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Tensor-based Cortical Surface Morphometry via
Weighted Spherical Harmonic Representation

Moo K. Chung, Kim M. Dalton, Richard J. Davidson

Abstract—\We present a new tensor-based morphometric of the deformation eld since it directly measures tissue
framework that quanties cortical shape variations using a growth and atrophy. The advantage of TBM over DBM is that
local area element. The local area element is computed from TBM can directly characterize tissue growth while DBM only

the Riemannian metric tensors, which are obtained from the h terize th |ati iti | diff the i
smooth functional parametrization of a cortical mesh. For he Characterize the relative positional ditrerence so (h@on

smooth parametrization, we have developed a novel weighted determinant is a more relevant metric for quantifying tessu
spherical harmonic (SPHARM) representation, which genertizes growth and atrophy [12]. In this study, the concept of the
the traditional SPHARM as a special case. For a speci ¢ choeof  Jacobian determinant is generalized to a local area element
weights, the weighted-SPHARM is shown to be the least squase 5 the Rjemannian metric tensor formulation. Our localaare
approximation 1o the solution of an isotropic heat diffusia on element is the differential geometric generalization o th
a unit sphere. The main aims of this paper are to present the . : . . i .
weighted-SPHARM and to show how it can be used in the tensor- Jacobian determinant in Riemannian manifolds. So the area
based morphometry. As an illustration, the methodology haveen element can be used to quantify the tangential corticali¢iss
applied in the problem of detecting abnormal cortical regios in  growth and atrophy directly.?
the group of high functioning autistic subjects. As a subset of TBM, cortical surface speci ¢ morphometries
Index Terms— Spherical harmonics, tensor-based morphome- have been developed [11] [13] [16] [45] [47]. Unlike 3D whole
try, SPHARM, cortical surface brain volume based TBM, the surface speci ¢ morphometries
have the advantage of providing a direct quanti cation of
cortical morphology. Further, better sensitivity and sy
can be obtained in analyzing cortical surface specic mor-
In many previous cortical morphometric studies, Cortici‘ihometric changes [1] [13] [33]. The cerebral cortex is a
thickness has been mainly used to quantify cortical shapgjimensional highly convoluted sheet without any holes or
variations in a population [13] [21] [27] [33] [34] [35]. handles topologically equivalent to a sphere [20]. Most of
The cortical thickness measures the amount of gray mat{ge features that distinguish these cortical regions cadg on
along the normal direction on a cortical surface. Howevase measured relative to the local orientation of the cdrtica
the gray matter growth can be characterized by both thgrface [16]. It is likely that different clinical populatis
normal and the tangential directions along the surface. [13}i| exhibit different cortical surface geometry. By anaiyg
In this paper, we present a new tensor-based morphomedfifface measures such as cortical thickness, curvaturésces
(TBM) that quanti es the amount of gray matter along th@yrea, local area element and fractal dimension, brain shape
tangential direction via the concept oflacal area element ifferences can be quanti ed locally along the corticalfaue
The local area element is obtained from the Riemanni@m] [11] [45] [47]. Cortical surface analyses require the
metric tensors, which are computed from the novel weightedgmentation of tissue boundaries, which are mainly obthin
spherical harmonic (SPHARM) representation [9]. We Wilks high resolution triangle meshes from deformable surface
review literature that are dir_ectly reI_ateq to our methodg! algorithms [19] [16] [34]. The interface between gray and
and address what our speci ¢ contributions are. white matter is called thener surfacewnhile the gray matter
Unlike the deformation-based morphometry (DBM) [5] [12hng cerebrospinal uid (CSF) interface is called tbeter
[49], which uses deformation obtained from the nonlineagface In this study, we will only use the outer surface for
registration of brain images, TBM uses the high order spatige |ocal area element computation.
derivatives of deformation in constructing morphologitzat- Once we have a triangular mesh as a realization of a
sor maps such as Jacobian determinant, torsion and verticibrtical surface, surface related geometric quantities loa
[4] [12] [13] [20] [44]. From these tensor maps, 3D statiatic computed from the mesh. Due to the discrete nature of trian-
parametric maps (SPM) are constructed to quantify vanatiogle mesh, surface parameterization is necessary for decura
inhigher order changes of deformation elds. The maiBnd smooth estimation of the geometric quantities. Cdrtica
morphometric measure in the TBM is the Jacobian determinagfface parameterization has been mainly done by tting a

