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Abstract

In brain imaging analysis, there is a need for analyzing dallacted on the corti-
cal surface of the human brain. Gaussian kernel smoothisdpéean widely used
in this area in conjunction with random eld theory for anailyg data residing in
Euclidean spaces. The Gaussian kernel is isotropic in @aalspace so it assigns
the same weights to observations equal distance apart. \1¢oywehen we smooth
data residing on a curved surface, it fails to be isotropin.ti@ curved surface,
a straight line between two points is not the shortest digta® one may assign
smaller weights to closer observations. For this reasorofimmy data residing
on manifolds requires constructing a kernel that is isotrgbong the geodesic
curves. With this motivation in mind, we construct the keémfea heat equation
on manifolds that should be isotropic in the local confore@drdinates and de-
velop a framework for heat kernel smoothing and statistifalence is performed
on manifolds. As an illustration, we apply our approach imparing the cortical
thickness of autistic children to that of normal children.



1 Introduction

The cerebral cortex has the topology of a 2D highly convalsteeet. Most of the
anatomical features that distinguish these cortical regman only be measured
relative to the cortical surface. It is likely that diffeteciinical population will
show different brain surface shape differences. By meaguhe cortical thick-
ness difference among groups, brain shape differencesecquanti ed locally.

The cortical surface is usually represented as a triangoéesh with average
inter nodal distance of 1-3mm (Figure 1). The most widelydusethod for trian-
gulating the cortical surface is the deformable surfacebate(MacDonalcet al.,
2000). It can generate cortical triangular meshes thatiteapology of a sphere
consisting of 40,962 vertices and 81,920 triangles withetrerage internodal dis-
tance of 3 mm. Once we have a triangular mesh as the reatizattithe cortical
surface, we can compute the distance between two corticaldasies (Figure 2).
Itis natural to assume the cortical surfaces to be a smodim2nsional Rieman-
nian manifold (Dale and Fischl, 1999; Joghial., 1995).

To increase the signal to noise ratio and smoothness, @ifftsmoothing,
which generalizes Gaussian kernel smoothing to an arpitnanifolds, has been
developed and have been used in brain imaging (Andeddgd. 2001; Cachia
et al, 2003; Chunget al, 2003). Due to huge noise on the cortical thickness
measurements, it is necessary to smooth it along the clostictace (Figure 3).
The smoothing is also necessary to grantee the smoothnéss iandom elds
theory.

Consider following stochastic model for thickness on théeo@

Y(p) = up) + 2(p);p2 @ (1)

whereY is thickness measuremeptirue unknown thickness afds a zero mean
Gaussian random eld. Then the solution to a diffusion eumais used as an esti-
mate off. The drawback of this method is the complexity of the settipg nite
element method (FEM) for solving the diffusion equation ruically. To over-
come this shortcoming associated with solving diffusionapn on manifolds,
we have developed a much simpler method based on the heat kenvolution
which generalizes Gaussian kernel smoothing in Euclidpanesto arbitrary Rie-
mannian manifolds.



Figure 1: Right: Typical triangular surface representatibine brain cortex. Left:
Typical triangular surface witi = 6 neighboring vertices arour= g

2 Heat Kernel Smoothing

We de neheat kernel smoothing estimatof datau to be the convolution
Z

A(p) = Ky.a Y (p) = | KulpiaY(@ d( (2)
where? () is a surface measure mostly the Lebesgue measure if nod sithte
erwise and heat kern& s, is given in terms of the eigenvalues of the Laplace-
Beltrami operator. For an overview of heat kernel, one magrr&osenberg
(1997) and Berlinet al. (1991). The Laplace-Beltrami operatbrcorresponding
to the surface parameterizatipre X (ut;u?) 2 @ can be written as

whereg = (g;) is the Riemannian metric tensor given by inner prodyjct=

h%(; %(i. LetO= _o- ,1- ,2-¢¢¢beordered eigenvalues afgt Ay; Ay ¢ ¢ ¢
be the corresponding eigenfunction of the Laplace-Beltrap@rator given by
solving ¢ A, = ,;A.. Note thatA; form an orthonormal basis df? space on

manifolds@ , i.e. L?(@) . Assuming the existence of heat kernel, it has a spec-



tral representation

X -
Kup;d = e 1A (A (0): 3)
j=0

Under some regularity conditioK,s,is a probability distgipution oi@ which is a
generalized version of Gaussian density on manifolds s (p; d) d*(q) = 1
forallp 2 @ and¥ 2 R*. Another property of heat kernel IS3(p; 0 =
Ks(q; p. Convolution (2) can be viewed as the unique solution of aglatiffer-
ential equation (PDE) and the minimizer of the weightedtlsgsiares errors.

