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Abstract
We present a uni�ed statistical approach to deformation-basedmorphometry applied to the
cortical surface. The cerebralcortex has the topology of a 2D highly convoluted sheet. As
the brain developsover time, the cortical surfacearea, thickness,curvature and total gray
matter volume change. It is highly likely that such age-relatedsurfacedeformations are
not uniform. By measuringhow such surfacemetrics changeover time, the regionsof the
most rapid structural changescan be localized. By formulating the surfacedeformation in
tensor geometry, surface
attening, which distorts the inherent geometryof the cortex, can
be avoided. To increasethe signal to noise ratio, di�usion smoothing, which generalizes
Gaussiankernel smoothing to an arbitrary curved cortical surface,has beendeveloped and
applied to surface data. Afterwards, statistical inference on the cortical surface will be
performedvia random�elds theory. As an illustration, wedemonstratehow this newsurface-
basedmorphometry canbe applied in localizing the cortical regionsof the gray matter tissue
growth and loss in the brain imageslongitudinally collected in the group of children and
adolescents.
Keyw ords: Cerebral Cortex, Cortical Surface, Brain Development, Cortical Thickness,
Brain Growth, Brain Atrophy
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1 In tro duction

The cerebral cortex has the topology of a 2-dimensionalconvoluted sheet. Most of the
featuresthat distinguish thesecortical regionscan only be measuredrelative to that local
orientation of the cortical surface (Dale and Fischl, 1999). As brain develops over time,
cortical surfacearea as well as cortical thicknessand the curvature of the cortical surface
change. As shown in the previousnormal brain development studies, the growth pattern in
developingnormal children is nonuniform over wholebrain volume(Chung et al., 2001;Giedd
et al., 1999;Paus et al., 1999,Thompsonet al., 2000). Betweenages12 and 16, the corpus
callosum and the temporal and parietal lobes shows the most rapid brain tissue growth
and sometissuedegenerationin the subcortical regionsof the left hemisphere(Chung et al.
20001,Thompsonet al., 2001). It is equally likely that such age-relatedchangeswith respect
to the cortical surfaceare not uniform as well. By measuringhow geometricmetrics such
asthe cortical thickness,curvature and local surfaceareachangeover time, any statistically
signi�cant brain tissuegrowth or lossin the cortex can be detected.

The �rst obstaclein developingsurfaced-basedmorphometry is the automatic segmenta-
tion or extraction of the cortical surfacesfrom MRI. It requires�rst the tissueclassi�cation
into three types: gray matter, white matter and cerebrospinal
uid (CSF). An arti�cial
neural network classi�er (Ozkan et al., 1993)or a mixture model cluster analysis(Good et
al., 2001)can be usedto segment the tissuetypesautomatically. After the tissueclassi�ca-
tion, the cortical surfaceis usually generatedas a continuous triangular meshtopologically
equivalent to a sphere. The most widely used method for triangulating the surfaceis the
marching cubes algorithm (Lorensenand Cline, 1987). Level set method (Sethian, 1996)
or deformablesurfacesmethod (Davatzikos, 1995)are also available. In our study, we have
usedthe anatomic segmentation using proximities (ASP) method (MacDonald et al., 2000),
which is a variant of the deformablesurfacesmethod, to generatecortical triangular meshes
consistingof 81,920triangles each. Oncewe have a triangular meshas the realization of the
cortical surface,we can mathematically model how the cortical surfacedeformsover time.

In modeling the surfacedeformation, a proper mathematical framework can be found
in both di�erential geometry and 
uid dynamics. The concept of the evolution of phase-
boundary in 
uid dynamics(Drew, 1991;Gurtin and McFadden,1991),which describesthe
geometricpropertiesof the evolution of boundary layer betweentwo di�erent materialsdueto
internal growth or external force,canbe usedto derive the mathematical formula for surface
deformation. It is natural to assumethe cortical surfacesto be a smooth 2-dimensional
Riemannian manifold parameterizedby u1 and u2:

X (u1; u2) = f x1(u1; u2); x2(u1; u2); x3(u1; u2) : (u1; u2) 2 D �
� 2g:

A more precisede�nition of a Riemannian manifold and a parameterized surface can be
found in Boothby (1986), Carmo (1992) and Kreyszig (1959). If D is a unit square in

� 2 and a surfaceis topologically equivalent to a spherethen at least two di�erent global
parameterizationsare required. Surfaceparameterization of the cortical surfacebas been
done previously by Thompson and Toga (1996) and Joshi et al. (1995). From the surface
parameterization,Gaussianand meancurvatures of the brain surfacecan be computedand
usedto characterizeits shape (Dale and Fischl, 1999;Gri�n, 1994;Joshi et al., 1995). In
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Figure 1: The outer and inner cortical surfacesof a singlesubject at age14 (left) and at age
19 (right) showing globally similar cortical patterns. The top of the inner cortical surface
has beenremoved to show predominant ventricle enlargement. The red color is the region
wherethe meancurvature is greater than 0.01.

particular, S.C. Joshi et al. (1995) used the quadratic surfacein estimating the Gaussian
and meancurvature of the cortical surfaces.

By combining the mathematical framework of the evolution of phase-boundary with
the statistical framework developed for 3D whole brain volume deformation (Chung et al.,
2001),anatomical variations associated with the deformation of the cortical surfacecan be
statistically quanti�ed. Using the samestochastic assumptionon the deformation �eld used
in Chung et al. (2001), we derive the statistical distributions of morphologicalmetrics such
as area dilatation rate, cortical thicknessand curvature changes. These statistics will be
usedin statistical inferenceson the cortical surface.

As an illustration of our uni�ed approach to surface-basedmorphometry, we will demon-
strate how the surface-basedstatistical analysis can be applied in localizing the cortical
regionsof tissuegrowth and lossin brain imageslongitudinally collectedin a group of chil-
dren and adolescents.