. . . _quadratic polynomial locally [13] [28] [29]. Then from this
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I. INTRODUCTION



local approach, a global parameterization via SPHARM is als
available [23] [24] [31] [40] [41]. This traditional SPHARM
representation has been mainly used as a data reduction
technique rather than obtaining high order spatial devieat
information. 2D anatomical boundaries such as ventricte su
faces [23] and hippocampal surfaces [41] are parametelbiged
SPHARM and its coef cients are fed into statistical analyserig. 1. Using the deformable surface algorithm that esthbi mapping
such as a principal component analysis, a linear discrintingrom a unit sphere to a cortical surface, we parameterizectinécal surface
analysis and support vector machines. The main geomei# the polar angle and the azimuthal angfe.
features are encoded in low degree spherical harmonicewhil
the noise will be in high degree spherical harmonics [24].
In this study, we generalize the traditional SPHARM by
weighting its coef cients with exponentially decaying facs,
and develop an iterative analytic differentiation framekvo
for computing the Riemannian metric tensors. It will be
shown that the weighted-SPHARM is a more generalized
framework than the traditional SPHARM. Since we are not
performing a nite difference based numerical differetita,
the tensor estimation should be more stable. Compared to
the local polynomial tting, our approach completely aveid
estimating unstable normal vectors. The weighted-SPHARM
tends to be computationally expensive compared to the local
guadratic polynomial tting while providing more accuracy
and exibility for a hierarchical representation. _ _ _ _ _
In previous TBM, computations on a discrete triangle me<ie: 2. Spherical harmonic baS|s_of selective degree anersrdhe center
. . , . of the concentric circles at orden = 0 is the north pole.
produced signi cant mesh noise in cortical measure. In prde
to increase the signal-to-noise ratio (SNR) and the sgitgiti
of statistical analysis for cortical measure, corticalface [1. PRELIMINARY
based data smoothing sudfifusion smoothingvas necessary - ; ; ; -
[1] (8] [13] [33] [46]. The drawback of the diffusion smooti In this section, we introduce mathematical notations and

is the complexity of setting up a_nite element method (FEM asic concepts of SPHARM. Since there are variations on
. . - "'de ning the associated Legendre polynomials and the spher-
and making the numerical scheme stable [8] [13]. S|n(]: 9 9 Poly P

. : _ . €al harmonics, it is necessary to clearly state the exact
the weighted-SPHARM is mathematically equivalent to th|§?1athematical forms to minimize confusion. Many SPHARM

_diffusion smoothing [3] while it Uses the exact_ana_lyticaista;, literature [7] [23] [24] [41] use the complex-valued sploati
|t.0ffe.‘rs a more.accu.rate nume_r!cal approxmafuon Over trf']earmonics while we are using the real-valued spherical har-
diffusion smoothing without additional computation. Haet,

- . monics since it is more intuitive to set up a statistical niode
because the full width at the half maximum (FWHM) of the P

smoothing kernel can be exactly computed in the weighted- o
SPHARM while it is only an asymptotic approximation in\ Surface Parametrization
the diffusion smoothing [11], the random eld theory based Let M and S? be a cortical surface and a unit sphere
statistical analysis can be used. This provides a more enherrespectively.M and S? are realized as polygonal meshes
and uni ed cortical surface analysis framework. with more than 80000 triangle elements. It is natural to
Once we compute the local area elements from tlssume the cortical surface to be a smooth 2-dimensional
weighted-SPHARM, it is necessary to compare them acrdsgemannian manifold parameterized by two parameters [19].
subjects via surface registration. Most previous surfage r This parametrization is constructed in the following way. A
istration methods are formulated as an optimization problepoint u = (uy;uz;us) 2 S? is mapped top = (Xx;y;z) 2
by minimizing an objective function that measures the globM via the mappingJ, which is obtained by a deformable
t of two surfaces while maximizing the smoothness of theurface algorithm that preserves anatomical homology laad t
deformation in such a way that the gyral patterns are matchegological connectivity of meshes (Figure 1). We will nefe
smoothly [11] [16] [18] [21] [38] [47]. These type of surfacethis mapping as thepherical mappingThen we parameterize
registration techniques are computationally expensiwvethé U by the spherical coordinates:
weighted-SPHARM representation, the surface registato
straightforward and does not require any sort of optimizeti
explicitly. Corresponding surface positions are estalisby with (;' )2 N =[0; ] [0;2 ). The polar angle is the
matching spherical harmonics [9]. This technique has amgle from the north pole and the azimuthal anglés the
advantage of bypassing the computationally expensive omihgle along the horizontal cross section of a MRI (Figure 1).
mization problem since the correspondence across sulgjerts The mapping from the parameter sp&teo the unit sphere
built into the weighted-SPHARM representation itself. S? will be denoted as<, i.e. X :N ! S2. Then we have a

