 W(p)vp = 17 7K}]
=1

~

K

= ZW(ZZ)var[y(g)Hxi,i =1,..,mWy),p=1,.., K}
/=1
K —

- S
/=1

o?/K.

v

The last inequality follows from the fact that S, W = 1 (from (1)) and Cauchy-Schwarz
inequality. We then have,

MSE[g(x0)) > 02 E(1/K) > 0*/E(K) > Aok~ (logn) =41,

We used Jensen’s inequality in the second inequality, and (8) in the third inequality.
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7.5 Proof of Theorem 4

It is easier to start with a general interval [a, b], instead of the interval [0, 1]. Consider the uniform
random splitting. Let R;(a,b,ty) denote the length of the j-th interval in the sequence containing
to, starting from [a,b]. Denote Lj(a,b,ty) = E[R;(a,b,t9)]. We will need the following results.
Lemma 3

b

to

to
Ljy1(a,b,tg) = (b—a)™? [/ Lj(x,b,to)dx + Lj(a,a:,to)datl .

Proof: Let the first cut be Ty. If T} is in (a, t), then conditioning on the first cut, the expected value
of the length of the interval after (k + 1) cuts is Ly (T1,b,to). If T} is in (to,b), then conditioning
on the first cut, the expected value of the length of the interval after (k + 1) cuts is Ly (a,T1,tp).

Since the first cut is uniform in (a,b), we get the result.

Lemma 4
—(1 —t)?log(1 —t) — t*logt < (logd)t(1 —t) < 1.4t(1 —t), VYt € [0,1].

Proof: consider f(t) = (log4)t(1 —t)+ (1 —t)?log(1 —t) +t*logt. It is symmetric around ¢ = 0.5.
So all we need to show is that f(¢) > 0, V¢ € [0,0.5]. It is easy to check that f(0) =0, f’(0) > 0,
£(0.5) =0, f'(0.5) = 0, and f’(¢) has only one root in [0,0.5). Thus the result follows.

Lemma 5

b
/at(b—t)(t—:c)/(b—:c)dx—k/t (@ — )(t —a)/(z — a)dz > 0.6(t — a)(b— 1), Vi€ [a,b].

Proof: By straightforward calculation we get
t b
/ b—-t)(t—2)/(b—z)dx —l—/ (x—t)(t—a)/(x —a)dx
a t

= [6-06-2) - @0/ 2+ [@-a) - - @l - )/ - s

= 2t a)(b— 1)+ (b~ 1) logl(b — 1)/(b — a)] + (¢ — a)? logl(¢ — @)/ (b — a)]

> 2t —a)(b—1t) — LA(t — a)(b—t)

— 0.6(t—a)(b—1).
The second last step follows from Lemma 4 by a scaling argument (scale the interval [a, b] to the
interval [0, 1].

Lemma 6

1
LJ(CL, b, t()) > §LL],1(CL, b, to) + O.6J(b — t())(to — a)/(b — a), vJ > 1.
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Proof: we prove by induction. It is easy to see that when J =1,
1
Ll(a‘7 bv tO) = §L0(CL’ b7 tO) + (b - tO)(tO - a)/(b - a’)'
Assume the validity of the theorem for J = j. Now for J = j + 1, we have

Lj+1 (a, b, t(])

= (b—a)™? [/to Lj(z,b,to)dx + tb Li(a,x, to)dx]
> (b — a)_l /to[l/Zle(:E, b, to) + O.Gj(b — to)(to — l‘)/(b — l‘)]dl’

+(b—a)™? /tb[l/Qle(a, z,t9) + 0.6/ (z — to)(to — a)/(x — a)]dx
= 1/2Lj(a,b,to) + (b—a)~10.6’ [/to(b —to)(to — x)/(b— z)dx + b(m —to)(to —a)/(x — a)dx

to

> 1/2L;(a,b,to) + (b —a) 10.67" (tg — a)(b — to)

The first step used Lemma 3, the second step used the induction assumption, the third step used
Lemma 3, the fourth step used Lemma 5. Therefore the result holds for J = j + 1. The lemma is
proved.

Now we come back to the proof of Theorem 4. By Lemma 6 we have
Ly(0,1,t0)/277 > L;_1(0,1,t0)/2=Y =Y 1 1.2744(1 — t9)

Applying this repeatedly, we get
J .
Ly(0,1,t0)/277 > Lo(0,1,%0) + Y 1.27¢(1 — tg) = 1 + 6to(1 — tg)[1.27 — 1].
j=1
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Figure 1: Neighboring points of xg = (0.5,0.5) used to estimate g(x() in Example 1. (a) Nearest
neighbors according to Euclidean distance. (b) Nearest neighbors according to the ideal distance
metric. (c¢) Voting points and their weights in the random forest with the purely random uniform
splitting scheme. The areas of the symbols are proportional to the weights. (d) Voting points and

their weights in the random forest with the random side selection.
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Figure 3: The prediction error of regression random forests varies with the
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Figure 4: The misclassification rate of the random forest varies with the terminal node size k in the

classification problem discussed in Section 3. The dotted lines show the standard error estimate.
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Figure 5: The voting points of random forests with the random linear combination selection (left)

and the random linear combination point selection (right). The dotted line is the ideal line, the
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dashed line is the weighted principal component of the voting points.

29




1.0

E2  E3

0.5

0.0

0.0 0.5 1.0

Figure 6: The illustration figure used in the proof of Lemma 1.
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