2 Mo deling Surface Deformation

Let U (x; t) = (U1; U2; U3)t be the 3D displacement vector required to deform the structure
at x = (x1; x2; x3) in gray matter 
 0 to the homologousstructure after time t. Whole
gray matter volume 
 0 will deform continuously and smoothly to 
 t via the deformation
x ! x + U while the cortical boundary @
 0 will deform to @
 t . The cortical surface@
 t

may be consideredas consistingof two parts: the outer cortical surface@
 out
t betweenthe

gray matter and CSF and the inner cortical surface@
 in
t betweenthe gray and white matter

(Figure 2), i.e.
@
 t = @
 out

t [ @
 in
t :

Although we will exclusively deal with the deformation of the cortical surfaces,our tensor-
basedsurfacemorphometry canbeequally applicableto the boundary of any brain substruc-
ture. We proposethe following stochastic model on the displacement velocity V = @U =@t,
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Figure 2: Yellow: outer cortical surface,blue: inner cortical surface. Gray matter defor-
mation causesthe geometry of the both outer and inner cortical surfaceto change. The
deformation of the surfacescan be written as x ! x + U (x; t), where U is the surface
displacement vector �eld.

which hasbeenusedin the analysisof wholebrain volumedeformation (Chung et al., 2001):

V (x) = � (x) + � 1=2(x)� (x); x 2 
 0; (1)

where� is the meandisplacement velocity and � 1=2 is the 3� 3 symmetricpositivede�nite co-
variancematrix, which allowsfor correlationsbetweencomponents of the displacement �elds.
The components of the error vector � are are assumedto be independent and identically dis-
tributed assmooth stationary Gaussianrandom �elds with zeromeanand unit variance. It
canbe shown that the normal component of the displacement velocity V = @U =@t restricted
on the boundary @
 0 uniquely determinethe evolution of the cortical surface.Assumingthe
surface@
 t to be smooth enough,it can be locally expressedin an implicit form

F (x; t) = 0; x 2 @
 t (2)

By taking the time derivative in (2), the kinematic equation for the surfacedeformation is
given by

@F
@t

+ hV ; r F i = 0; (3)

wherer F =
�

@F
@x1

; @F
@x2

; @F
@x3

� t
is the gradient vector and h; i is the inner product (Drew, 1991).

The unit normal vector to the surfaceis given by

n =
r F

kr F k
: (4)

From (3) and (4), the kinematic equation becomes

@F
@t

= �kr F kV n ; (5)
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whereV n = hV ; ni is the normal component of the surfacedisplacement velocity. If we let
V t denote the tangential component of V , then V = V n + V t . There are in�nitely many
surfacedisplacement velocities that gives the samenormal component V n and in turn, the
samekinematic equation (5), which describesthe evolution of the cortical surfaceover time.
Hence,the translation of the surfacein the tangential direction doesnot changethe geometry
of the surfaceand only the normal component V n uniquely determinesthe evolution of the
cortical surfaceat a given point for small time interval. This conceptwill play an important
role in modeling surfacecurvature changelater.

3 Surface Parameterization

In our analysis,we have usedthe anatomic segmentation using proximities (ASP) method
(MacDonald et al., 2000),which is a variant of the deformablesurfacesmethod, to extract
the cortical surfacesfrom T1-weighted MRIs. The ASP method generates81,920triangles
evenly distributed in size. In order to perform a statistical analysison the cortical surface,
surface parameterization is an essential part. We model the cortical surfaceas a smooth
2D Riemannian manifold parameterizedby two parametersu1 and u2 such that any point
x 2 @
 0 can be uniquely represented as

x = X (u1; u2)

for someparameter spaceu = (u1; u2) 2 D �
� 2 . We will try to avoid global parameter-

ization such as tensor B-splines,which are computationally expensive comparedto a local
surfaceparameterization. Instead, a quadratic polynomial

z(u1; u2) = � 1u1 + � 2u2 + � 3(u1)2 + � 4u1u2 + � 5(u2)2

will be usedasa local parameterization�tted via least-squaresestimation. Using the least-
squaresmethod, thesecoe�cien ts � i can be estimated. The numerical implementation can
be found in Chung (2001). Slightly di�erent quadratic surfaceparameterizationsare also
usedin estimating curvaturesof a macaquemonkey brain surface(Joshi et al., 1995;Khaneja
et al., 1998). Once� i are estimated,X (u1; u2) =

�
u1; u2; z(u1; u2)

� t
is a local surfaceparam-

eterization we will use.

4 Surface-Based Morphological Measures

4.1 Metric Tensor Change

As in the caseof local volume changein the whole brain volume (Chung et al., 2001), the
rate of cortical surfacearea expansionor reduction may not be uniform acrossthe cortical
surface.Extending the ideaof volumedilatation, we introducea newconceptof surfacearea,
curvature, cortical thicknessdilatation and its rate of changeover time via tensor geometry.

Supposethat the cortical surface@
 t at time t can be parameterizedby the parameters
u = (u1; u2) such that any point x 2 @
 t canbewritten asx = X (u; t). Let X i = @X=@ui be
a partial derivative vector. The Riemannian metric tensor gij is given by the inner product
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between two vectors X i and X j , i.e. gij (t) = hX i ; X j i . The Riemannian metric tensor gij

measuresthe amount of the deviation of the cortical surfacefrom a 
at Euclidean plane.
Note that gij is a function of both spaceand time, i.e. gij = g(x; t) but as it is standard
in tensorial computation, the spatial coordinates x will be omitted if there is no ambiguity.
The Riemannianmetric tensorenablesus to measurelengths,anglesand areasin the cortical
surface. Let g = (gij ) be a 2 � 2 matrix of metric tensors. From Appendix A, the rate of
metric tensor changeis approximately

@g
@t

� 2(r X )t (r V )r X ; (6)

where V = @U =@t and r X = (X 1; X 2)j t=0 is a 3 � 2 gradient matrix evaluated at t = 0.
We are not directly interestedin the metric tensor changeitself but rather functions of g or
@g=@t, which will be usedto measuresurfaceareaand curvature change.