Theorem 1 K3, 2 Y is the unique solution of the following initial value problem
attimet = ¥%=2:
@f

6=t i1 (0= Y[ )

where¢ is the Laplace-Beltrami operator.

This is a well known result in differential geometry (Rosergyd 997). In Chung
et al. (2003), smoothing is performed by solving the above heaaigu (4) via
the nite element method.

Theorem 2 K3,aY is the minimizer
Z

_ £
KuaY(p)=argmin  Ky(p;d) Y(q) i W d*(0):
. @
Similar result is given for Gaussian kernel smoothing inEuoelidean space (Fan
and Gijbels, 1996). It can be proved easily noting that tightrhand side is
guadratic intheta:
K%aY?(p)i 2uKyaY(p)+ |2

which is minimized at its extreme value. So the heat kerneathing can be
viewed as th@-th order weighted polynomial regression on manifolds.

Theorem 3 Suppose the covariance function¥fin (1) is decreasing isotropic
function, i.e.Ry (p; 9 = “Ad(p; ) whered(p; g is the geodesic distance between
pandqg. Then

Var [Ks,2Y(p)] - Var Y(p) foreachp2 @ :
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Figure 2: Anatomy of brain cortex. Left: Part of the cortisalface showing both
outer (yellow) and inner surface (blue) that bound gray enaRight: enlargement
of the boxed region. The cortical thickness measures tharntie between outer
and inner surfaces.

The geodesic distance is de ned in the following way. Consmeve segment
C % @ connectingp andq and parameterized bY,(t) with °,(0) = p and

°¢(1) = g. In Cartesian coordinate,(t) = ( °2(t); ¢ ¢ ¢°"(t)) 2 R". The length
of C is given by

Z, Z 1hy i qojl 1=
d° d%;. 1 o _ ’ d°cd° =2
o drrair 0o O gt a O

where the inner product¢¢iis with respect to the tangent space of the manifold.
Then the geodesic curve connectmgndqis de ned as the minimizer

Zl o o
a0

-~ S (it
TR

It is usually given as a solution the an Euler equation andprgational tech-
nique is available for polygonal surfaces (Wolfson and Sattwy 1989). Note
thatRy (p% ) = Ad(p° ) - #40) = 4d(p%p) = Ry (p%P) = Var Y (p).

Isotropic covariance function implies stationary unifovariance eld. The co-



variance functiorR of K5, 2 Y (p) is given by
hZ

i
E Kup @Y di(p)
Z B

R(p; 9

Ks(p; PK v(a; Ry (p% ) d* (pYd* (P
7@ 7@
. o Ksdp; PKs(a; f)¥0) d* (p9d? (o)
£0)

from the fact thaK s, is a probability distribution. Now letting = g, we have
Var [Ks,2Y(p)] = R(p;p - “#0) - Var Y (p) proving the theorem. Hence heat
kernel smoothing will reduce the variability of corticaltkness measurements.

Theorem 4 Heat kernel smoothing with large bandwidth can be decompaged i
multiple kernel smoothing with smaller bandwidth via

K af = Ky.2 ¢80 CRyaf = KPg,nf:

k times

From Theorem 1K, (K3, Y) can be taken as the diffusion of signél, oY
after time¥£=2 so thatK 5, (K 35,2 Y) is the diffusion of signal’ after time%%,
i.e.

Ky KaaY = KPE%QY:

Arguing inductively, we prove the general statement.

In order to implement heat kernel smoothing numerically,use asymptotic
representation called thparametrix expansiofRosenberg, 1997):

£ d?p:ogrE ol
AP = s o0 P o+ o) )

whered(p; g) is the geodesic distance betweeandy. The rsttermug(p; Q) ¥
detg *?(q) for p close tog so thatug(p; ) ! 1asp! ¢ When the manifolds
is at, g; = % andd(p; 9 = kpi ok, the Euclidean distance betwegandq so
the heat kerneK 5, becomes Gaussian kernel

kpi ok?!

Gep; Q) = WGXP i 3
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Figure 3: Left: original cortical thickness measuremerd aarresponding QQ-
plot. Middle: after 50 iterations with smoothing parame¥er 0:5mm., Right:
after 100 iterations. The total effective smoothing amaiter 100 iterations is 5
mm. QQ-plots show increased Gaussianess.