(ug;uz;uz) =(sin  cos'; sin sin'; cos )



composite mapping from the parameter space to the cortical Theorem 1:

surfaceiZ = U X :N!M :Z is a 3D vector of surface ¥ X
coordinates and it will be stochastically modeled as fim Yim =arg min kf  hk?;
h2H
, . . =0 m= |
Z(;' )= ()+ G (1) ;

where the norm is de ned akf k = H; f i 172,

where is a unknown true differentiable parametrization and s is the basis of the traditional SPHARM representation
is a random vector eld on the unit sphere. The computatiff ¢josed anatomical boundaries [23], [24], [41].
of the Riemannian metric tensors and the local area element

require estimating differentiable function IIl. WEIGHTED-SPHARM

A. Basic Theory

_ _ _ _ The traditional SPHARM is only one possible representa-
The basis functions on a unit sphere are given as tfign of functional data measured on a unit sphere. We present

B. Spherical Harmonic Representation

eigenfunctions satisfying f + f = 0; where is the a more general representation called Wreighted-SPHARM
spherical Laplacian: which weights the coef cients of the traditional SPHARM by
the eigenvalues of a kernel. It can be shown that the trawitio

1 @ @ 1 @ he eig I f a k 1 be sh hat the trauditi

= sn @ sin @ + s @ SPHARM is the special case of the weighted-SPHARM.
We start with the spectral representation of a positive

There are2l + 1 eigenfunctions, denoted &m (jmj 1), de nite kernel in S2. Consider the positive de nite kernel
corresponding to the same eigenvalue= I(I +1). Yim is K (p;q) of the form

called thespherical harmonimf degreel and orderm [15].

I'I'?se gxplicit form of the2l + 1 spherical harmonics of degree K (p;q) = * X m Y (D) Yirm (9 3)
given by =0 m= |
2 omP{™(cos )sin(imj'); | m 1L where the ordered eigenvalues
- o pim] . _q.
Yim = %m_ﬁp' (cos ); m=0; 00  1m, 2m, 0
cm P ™ (cos )cos(mj'); 1 m | _
satisfy
where ¢, = & E:j]mjg.' and P™ is the associated _ _ _
Legendre polynomiabf order m. Spherical harmonics of s? KP:Yim (@ d (@ = im Yim (P): “)

particular degrees and orders are illustrated in Figure 2. is the special case of the Mercer's theorem [15]. From (4
m H .
For xed I, P" form orthogonal polynomials ovelr 1 1] tojlows thatK is a reproducing kernel i 2(S2). Without

Following the convention used in Arfken [3], we have omitteghq 555 of generality, we assume the kernel is normalized as
the phasd€ 1)™ in the de nition of the associated Legnedre

polynomial. Many previous SPHARM literature [7] [23] [24] Kp:ad (q=1: (5)
[41] used the complex-valued spherical harmonics so the car s?
is needed in comparing different numerical implementation The smooth functional estimatiom of measurement is

of the associated Legendre polynomials and the spherigalirched irH, that minimizes the integral of the weighted
harmonics. The spherical harmonics form orthonormal bassiguare distance betweénand h:

onZS2 such that Theorem 2:
1 ifi=1L)=m X X
S2 Yij (p)YIm (p) d (p) - 0 othe:wise (2) Im fIm Yim
Forf;h 2 L2?(S?), the space of square integrable functions = m. 'z z . .
in S2, the inner product is de ned as = agmn K (p;Qjf (@) h(p)j*d (p)d (9):
Z, 172 We will call the “nitd expansion given in Theorem 6 as
H;hi = f(;" )h(;" )sindd the weighted-SPHARM reprg,sentqgion. The theorem can be
o 0 proved by substitutingh = :‘:0 'm: | Cm Yim (p) and
where the Lebesgue measwre( ;' ) =sin dd' . Consider optimizing with respect tay, .
the subspace De ne kernel smootging as the integral convolution
X X K f() = f@Kmad (@ (6)
Hi = f Yim 0 i 2Rg L%(S?); P . P '
1I=0 m= | X X
which is spanned by up to theth degree spherical harmonics. = im 6 Y im 1 Yim (p): ()
We are interested in estimatirig2 L?(S?) using a function 1=0 m= |