4.2 Lo cal Surface Area Change

The in�nitesimal surface area element(Kreyszig, 1959) [28, pp. 114] is de�ned as
p

detg = (g11g22 � g2
12)

1=2: (7)

It measuresthe transformed area of the unit square in the parameter spaceD via the
transformation X (�; t) : D ! @
 t and it is a generalizationof Jacobian,which hasbeenused
in measuringlocal volume in whole brain volume (Chung et al., 2001). The local surface
area dilatation rate � ar ea or the rate of local surfaceareachangeper unit surfaceareais then

� ar ea =
@
@t

ln
p

det g =
1

2detg
@(det g)

@t
:

If the whole gray matter 
 t is parameterizedby 3D curvilinear coordinatesu = (u1; u2; u3),
then the dilatation rate @(ln

p
det g)=@t becomesthe local volumedilatation rate � volume �rst

introducedin deformation-based morphometry(Chung et al., 2001). Therefore,the concepts
of local area dilatation and volume dilatation rates are equivalent in tensor geometry. A
simple matrix manipulation in Harville (1999,pp. 304-308)shows that

� ar ea =
1
2

tr
�

g� 1@g
@t

�
: (8)

From (6) and (8), the rate of local surfaceareachangebecomes

� ar ea � tr[ g� 1(r X )t (
@
@t

r U )r X ]:

Sincethe partial derivativesof Gaussianrandom �elds are again Gaussian(Adler, 1981,pp.
33), under the assumptionof stochastic model (1), the areadilatation rate is then distributed
as Gaussian:

� ar ea(x) = � ar ea(x) + � ar ea(x); (9)
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where � ar ea = tr [g� 1(r X )t (r � )r X ] is the mean area dilatation rate and � ar ea is a mean
zero Gaussian random �eld de�ned on the cortical surface. The area dilatation rate is
invariant under parameterization, i.e. the area dilatation rate will always be the sameno
matter which parametrization is chosen. Afterwards, statistical inferenceon local surface
areaexpansionor reduction can be performedvia the T random �eld de�ned on the cortical
surface(Worsley et al., 1996a;Worsley et al., 1999). In order to apply the random �eld
theory developed in Worsley et al. (1996a) and Worsley et al. (1999), it is assumedthat
Var(� ar ea) is independent of t. So far our statistical modeling is concentrated on localizing
regions of rapid morphological changeson the cortical surfacebut both local and global
morphologicalmeasuresare important in the characterization of brain deformation. Global
morphometry is relatively easycomparedto local morphometry with respect to modeling
and computation. The total surfaceareaof the cortex @
 t is given by

k@
 t k =
Z

D

p
det(g) du;

whereD = X � 1(@
 t ) andg is the metric matrix correspondingto the globalparameterization
X (u). k@
 t k can be estimatedby the sum of the areasof 81,920triangles generatedby the
ASP algorithm. Then we de�ne the total surfaceareadilatation rate as

� total ar ea =
@
@t

ln k@
 t k
�
�
�
t=0

:

It canbe shown that, under assumption(1), the total surfaceareadilatation rate � total ar ea is
distributed asa Gaussianrandom variable and hencea statistical inferenceon total surface
areachangewill be basedon a simple t test. This measurewill be usedin determining the
rate of the total surfaceareadecreasesin both outer and inner cortical surfacesbetweenages
12 and 16.

4.3 Cortical Thic kness Change

The averagecortical thicknessfor each individual is about 3mm (Heneryand Mayhew,1989).
Cortical thicknessusually variesfrom 1mm to 4mm dependingon the location of the cortex.
In normal brain development, it is highly likely that the changeof cortical thicknessmay not
beuniform acrossthe cortex. Wewill show how to localizethe cortical regionsof statistically
signi�cant thicknesschangein brain development. Our approach introduced here can also
be applied to measuringthe rate of cortical thinning, possibly associated with Alzheimer's
disease.As in the caseof the surfaceareadilatation, we introducethe conceptof the cortical
thicknessdilatation, which measurescortical thicknesschangeper unit thicknessand unit
time. There are many di�erent computational approaches to measuringcortical thickness
but we will use the Euclidean distance d(x) from a point x on the outer surface@
 out

t to
the corresponding point y on the inner surface@
 in

t , as de�ned by the automatic linkages
usedin the ASP algorithm (MacDonald et al. , 2000). A validation study for the assessment
of the accuracy of the cortical thicknessmeasurebasedon the ASP algorithm has been
performedand found to be valid for the most of the cortex (Kanani et al., 2000). There is
alsoan alternate method for automatically measuringcortical thicknessbasedon the Laplace
equation (Joneset al., 2000).
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Figure 3: Top: Cortical thicknessdilatation rate for a singlesubject mapped onto an atlas.
The red (blue) regionsshow more than 67% thicknessincrease(decrease).Note the large
variations acrossthe cortex. Dueto such largevariations, surface-basedsmoothing is required
to increasethe signal-to-noiseratio. Bottom: t statistical map thresholdedat the correctedP
value of 0.05(t value of 5.1). Both yellow and red regionsare statistically signi�cant regions
of thicknessincrease.There is no regionof statistically signi�cant cortical thinning detected.
The blue region shows very small t value of -2.4, which is not statistically signi�cant.

Let d(x) = kx � yk be the cortical thicknesscomputed as usual Euclidean distance
betweenx 2 @
 out and y 2 @
 in . We de�ne the cortical thicknessdilatation rate asthe rate
of the changeof the thicknessper unit thicknessand unit time, i.e.

� thick ness =
@
@t

ln d(X ):

Under the assumptionof stochastic model (1) and Appendix B, we have a linear model on
the thicknessdilatation rate given by

� thick ness(x) = � thick ness(x) + � thick ness(x);

where � thick ness is the mean cortical thicknessdilatation rate and � thick ness is a mean zero
Gaussianrandom �eld. Therefore, the statistical inferenceon the cortical thicknesschange
can be again basedon the T random �eld.

4.4 Lo cal Gra y Matter Volume Change

Local volumedilatation rate � volume for wholebrain volumeis de�ned in Chung et al. (2001)
using Jacobian of deformation x ! x + U (x). Comparedto the local surfacearea change
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Figure 4: Outer (left) and inner (middle) triangular meshes.Triangle (p1; p2; p3) 2 @
 out
t on

the outer surfacewill have corresponding triangle (q1; q2; q3) 2 @
 in
t on the inner surface.