Assuming suf ciently smalfsand closg andg, we have

3 ) L
K /Al(p’ q) /4 (2]/4%[:2

But since the above kernel may not integrate to 1, we normkéreel in a small
geodesicbalB, = fq2 @: d(p;0 - rg¥%L@ :

£ o]
. de(p;
exp i 2(3‘/}‘” 1g,(0)

= d2(pa)
exp j _2(32)@ d*(q)

Ky(p;d= R (6)

Bp

indicator functionlg, is de ned aslg (q) = 1 if g 2 B, and1g,(q) = O

otherwise. Ther€s(p; g is a probability distribution or@® . Sinced! (q) =
detg*?(q) dutdu?, heat kernel smoothing with kernel (6) in parameter space is



given by

R £
exp i d;pq) detg™(g)Y (q) du'du®

RyaY(p) = R—=
5, EXP i Mq) detgt=2(q) duldu?

Theorem 5 When the radius of geodesic balB,, is suf ciently large, heat kernel
smoothing with in nite bandwidth gives average signal, i.e.
e Y(a) d'(a),

H@) '

lim ;oY =
Y41 7

From de nition (6),

_ ole () _ 1s,(0).
Jm Ry, = RB di(q *(Bp)

Hence
5, Y (@) d*(9)

* (Bp)
which is the average signal ovBr,. Now letting the radius of the geodesic ball
to be large enough th&, = @ , we prove the theorem. A similar result for heat
kernel (3) is given in Rosenberg (1997).

3/IJ|1m Ky.aY(p) =

Theorem 6 When@ is a at Euclidean space,
1
GP 5(P) - R (p) - WBp)Gp rP)

R
where®(Bp) = B, Gs(p; 9 d* (0):

Unlike heat kernel, truncated kernel does not have the nigpgpty of Theorem
4,i.e.
|€3/40 I@%ﬁ Ker S

In order to implement iterated kernel smoothing, we needrdai result. When
the manifold is at, truncated kernel (6) becomes

nCuP; A1s,(0)

|e3 R .
AP = e md ¢ (@
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Hence

Gy(p; 9 Gy(p; 91g,(q) + Gu(p;dle ns,(0)
®(Bp)Ks(p; 9 + Gyp; 91le ns,(0)
. ®Bp)Ky(p; 9
Applying convolution to the above equation, we have
GyoGy(qQ) , ®Gy,uKy0)
,  @FRy,nIRy(0):

Trivially Gy(q) - s(q) forq2 B,. Hence

1
Gy Gy(q) - Ky aRy(q) - WG%QG%(Q);(}Z Bp
p

and the general result follows so that
1
G (a) - R () -
Ya Ya ®((Bp)

Now applying the result of Theorem 4, we prove the statement.

Note that®B,) ! 1las¥! 0. So for the proper choice of suf ciently
small¥%andB,, we can maké&(B,) as small as we want. Suppo®e= 0:9999
The number of iterations will be xed to be less than 100 or 20Gumerical
implementation. That give®' = 0:9900and®?°° = 0:9802 For® = 0:999
®'%% = 0:9048and®?%° = 0:8186 Hence, decreasing the size of bandwidth and
increasing the number of iterations would perform bettelistheorem shows
that the iterated truncated kernel smoothing can appradeitie integral version
of kernel smoothing within one percent error if one desitas practical appli-
cations. Theorem 4 should be asymptotically true for g¢meaaifolds wherB,
and¥aare suf ciently small.

In the case of triangular mesh, cortical thickness is meakat discrete ver-
tices so it is natural to take a discrete measur@ de ning convolution. Let
ti; ¢ ¢ g, be neighboring vertices @f = gy andNp = fop; op; ¢ ¢ g9 be the
set of nearest neighboring points pplus the point itself (Figure 1). Then the
geodesic distance between adjacent vertices is the dtiaghi.e. d(p;q) =
kpi gk, the Euclidean distance. Then we de ne the normalized &tedkernel
for polygonal surface to be

GY(a);q2 By:

o]
. P(pig)

(N(-)—neXp'pZW -

%p!q - Fy L' d2(p;qj)u
j=o €XP i 7
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and discrete convolution

xXn
ooy = Wup;a)Y(q):

i=0

Note W, is a discrete probability distribution so thgti'io flv%(p; g) =1. This
is the generalization diladaraya-Watson estimat¢Fan and Gijbels, 1996) for
discrete measurements in manifolds. Following the prodfledorem 4, we see
that the same results should hold for the discrete versitntive discrete measure
! and geodesic baB, replaced byN,. For the proof to hold, we require

X0
®(Np) = | Gy(p;q) - L

i=0

In related note, Lafferty and Lebanon (2004) estimated tyaldce-Beltrami op-
erator using similar exponential weights. Let polygonafateS haven vertices
a; ¢ ¢ ¢g,. Then we have the following algorithm for the heat kernel sthing

Algorithm 1

Fori =1tondo

Find a set of neighboring verticd$(q) of g.