in Hy. The least squares estimation (LSEY oh the subspace The last equation is obtained by substituting (3) into (8)eT
Hy is then given by the nite Fourier series expansion. equation (7) shows that the weighted-SPHARM is the nite



isotropic heat diffusion

@9
at ¥ glp;t=0)= f(p) (10)

attimet = 2=2[9] [11] [39]. Hence the weighted-SPHARM
is the nite expansion of the isotropic heat diffusion. leatl of
solving the heat equation numerically, which tend to be amnst
ble [1] [13], the weighted-SPHARM representation provides
a more stable approach. In a similar approach, Bulow used
spherical harmonics in developing isotropic heat diffasita
the Fourier transform on a unit sphere as form of hierar¢hica
surface representation [7].
There are two main advantages of using the weighted-
SPHARM over the traditional SPHARM. The weighted-
SPHARM reduces the substantial amount of the Gibbs phe-
nomenon (ringing artifacts) [9] [22] that is associated hwit
o 3 The <h e heat kerrel . ous bandwidih the convergence of a Fourier series. Either discontinusus o
Tlr?é shape iessc:rﬁzu?ecg ferorﬁattheeltlarm(o%ig)ac(i)crii;ilgrr:otlﬁlseoraerr]n&mtm?o.n rapld_ly Chang.lng measurements WI". .have slowly decaying
(16). The pointp is xed to be the north pole and the horizontal axis is the-ourier coef cients and thus the traditional SPHARM repre-
anglecos '(p q). sentation converges slowly. However, the weighted-SPHARM
additionally weights the Fourier coef cients with the expo
nentially decaying weights contributing to more rapid con-
vergence. The Gibbs phenomenon is visually demonstrated in
Figure 4 with a hat shaped step functia=(1 if x>+ y? < 1
andz =0 if 1 x2+ y? 2). The bottom gures are
the weighted-SPHARM at different scales € 0.01, 0.001,
0.0005, 0.0001) and the top gures are the corresponding
traditional SPHARM of the same degree. The degree selection
process is discussed in the next section. The top gureséxhi
signi cant ringing artifacts while the bottom gures showds
Fig. 4. The rst column is a hat shaped 3D step function. Théghited- ringing artifacts.
SPHARM (bottom) of the step function at different bandw&lth = 0.01, The second advantage of using the weighted-SPHARM
0.001, 0.0005, 0.0001) and the corresponding traditioRHARM (top) of 5 related to heat kernel smoothing formulation used in the
the same degree. The weighted-SPHARM has less ringingicif random eld theory [11] [51] [52]. The random eld theory
that is need to correct for multiple comparisons requires th
lzénoothness of signal, as measured as the full width at the
alf maximum (FWHM) of the heat kernel. In the traditional
SPHARM, the heat kernel degenerates to the Dirac-delta
function so we can not apply the random eld theory directly.

expansion of kernel smoothing. Kernel smoothing (3) can
further shown to be the minimizer of the following integral.
Theorem 3: For xed pointp 2 S?,
z

. 2
K f(p)=arg min K(p;g f(a) h~d (a:
(s?) g2 . .
. ) o ) B. Numerical Implementation
This theorem can be proved by differentiating the integral

with respect toh.
For the choice of eigenvalues, = e '(*1) : the corre-
sponding kernel is called thieeat kernelor Gauss-Weistrass

The eigenvalues |, are given analytically from a given
kernel. So we only need to numerically compute the Fourier
coef cients f, in the weighted-SPHARM representation.

kernel [7] [11] [39] and it will be denoted as Previpusly, the compgtation for the Fourier coef cientsm:—q
putation for the Fourier coef cients was based on the direct
® X 1(1+1) numerical integration over high resolution triangle meshe
K (pid) = e Yim (P)Yim (0): (9 with more than 80000 triangles and the average inter-vertex
1=0 m= 1 distance of 0.0189 mm [10]. Unfortunately the direct nu-
The parameter determines the spread of kernel as shown imerical integration is extremely slow and it is not pradtica
Figure3.As ! 0, n ! 1andthe heatkern& (p;Q)! when high degree spherical harmonics are needed. So we

(p 0g), the Dirac-delta function. So the traditional SPHARMhave recently developed a new numerical technique calked th
is a special case of the weighted-SPHARM. It is interestiriterative residual tting(IRF) algorithm [9] [40]. Compared to
to note that even though the regularizing cost functions attee numerical integration, which takes more than few hours,
different in Theorem 1 and 2, they are related asymptoticalthe IRF algorithm takes only about 5 minutes per subject for