A convex-hull from 6 points f p1; p2; p3; q1; q2; q3g will then form a triangular prism and a
collection of 81,920triangular prisms becomethe whole gray matter.

measurement, the local volume changemeasurement is more sensitive to small deformation.
If a unit cube increasesits sidesby one, the surfacearea will increaseby 22 � 1 = 3 while
the volume will increaseby 23 � 1 = 7. Therefore,the statistical analysisbasedon the local
volume changewill be at least twice more sensitive comparedto that of the local surface
area change. So the local volume change should be able to pick out gray matter tissue
growth pattern even when the local surfacearea change may not. In Result section, the
highly sensitive aspect of local volumechangein relation to local surfaceareachangewill be
demonstrated.

Similar to the total surfaceareadilatation rate, we de�ne the total gray matter volume
dilatation rate. The gray matter 
 t canbeconsideredasa thin shellboundedby two surfaces
@
 out

t and @
 in
t with varying cortical thicknessd(x). Then the total gray matter volume is

approximately

k
 tk �
Z

@
 out
t

d(x) dx: (10)

with respect to the outer cortical surface.Let us de�ne the total gray matter volumedilata-
tion rate as

� total volume =
@
@t

ln k
 tk
�
�
�
t=0

:

It can be shown that

� total volume �
1

k
 0k

Z


 0

� volume dx;

where � volume = tr( r V ) is the local volume dilatation rate distributed as a mean zero
Gaussianrandom �eld (Chung et al., 2001). Therefore, under the assumptionof (1), the
total volumedilatation rate of the gray matter is distributed asa Gaussianrandom variable.
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Figure 5: Top: Bending energycomputedon the inner cortical surfaceof a 14 year old sub-
ject. It measuresthe amount of folding or curvature of the cortical surface.This metric can
be also usedto extract sulci and gyri in the problem of sulcal segmentation. Bottom: Cor-
rected t map thresholdedat 5.1 showing statistically signi�cant regionof curvature increase.
Most of curvature increaseoccurson gyri while there is no signi�cant changeof curvature on
most of sulci. Also there is no statistically signi�cant curvature decreasedetectedindicating
that the complexity of the surfaceconvolution may actually increasebetweenages12 and
16.

In triangular meshesgeneratedby ASP algorithm, each of 81,920triangles on the outer
surfacehas a corresponding triangle on the inner surface(Figure 4). Let p1; p2; p3 be the
three vertices of a triangle on the outer surfaceand q1; q2; q3 be the corresponding three
vertices on the inner surfacesuch that p i is linked to qi by ASP algorithm. The trian-
gular prism consistsof three tetrahedra with the vertices f p1; p2; p3; q1g, f p2; p3; q1; q2g
and f p3; q1; q2; q3g. Then the volume of the triangular prism is given by the sum of the
determinants

D(p1; p2; p3; q1) + D(p2; p3; q1; q2) + D(p3; q1; q2; q3);

where D(a; b; c; d) = j det(a � d; b � d; c � d)j=6 is the volume of a tetrahedron whose
vertices are f a; b; c; dg. Afterwards, the total volume k
 tk can be estimated by summing
the volumesof all 81,920triangular prisms.
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4.5 Curv ature Change

When the surface@
 0 deformsto @
 t , curvaturesof the surfacechangeaswell. The principal
curvaturescancharacterizethe shapeand location of the sulci and gyri, which are the valleys
and crestsof the cortical surfaces(Bartesaghiet al., 2001;Joshi et al., 1995;Khaneja et al.,
1998; Subsol, 1999). By measuringthe curvature changes,rapidly folding and unfolding
cortical regionscan be localized. Let � 1 and � 2 be the two principal curvaturesasde�ned in
Boothby (1986) and Kreyszig (1959). From Shi (2000), the local bendingenergyof an ideal
thin plate is de�ned as

K =
� 2

1 + � 2
2

2
:

K could be any number between0 and in�nit y and it measuresthe amount of curvature at
a given point. If the cortical surfaceis 
at, the bending energyK vanishes.The larger the
bending energy, the more surfacewill be crested(Figure 5). We de�ne the local curvature
dilatation rate as

� cur vatur e =
@
@t

ln K : (11)

Under the linear model (1), it can be shown that the curvature dilatation is distributed as
a meanGaussianrandom �eld. Basedon the kinematic equation (3), the rate of curvature
changeis given as a systemof simultaneouspartial di�erential equations(Drew, 1991,pp.
206-210)[14]:

@� i

@t
= � 2

i Vn + � Vn ; i = 1; 2;

where � is the Laplace-Beltrami operator on the cortical surface. For relatively small dis-
placement velocity V , the Laplacian can be neglected,i.e.

@� i

@t
� � 2

i Vn ; i = 1; 2: (12)

Then it follows that � cur vatur e � (� 3
1 + � 3

2)Vn =K . Under the assumptionof (1), the normal
velocity component becomes

Vn = � n + � Vn ; (13)

where � n = h�; ni is the mean normal velocity and � Vn is a mean zero Gaussianrandom
�eld. It follows that the curvature dilatation rate can be modeledas

� cur vatur e(x) = � cur vatur e(x) + � cur vatur e(x);

where� cur vatur e is the meancurvature dilatation rate and � cur vatur e is a meanzeroGaussian
random �eld. Afterwards, detecting the region of statistically signi�cant curvature change
canbeperformedvia thresholdingthe maximum of the T random�eld de�ned on the cortical
surface(Worsley et al., 1996a;Worsleyet al., 1999).