Compute the weighted average and stbfej) A Wy,aY ().
End.

UpdateY A Z.

Repeat this procedurdstimes.

3 Statistical Inference on Manifolds

We let the rst group to be autistic and the second group to dcen@al control.
There aren; subjects in-th group. Following stochastic model (1) fioth group,
we have the following model on cortical thickne¥s for i-th group and -th
subject:

Yi, (p) = K(P) + %, (p)
where?;; is independent zero mean Gaussian random elds. Then wentee i
ested in testing if the thickness for two groups are idehtiea

Ho : u(p) = we(p) forallp2 @
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V.S.
Hi 2 pu(p) > u2(p) for somep 2 @
The above hull hypothesis is the intersection of collectibhypothesis
\
Ho = Ho(p)
pP2@

whereHg(p) : w(p) = (p): Assuming the variability of two groups are same,
which will be demonstrated for our data in the result secgttbe test statistic to
use is the two samplestatistic with equal variance given by

bui i (fei W)

Spv 1=m+1=n

T(p) =

where the pooled varian(% =((nyj 1)SZ+(nzj 1)S2)=(ny+ nyj 2). Under
null hypothesisT (p) » tn,+n,; 2 thet-distribution withn,; + n, j 2 degrees of
freedom at each xed poirpt. The type | error for the multiple hypotheses testing
would be

® P reject at least onklo(p)jHo true)

P fT(p) >hg
p2 @ \
1ij P T(p) - hg
p2@
1j P(supT(p)- h)
p2@

P(sup T(p) >h):
p2 @

So in order to construc®-level test for multiple hypothesis testing, we need to
know the distribution of the supremum of correlate@ld. P-value constructed
this way is usually refereed as tlcerrectedP -valueto distinguish it from the

P -value constructed from a single hypothesis (add refepedde distribution of
sup,e T(P) is asymptotically given as

X2
P(supT(p)>h) ¥  A«(@) Ya(h)
p2@

d=0

where! 4 are thed-dimensional Minkowski functionals c® and4 are thed-
dimensional Euler characteristic (EC) densitytetld (Worsley et al,, 1996).
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Figure 4: Full width at half maximum (FWHM) of Gaussian kernel

The Minkowski functionals arédy = 2;A, = 0; A, = 1 (@) =2 = 49;616mn?,
the half area of the template cort@ . The EC density is given by

£ < @
Ya(h) = E (T >h)det(j T)jTs P(Ts =0):

where dot notation indicates differentiation with resgedhe rstd components.
Fort random eld withd degrees of freedom, the EC-densities are given by

(d+1)

Z 1 ./ d+1 I“l Zﬂi
-5 T
Ya(h) = o (d=2( %) 1+ d o
. u T, wo
I LI
Ya(h) = (2%)%2 (3)1=2( 9) e

where, measures the smoothness of elds (Worskewl, 1994).

Similarly we can also perform a test based on the supremuraroélatedF -
elds as well. For removing the effect of age, we set up a gahnlrear model
(GLM) on cortical thicknes¥; for subject]

Yi(p) =, 1(p) + . 2(p) ¢agg + (p) ¢group; + 2

13



where dummy variablgroup is 1 for autism and for normal control. Then we
test the group difference

Ho: (p)=0 forallp2 @
V.S.
Ho: (p) 6 0 forsomep2 @
Let us denote the sum of the squared errors (SSE) of the lgaates estimation
of parameters by

iy ¢
SSE(p) = Y i Pip)i Pa(p) cage

j=1
and

n)(l-nz. ¢
SSE(p) = Y i Pup) i Pa(p) tage i B(p) egroup;

i=1
Then undeH,, the test statistic would follow distribution at each xed poinp,
i.e.

