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1. The image intensity can be modelled as a Gaussian
mixture of the form

f(y) = pf1(y) + (1− p)f2(y)

wheref1 ∼ N(µ1, σ
2
1) andf2 ∼ N(µ2, σ

2
2). The

likelihood function is

f(p|y) =
n∏

i=1

[pf1(yi) + qf2(yi)]

whereq = 1− p. The loglikelihood is

L(p|y) =
n∑

i=1

log[pf1(yi) + qf2(yi)].

Solving
∂L(p|y)

∂p
= 0

to maximize the loglikelihood is complicated. So
we argument data with missing data and apply the
EM algorithm.

2. LetX be a Bernoulli random variable withP (X =
1) = p. Let Y ∼ f1 if X = 1 and Y ∼ f2 if
X = 0. Then the joint densityf(x, y) of (X,Y ) is
f(1, y) = pf1(y) andf(0, y) = qf2(y). This can be
written simply as

f(x, y) = [pf1(y)]x[qf2(y)]1−x.

The marginal density ofY is obviously

f(y) = pf1(y) + qf2(y).

The conditional density ofX givenY is then

f(x|y) =
[pf1(y)]x[qf2(y)]1−x

pf1(y) + qf2(y)
.

Trivially the conditional expectation

E(X|y, p) =
pf1(y)

pf1(y) + qf2(y)
. (1)

For each observationYi, we argument it with miss-
ing dataXi which is Bernoulli with the above prop-
erty. The likelihood for the complete data(x, y) is

f(p|x, y) =
n∏

i=1

[pf1(yi)]
xi [qf2(yi)]

1−xi

So the loglikelihood for the complete data is

L(p|x, y)

=
n∑

i=1

xi log[pf1(yi)] + (1− xi) log[(qf2(yi)]

3. Now we take expectation and getQ function

Q(p|p0, y)

= E[log L(p|X,Y )|y, p0]
n∑

i=1

E(Xi|y, p0) log[
pf1(yi)

qf2(yi)

]
+ log[qf2(yi)]

From equation (1),

E(Xi|y, p0) =
p0f1(yi)

p0f1(yi) + q0f2(yi)
.

Neglecting parts that do not containp,

Q(p|p0, y) =
n∑

i=1

p0f1(yi)

p0f1(yi) + q0f2(yi)
log

p

1− p

+n log(1− p).

MaximizingQ by ∂Q/∂p = 0, we get

p =
1

n

n∑
i=1

p0f1(yi)

p0f1(yi) + q0f2(yi)
.

Based on this, we set up iteration

p̂j+1 =
1

n

n∑
i=1

p̂jf1(yi)

p̂jf1(yi) + (1− p̂j)f2(yi)

with any initial estimatêp0. Settingp̂0 = 0.5 will
speed up the convergence. Cool?