The total bending energyof surfaceis computed as the integral over the surface@
 t of
the local bending energy: Z

@
 t

K (x) dx:

A similar approach has beentaken to measurethe amount of bending in the 2D contour of
the corpuscallosum(Petersonet al., 2001).
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5 Surface-Based Di�usion Smoothing

In order to increasethe signal-to-noiseratio (SNR) asde�ned in Dougherty (1999),Rosenfeld
and Kak (1982)and Worsleyet al. (1996c),Gaussiankernel smoothing is desirablein many
statistical analyses. For example,Figure 3 shows fairly largevariations in cortical thickness
of a single subject displayed on the average brain atlas 
 atl as. By smoothing the data
on the cortical surface, the SNR will increaseif the signal itself is smooth and in turn,
it will be easier to localize the morphological changes. However, due to the convoluted
nature of the cortex whosegeometry is non-Euclidean,we can not directly apply Gaussian
kernel smoothing on the cortical surface. Gaussiankernel smoothing of functional data
f (x); x = (x1; : : : ; xn ) 2

� n with FWHM (full width at half maximum) = 4(ln 2)1=2
p

t is
de�ned as the convolution of the Gaussiankernel with f :

F (x; t) =
1

(4� t)n=2

Z

� n
e� (x � y)2 =4t f (y)dy: (14)

Formulation (14) can not be directly to the cortical surfaces. However, by reformulating
Gaussiankernel smoothing as a solution of a di�usion equation on a Riemannianmanifold,
the Gaussiankernel smoothing approach can be generalizedto an arbitrary curved surface.
This generalizationis called di�usion smoothing and has beenusedin the analysisof fMRI
data on the cortical surface(Andrade et al., 2001). It can be shown that (14) is the integral
solution of the n-dimensionaldi�usion equation

@F
@t

= � F (15)

with the initial condition F (x; 0) = f (x), where� = @2=@x2
1 + � � � + @2=@x2

n is the Laplacian
in n-dimensionalEuclidean space(Egorov and Shubin, 1991). Hencethe Gaussiankernel
smoothing is equivalent to the di�usion of the initial data f (x) after time t. When apply-
ing di�usion smoothing on curved surfaces,the smoothing somehow has to incorporate the
geometricalfeaturesof the curved surfaceand the Laplacian � should changeaccordingly.
The extensionof the EuclideanLaplacian to an arbitrary Riemannianmanifold is called the
Laplace-Beltrami operator (Arfk en, 2000;Kreyszig, 1959). The approach taken in Andrade
et al. (2001) is basedon a local 
attening of the cortical surfaceand estimating the pla-
nar Laplacian, which may not be as accurateas our estimation basedon the �nite element
method (FEM). Further, our direct FEM approach completelyavoid any local or global sur-
face
attening. For given Riemannianmetric tensor gij , the Laplace-Beltrami operator � is
de�ned as

� F =
X

i;j

1
jgj1=2

@
@ui

�
jgj1=2gij @F

@uj

�
; (16)

where (gij ) = g� 1 (Arfk en, 2000,pp. 158-167).Note that when g becomesa 2 � 2 identit y
matrix, the Laplace-Beltrami operator in (16), simpli�es to a standard 2D Laplacian:

� F =
@2F

@(u1)2
+

@2F
@(u2)2

:
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Figure 6: A typical triangulation in the neighborhood of p = p0. When ASP algorithm
is used, the triangular mesh is constructed in such a way that it is always pentagonal or
hexagonal.

Using the FEM on the triangular cortical meshgeneratedby the ASP algorithm, it is pos-
sible to estimate the Laplace-Beltrami operator as the linear weights of neighboring vertices
(Chung, 2001).

Let p1; � � � ; pm be m neighboring vertices around the central vertex p = p0. Then the
estimatedLaplace-Beltrami operator is given by

d� F (p) =
mX

i =1

wi

�
F (p i ) � F (p)

�

with the weights

wi =
cot � i + cot � iP m

i=1 kTi k
;

where � i and � i are the two anglesopposite to the edgeconnectingp i and p, and kTi k is
the areaof the i -th triangle (Figure 6). This is an improved formulation from the previous
attempt in di�usion smoothing on the cortical surface(Andrade et al., 2001), where the
Laplacian is simply estimated as the planar Laplacian after locally fattening the triangular
meshconsistingof nodesp0; � � � ; pm onto a 
at plane. In the numerical implementation, we
have usedformulas

cot � i =
hp i +1 � p; p i +1 � p i i

2kTi k
; cot � i =

hp i � 1 � p; p i � 1 � p i i
2kTi k

and kTi k = k(p i +1 � p) � (p i � p)k=2: Afterwards, the �nite di�erence scheme is used to

14



iterativ ely solve the di�usion equation at each vertex p:

F (p; tn+1 ) � F (p; tn)
tn+1 � tn

= b� F (p; tn );

with the initial condition F (p; 0) = f (p). After N -iterations, the �nite di�erence scheme
gives the di�usion of the initial data f after duration N � t. If the di�usion were applied to
Euclideanspace,it would be equivalent to Gaussiankernel smoothing with

FWHM = 4(ln 2)1=2
p

N � t:

It shouldbeemphasizedthat Gaussiankernelsmoothing is a specialcaseof di�usion smooth-
ing restricted to Euclidean space. Computing the linear weights for the Laplace-Beltrami
operator takes a fair amount of time (about 4 minutes in Matlab running on a Pentium
II I machine), but oncethe weights are computed, it is applied through the whole iteration
repeatedly and the actual �nite di�erence schemetakesonly two minutes for 100iterations.

6 Statistical Inference on the Cortical Surface

All of our morphologicalmeasuressuch assurfacearea,cortical thickness,curvature dilata-
tion rates are modeledas Gaussianrandom �elds on the cortical surface,i.e.

�( x) = � (x) + � (x); x 2 @
 atl as; (17)

where the deterministic part � is the mean of the metric � and � is a mean zero Gaussian
random �eld. As we have explainedearlier, we needto assumethat Var(� ) doesnot depends
on time t. The T random �eld on the manifold @
 atl as is de�ned as

T(x) =
p

n
M (x)
S(x)

; x 2 @
 atl as

whereM and S are the samplemeanand standarddeviation of metric � over the n subjects.
Under the null hypothesis

H0 : � (x) = 0 for all x 2 @
 atl as;

i.e. no structural change,T(x) is distributed as a student's t with n � 1 degreesof freedom
at each voxel x. The P value of the local maxima of the T �eld will give a conservative
threshold, which hasbeenusedin brain imaging for a quite sometime (Worsley, 1996a).For
very high threshold y, we can show that