SSk| SSEkE
F = Fing+ny;
(p) SSE=(n; + n, | 3) » Fing+ny 3

For F random eld with®and degrees of freedom, the EC-densities are given
by

Z, ey H_ Teap T, @
why = L) @O T, O
hi(3)i( 3)
seriay B Teap T, @ i2
wehy = o Z) O E e, oh

2%i( i 5)
£ (i 1)®Thi (®j 1)

where, measures the smoothness of elds. If we assdne be unit variance
isotropic eld, the smoothness isotropic random eld candened as the co-
variance of derivative vecta®ex)=@xgiven byCov % = | . If 2 is the

convolution of the Gaussian white noise with isotropic let#d., the covariance
function of? is Z

R:(x;y) =  Kyxi 2)Ky(yi z)dz:

14



Since eld2 does not give unit variance, we normal&by the square root of
Z
Var 2= R:(x;x) = KZ(xj z)dz

The cross-covariance of the above zero mean unit varianiceisethen, j =
E[@ 2@, 2]=E?*. Note that

R
E@2(x)@32(y) _ @iKgﬁ(xi 2)@ Kylyi z)dz

E22(x) " Ky(2)K3(2) dz

Now lettingx = y and using identity
K200 = (2" 729 "K .2 ()
we have

Ry
o K5 (X) dx 1
o= R Ty = T
> Kz(x)dx ' 237"’
wheret; is the Kronecker's delta. Henge= 1=(2%%).

The amount of smoothingZ is usually expressed in terms of the full width
at the half maximum (FWHM) of a smoothing beﬂel in brain ingaifFigure
4). Note that FWHM of kerneK s, corresponds t@ In 4% Conversly for given
FWHM, the corresponding kernel IS p\wHnM=° 7z SO in terms of FWHM,

the smoothness of eld is given as= 4In2=FWHM?. The FWHM is usually
predetermined to match the extend of the signal size and twiétsebe 30 mm
re ecting the width of sulci (Chungt al., 2003).

4 Application

Gender and handedness affect brain anatomy (Luders, 26Q8) the 16 autis-
tic and 12 control subjects used in this study were screemdx tright-handed
males except one subject who is ambidextrous. Sixteerntialgishjects were di-
agnosed with high functioning autism (HFA) via the AutismaBnostic Interview
- Revised (ADI-R) by a trained and certi ed psychologist (Chwgical., 2003).
Twelve healthy, typically developing males with no currenpast psychological
diagnoses served as a control group. The average age foouimlcsubject is
17:18 2:8 and the autistic subjects1%6:18 4:5which is in compatible age range.
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Figure 5: CorrectedP-value map constructed fromrandom elds. Top isP-

values projected onto the outer template surface and Bo#®¥values projected
onto the inner template surface. Red is the regions of thigkey matter while
blue is thinner gray matter in the autistic subjects conghtrehe normal controls.

Afterwards, high resolution anatomical magnetic resopaintages (MRI)
were obtained using a 3-Tesla GE SIGNA (General Electric iv®dSystems,
Waukesha, WI) scanner with a quadrature head RF coil. The dioeof MRI is
256£ 256£ 128with an approximate image resolution of 1rhnfor the detailed
image acquisition parameters, see Changl. (2003) where the same data set is
used to perform a different morphometric analysis. Aftedganonuniformity of
image intensity has been corrected artifacts using nonpetrac nonuniform in-
tensity normalization method (N3), which eliminates theeledence of the eld
estimate on anatomy (Slest al, 1998). Then using the automatic image pro-
cessing pipepline (Zijdenbast al, 1998), MRI were spatially normalized into
a standardized template brain via a global af ne transfdiomato align and re-
move the global brain volume difference (Collins et al., 19%Rubsequently, an
automatic tissue-segmentation algorithm based on a sigpdrarti cial neural
network classi er was used to classify each voxel as cesghnal uid (CSF),
gray matter, and white matter (Kollakian, 1996). Afterwaadriangular mesh for
each cortical surface was generated by deforming a spherésh to tthe proper
boundary in a segmented volume using a deformable surfgodtaim (MacDon-
ald et al,, 2000). Brain substructures such as the brain stem and thbatkm
were removed. Then an ellipsoidal mesh that already hadpwédgy of a sphere
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Figure 6: Correcte® -value map folr random elds removing the effects of age
and the total gray matter volume.

was deformed to t the shape of the cortex guaranteeing theegapology. The
resulting triangular mesh consists of 40,962 vertices dn@d2 triangles with the
average internodal distance of 3 mm. The triangular mesfeesa constrained
to lie on voxel boundaries. Instead the triangular meshesuaathrough a voxel,
which can be considered as minimizing the discretizatioareOnce we have a
triangular mesh as the realization of the cortical surfagecompute the cortical
thickness which measures the distance between the outenmedsurfaces that
bound gray matter. Finally the thickness measurementsaoethed with a heat
kernel of size 30 mm FWHM as described in a previous sectionssaistical
analysese are performed and the nal corred®edalue maps are computed (Fig-
ure 5 and 6). After removing the effect of age and the totay gnatter volume,
we found statistically thinner gray matter regions at tlgitritemporal lobe and
the left frontal lobe (correcteR-value< 0:1).
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