P
�

max
x 2 @
 atlas

T(x) � y
�

�
3X

i =0

� i (@
 atl as)� i (y); (18)

where� i is the i -dimensionalEC-density and the Minkowski functional � i are

� 0(@
 atl as) = 2; � 1(@
 atl as) = 0; � 2(@
 atl as) = k@
 atl ask; � 3(@
 atl as) = 0
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and k@
 atl ask is the total surfaceareaof @
 atl as (Worsley, 1996a).When di�usion smoothing
with given FWHM is applied to metric � on the atlas cortical s urface @
 atl as, the 0-
dimensionaland 2-dimensionalEC-density becomes

� 0(y) =
Z 1

y

�( n
2 )

((n � 1)� )1=2�( n� 1
2 )

�
1 +

y2

n � 1

� � n=2
dy;

� 2(y) =
1

FWHM 2

4ln 2
(2� )3=2

�( n
2 )

( n� 1
2 )1=2�( n� 1

2 )
y
�

1 +
y2

n � 1

� � (n� 2)=2
:

Therefore, the excursion probability on the cortical surface can be approximated by the
following formula:

P
�

max
x 2 @
 atlas

T(x) � y
�

� 2� 0(y) + k@
 atl ask� 2(y):

We compute the total surface area k@
 atl ask by summing the area of each triangle in a
triangulated surface.The total surfaceareaof the averageatlas brain is 275,800mm2, which
is roughly the area of 53 � 53 cm2 sheet. We want to point out that the surfacearea of
the averageatlas brain is not the averagesurfaceareaof 28 subjects. When 20mm FWHM
di�usion smoothing is usedon the template surface@
 atl as, 2:5% thresholding gives

P
�

max
x 2 @
 atlas

T(x) � 5:1
�

� 0:025;

P
�

max
x 2 @
 atlas

T(x) � � 5:1
�

� 0:025:

7 Results

Twenty-eight normal subjects were selectedbasedon the samephysical, neurologicaland
psychological criteria described in Giedd et al. (1996). This is the samedata set reported
in Chung et al. (2001), where the Jacobianof the 3D deformation was usedto detect sta-
tistically signi�cant brain tissue growth or loss in 3D whole brain via deformation-based
morphometry. 3D Gaussiankernel smoothing usedin this study is not sensitive to the inter-
facesbetweenthe gray, white matter and CSF. Gaussiankernelsmoothing tendsto blur gray
matter volume increasedata acrossthe cortical boundaries. So in somecases,statistically
signi�cant brain tissue growth could be found in CSF. Tensor-basedsurfacemorphometry
canovercomethis inherent shortcomingassociated with the previousmorphometricanalysis.

Two T1-weighted MR scanswere acquired for each subject at di�erent times on the
sameGE Sigma1.5-T superconductingmagnet system. The �rst scanwas obtained at the
age11:5 � 3:1 years (min 7.0 years,max 17.8 years) and the secondscanwas obtained at
the age 16:1 � 3:2 years (min 10.6 years, max 21.8 years). The time di�erence between
the �rst and the secondscan was 4:6 � 0:9 years (min time di�erence 2.2 years , max
time di�erence 6.4 years). Using the automatic imageprocessingpipeline (Zijdenbos et al.,
1998),MR imageswerespatially normalizedinto standardizedstereotacticspacevia a global
a�ne transformation (Talairach and Tournoux, 1988). Subsequently, an automatic tissue-
segmentation algorithm basedon an arti�cial neural network classi�er was usedto classify
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each voxel was as CSF, gray matter and white matter (Ozkan et al., 1993). Afterwards,
a triangular mesh for each cortical surfacewas generatedby deforming a mesh to �t the
proper boundary in a segmented volumeusing the ASP algorithm. For the �rst scanat time
t1, the outer cortical surfacewas triangulated in two steps: �rst, an ellipsoidal meshplaced
outside the brain was shrunk down to the inner cortical surface,which is the white-gray
matter boundary. The resulting meshwas used as the initial estimate in the secondstep
that expandsthe meshto �t the outer cortical surface,which is the gray-CSF boundary. To
generatethe outer surfacefor the secondscanat time t2, we start with the inner surfacefrom
the �rst scantaken at time t1, and then expand it outward to match the outer surfaceon
the classi�ed volume of the secondscan. Starting with the samemeshfor the inner surface
in the two expansionsteps, each node in the initial mesh gets mapped to a point on the
outer surfacefor each scan. This surfacedeformation method assumesthat the shape of the
cortical surfacedoesnot appreciablychangewithin subject. This assumptionis valid in the
caseof brain development for a short period of time as illustrated in Figure 1, where the
global sulcal geometryremainsstable for �v e year interval, although local cortical geometry
shows somechanges. This deformation technique may fail if we try to deform the inner
surfaceof onesubject to the outer surfaceof another subject. From this surfacedeformation
technique, the displacement vector �elds from the point on the outer surfaceof the �rst scan
to the corresponding point on the secondscanare obtained.

Gra y matter volume change
The total gray matter volume dilatation rate � j

total volume for subject j was computed using
the triangular meshesthat represents the outer and inner cortical surfaces.The meantotal
gray matter volume dilatation rate �� total volume was

�� total volume =
1
n

nX

j =1

� j
total volume = � 0:0050:

This 0:5% annual decreasein the total gray matter volume is statistically signi�cant (t
value of � 4:45). There has beensubstantial developmental studieson gray matter volume
reduction for children and adolescents (Courchesneet al, 2000;Giedd et al., 1999;Jernigan
et al., 1991; Pfe�erbaum et al., 1994; Rajapakseet al., 1996; Riesset al., 1996; Steen et
al., 1997). Our result con�rms thesestudies. However, the ROI-basedvolumetry used in
the previous studies did not allow investigators to detect local volume change within the
ROIs. Our local volumetry basedon deformation �eld can overcomethe limitation of the
ROI-basedvolumetry.

Brain tissue growth and lossbasedon the local volume dilatation rate was detected in
the wholebrain volume that includesboth gray and white matter (Chung et al., 2001). The
morphometric analysisperformedin Chung et al. (2001)generates3D statistical parametric
map (SPM) of brain tissue growth. By superposing the 3D SPM with the triangular mesh
of the cortical surfaceof the atlas brain, we get gray matter volume changeSPM restricted
onto the cortical surface(Figure 7). Although it is an ad hoc approach, the resulting SPM
projected on to the atlas brain seemto con�rm someof the results in Giedd et al. (1999)
and Thompson et al. (2000). In particular, Giedd et al. (1999) reported that frontal and
parietal gray matters decreasebut temporal and occipital gray matters increaseeven after
age12. In our analysis,we found local gray matter volume growth in the parts of temporal,
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Figure 7: Top: t map of local gray matter changecomputed in 3D and then superimposed
with an atlas brain. The predominant local gray matter volume increaseswere detectedin
somatosensoryand motor cortex and temporal lobe. The left and right hemispheresshow
asymmetric growth pattern. Bottom: t map of the cortical surface area dilatation rate
showing the statistically signi�cant regionof areaexpansionand reduction. The red regions
are statistically signi�cant surfacearea expansionswhile the blue regionsare statistically
signi�cant surfaceareareductionsbetweenages12 and 16.

occipital, somatosensoryand motor regionsbut did not detect any volume lossin the frontal
lobe. Instead we found statistically signi�cant structural movements without accompanying
volume decreases(Chung et al. 2001).

Surface area change
We measuredthe total surfaceareadilatation rate � j

total ar ea for subject j by computing the
total areaof triangular mesheson the both outer and inner cortical surfaces.Then the mean
total areadilatation rate �� total ar ea for n = 28 subjects was found to be

�� total ar ea =
1
n

nX

j =1

� j
total ar ea = � 0:0094:

This 0:9% decreaseof the total cortical surfacearea per year is statistically signi�cant (t
value of -9.25). Betweenthe �rst scantaken at age11.5 and the secondscantaken at age
16.1, there was 4:3% decreasein the total cortical surfacearea.

In order to detect the regionsof local surfaceareagrowth or reduction, the surfacearea
dilatation rateswerecomputedfor all subjects, then smoothed with 20mmFWHM di�usion
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smoothing to increasethe signal-to-noiseratio. Averagingover 28subjects, local surfacearea
changewas found to be between� 15:79% and 13:78% per year. In one particular subject,
we observed between-106.5%and 120.3%of the local surfaceareachangeover 4 year time
span. Figure 7 is the t map of the cortical surfacearea dilatation showing cortical tissue
growth pattern. Surfaceareagrowth and decreasewere detectedby T > 5:1 and T < � 5:1
(P < 0:05, corrected) respectively, showing statistically signi�cant local surfaceexpansion
in Broca'sareain the left hemisphereand local surfaceshrinkagein the left superior frontal
sulcus. Most of surfacereduction seemsto be concentrated near the frontal region.

Cortical thic kness change
The growth pattern of cortical thicknesschange is found to be very di�erent but closely
related to that of local surfacearea change. In the numerical implementation, the cortical
thicknessdilatation rate � j

thick ness for subject j is given by the discreteapproximation:

� j
thick ness =

kx(t j ) � y(t j )k � kx(0) � y(0)k
t j kx(0) � y(0)k

;

where t j is the time di�erence between two scans. Afterwards, the within averagecortical
thicknessdilatation rate is computedby computing

�� j
thick ness =

1
k@
 atl ask

Z

x2 @
 atlas

� j
thick ness(x) dx:

The averagecortical thicknessdilatation rate acrossall within and between subjects was
found to be

�� thick ness =
1
n

nX

j =1

�� j
thick ness = 0:025

This 2.5%annual increase(11.3%over 4.6 year time span) in the cortical thicknessis statis-
tically signi�cant (t value of 17.7). Although there are regionsof cortical thinning present
in all individual subjects, our statistical analysisindicates that the overall global pattern of
thicknessincreaseis more predominant feature betweenages12 and 16. Also we localized
the region of statistically signi�cant cortical thicknessincreaseby thresholding the t map
of the cortical thicknessdilatation rate by 5.1 (Figure 3). Cortical thickening is widespread
on the cortex. The most predominant thicknessincreasewas detected in the left superior
frontal sulcus, which is the samelocation we detected local surfacearea reduction while
local gray matter volume remainsthe same.So it seemsthat while there is no gray matter
volumechange,the left superior frontal sulcusundergoescortical thickeningand surfacearea
shrinking and perhapsthis is why we did not detect any local volume changein this region.

The most interesting result found sofar is that there is almost no statistically signi�cant
local cortical thinning detectedon the whole cortical surfacebetween ages12 and 16. As
we have shown, the total inner and outer surfaceareasas well as the total volume of gray
matter decrease. So it seemsthat all these results are in contradiction. However, if the
rate of the total surfaceareadecreaseis faster than the rate of the total volume reduction,
then it is possibleto have cortical thickening. To seethis, supposewe have a shallow solid
shell with constant thicknessh, total volume V and total surfacearea A. Then V = hA.
It can be shown that the rate of volume changeper unit volume can be written as _V=V =
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_h=h + _A=A. Using our dilatation notation, �� total volume = �� thick ness + �� total ar ea. In our data,
�� total volume = � 0:0050 > �� total ar ea = � 0:0094, so we should have increasein the cortical
thickness. However, we want to point out that this argument is only heuristic becausethe
cortical thicknessis not uniform acrossthe cortex. Sowell et al. (2001) reported cortical
thinning or gray matter density decreasein the frontal and parietal lobes in similar age
group. The thicknessmeasurethey used is basedon gray matter density, which measures
the proportion of gray matter within a spherewith �xed radius between5 to 15mmaround a
point on the outer cortical surface(Sowell et al., 2001b;Thompsonet al., 2001). However, the
gray matter density not only measuresthe cortical thicknessbut alsothe amount of bending.
If a point is chosenon a gyrus, the increasein the bending energywill correspond to the
increasein gray matter density. So the region of gray matter density decreasereported in
Sowell et al. (2001b)more closelyresemblesthe regionof curvature increase(Figure 5) than
the regionof cortical thicknesschange(Figure ). Becausethey measuredi�erent anatomical
quantities, it is hard to directly comparethe result reported in Sowell et al. (2001b) to our
result.

Curv ature change: Our study is the �rst to use the curvature as the direct measure
of anatomical changesin normal brain development. If a 
at surfacewith bending energy
K = 0 bendsto a curvedsurfacewith K > 0 at a certain vertex, the curvature dilatation rate
becomesin�nite. To avoid such divergencein numerical computation, we have thresholded
the bending energyto be 0:001< K < 1 and this rangeof curvature is su�cien t to capture
the bendingof the cortex (Figure 5). Then we measuredcurvature dilatation rate � j

cur vatur e

for each subject j basedon the thin plate bending energy. The within averagecurvature
dilatation rate for each subject is de�ned as

�� j
cur vatur e =

1
k@
 atl ask

Z

@
 atlas

� j
cur vatur e(x) dx:

The averagecurvature dilatation rate acrossall within and betweensubjects was found to
be

�� cur vatur e =
1
n

nX

j =1

�� j
cur vatur e = 2:50:

250%increasein total bending energy is statistically signi�cant (t value of 19.42). Local
curvature changewasdetectedby thresholdingthe t statistic of the curvature dilatation rate
at 5.1 (corrected). The superior frontal and middle frontal gyri show curvature increase.It is
interesting to note that betweenthesetwo gyri we have detectedcortical thicknessincrease
and local surfaceareadecrease.It might bepossiblethat cortical thicknessincreaseand local
surfacearea shrinking in the superior frontal sulcuscausesthe bending in the neighboring
middle and superior frontal gyri. Such interacting dynamic pattern has beenalso detected
in Chung et al. (2001),wheregray matter tissuegrowth causesthe inner surfaceto translate
toward the region of white matter tissuereduction.

We also found no statistically signi�cant local curvature decreaseover whole cortex.
While the gray matter is shrinking in both total surfacearea and volume, the cortex itself
seemsto get folded to give increasingcurvature.

20



Conclusions

The surface-basedmorphometry presented here can quantify the rate of cortical thickness,
area, curvature and the gray matter volume changeat a local level without specifying the
regions of interest (ROI). This ROI-free approach might be best suitable for exploratory
whole brain morphometric studies. Becausethe approach is basedon tensor geometryand
parameterizedsurface,it successfullyavoidsarti�cial surface
attening (Andrade et al., 2001;
Angenent et al., 1999),which can destroy the inherent geometricalstructure of the cortical
surface. It seemsthat any structural or functional analysisassociated with the cortex can
be performedwithout surface
attening if tensor geometry is usedas a basicmathematical
model. Riemannianmetric tensor formulation givesus an addedadvantage that not only it
can be usedto measureintrinsic geometricalproperties of the cortex but also it is usedfor
generalizingGaussiankernel smoothing on the cortex via di�usion smoothing. Sinceit is a
direct generalizationof Gaussiankernel smoothing, the di�usion smoothing should locally
inherit many mathematical and statistical properties of Gaussiankernel smoothing applied
to standard 3D whole brain volume. The di�usion smoothing algorithm written in Mat-
lab is freely available for Montreal NeurologicalInstitute (MNI) triangular mesh�le format
at http://www.stat.wisc.edu/ mchung/di�usion. The modi�cation for any other triangular
meshcan be easily done. We tried to combine and unify morphometric measurement, im-
agesmoothing and statistical inferencein the sameframework of tensor geometry. As an
illustration of this powerful uni�ed approach, we applied it to a group of normal children
and adolescents to seeif we can detect the region of anatomical changesin gray matter. It
is found that the cortical surfacearea and gray matter volume shrinks, while the cortical
thicknessand curvature tends to increasebetween ages12 and 16 with a highly localized
areaof cortical thickening and surfaceareashrinking found in the superior frontal sulcusat
the sametime. It seemsthat the increasein thicknessand decreasein the superior frontal
sulcusmight causeincreasedfolding in the middle and superior frontal gyri.

Our uni�ed tensor-basedsurface morphometry can be also used as a tool for future
investigationsof neurodevelopmental disorderswheresurfaceanalysisof either the cortex or
brain substructureswould be relevant.

App endix

A. Rate of Metric Tensor Change

We will suppressspatial parameter u in X (u; t) and write it as X (t) whenever there is no
ambiguity. Then we have

X (t) = X (0) + U (X (0); t): (19)

Di�eren tiating (19),
X i (t) = X i (0) + (r U )X i (0);
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where r U = (@Uk=@x l ) is the 3 � 3 displacement gradient matrix de�ned in Chung et al.
(2000). The metric tensor gij can be written as

gij (t) = hX i (t); X j (t)i (20)

= gij (0) + 2X t
i (0)(r U )X j (0) + X t

i (0)(r U )t (r U )X j (0); (21)

where t is the matrix transpose. For relatively small displacement, the higher order term
involving (r U )t (r U ) can be neglected:

gij (t) � gij (0) + 2X i (0)t (r U )X j (0):

In the matrix form g = (gij ), the rate of metric changeis given by

@g
@t

� 2(r X )t (r V )r X ;

whereV = @U =@t and r X = (X 1; X 2)j t=0 is a 3 � 2 gradient matrix evaluated at t = 0.

B. Rate of Cortical Thic kness Change

Under deformation (19), the cortical thicknessat x(t) 2 @
 out
t can be written as

kx(t) � y (t)k = kx(0) � y(0) + U (x(0); t) � U (y(0); t)k: (22)

For relatively small displacement, we may neglectthe higher order terms of U in the Taylor
expansionof (22):

kx(t) � y (t)k � kx(0) � y (0)k +
�
U t (x(0); t ) � U t (y(0); t )

� x(0) � y (0)
kx(0) � y (0)k

: (23)

Furthermore, U (x(0); t) � U (y(0); t) � r U (x(0); t)
�
x(0) � y (0)

�
. Di�eren tiating (23), we

get
@
@t

kx � yk �
�
x(0) � y (0)

�
(r V )

x(0) � y (0)
kx(0) � y (0)k

:

If we let d = (d1; d2; d3)t = (x(0) � y(0))=kx(0) � y(0)k, the thicknessdilatation rate is given
as a quadratic form in d such that

@
@t

ln kx � yk � d t (r V )d =
3X

i;j =1

di dj
@2Uj

@t@x i
:
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