Another interesting property of the weighted-SPHARM isomputing all the coef cients up to 78 degrees in a personal
observed by noting tha&  f is the unique solution of the computer.



degree, equal variance is assumed. We have checked the model
assumption on our data set. Figure 5 shows the sample mean
and variance of the Fourier coef cients for the x-coodrasbf
28 subjects. The vertical direction is the degkeznd the hor-
izontal direction is the order arranged fronk to k. The third
gure shows the p-value of testing normality using a Jarque-
Fig. 5. The mean (left) and the standard deviation (middfethe Fourier Bera statistic [26]. Only 10 out of totg42 + 1)2 = 1849
coef cients for 28 subjects. The vertical axis is the degaee the horizontal ~yaf cients show nonnormality at = 0:05 level indicating
axis is the order arranged from the lowest to the highesthtRiGhe p-value . . . .
of a Jarque-Bera test for normality. Smaller p-values micthe tendency OUr normality assumption is valid. We have also computed
for nonnormality. Only 10 out of total849 coef cients show nonnormality cross correlation of alll84F pairs of coef cients to check
at =0:05level. independence (Figure 6). Note that Gaussian random vesiabl
are independent if cross correlations are zero. The most pai
show extremely low correlation and the average correladon
0.16 indicating the independence assumption is valid.
The above model assumption is equivalent to the following
linear model
¥ X
f(p)= e (Y mYm @)+ () (11)
1=0 m= 1|
where is a zero mean isotropic Gaussian random eld.
Once we determined all the coef cients up to tkeh degree
Fig. 6. Left: the cross correlation of up to 42 degree SPHARMfcients. using the IRF algorithm, we check if adding the next terms

Right: the enlargement of a small white square in the leftreguThe cross ) . . ) to the k-th deagree model (11) is
correlation map shows very low correlation in most pairs.e Tdverage kel; (k+l)s = o k1 'i.“l 9 . ( )
correlation is 0.16 statistically signi cant in a forward model section framesk

[9] [37]. If the corresponding p-value of the test statigpage
50 in [37]) is bigger than the pre-speci ed signi cance léoé
The IRF algorithm estimates the Fourier coef cients it0.05, we stop the iteration. If not, we increase the degree an
eratively by breaking a large least squares problem in thepeat the process. For bandwidths 0.01, 0.001, 0.0005,
subspaceH into smaller subspaces. Let us decompose tl3e0001, the optimal degrees are 18, 42, 52, 78 respectively
subspaceH into the smaller subspaces as the direct sur(Figure 7).

Hek=1lo0 | 1 | «; where the subspace We have compared the IRF result against the analytical
solution of equation (10). For any arbitrary initial condit
X f the form
Iy =f m Ym (P): m 2 Rg °
m= | X X
f= m € Yim 2 Hy; (12)

is spanned by thd-th degree spherical harmonics only.
Then the IRF algorithm estimates the Fourier coef cien
fim in each subspaceé, iteratively from degree0 to k.

1=0 m= |

tﬁ1e solution to equation (10) is given by

This hierarchical estimation from lower to higher degree X X
is possible due to the orthonormality of spherical harmon- Ko f= im Yim * (13)
ics. The technical detail of the IRF algorithm, numerical =0 m= 1|

implementation, accuracy issues are given in [9] and [4GFomparing the analytical solution (13) to the result olgdin
The MATLAB implementation of IRF is freely available atfrom the IRF algorithm serves as the basis for validation. It

http://www.stat.wisc.edu/ mchung/ is sufcient to use a single term in (12) for validation. Let
softwares/weighted-SPHARM.htm| with a sample f = €(*D Y, be an initial condition of equation (10). Then
outer cortical surface. the solution of equation (10) is given by f = Yy

While increasing the degree of the weighted-SPHARNiable | shows the comparison for various degrees and orders.
increases the goodness-of- t, it also increases the nuraberThe fth column shows the mean absolute error between
coef cients to be estimated quadratically. So it is necgssathe theoretical valueri, and the numerical result obtained
to nd the optimal degree where the goodness-of- t and théfom the IRF algorithm. The mean is taken over all mesh
number of parameters balance out. In most previous SPHARMIrticesgThe last column shows the numerical computation o
literature [23] [24] [40] [41], the degree is simply selatteintegral ¢, Y,3,0(p) d (p) = 1. Table | shows our numerical
based on a pre-specied error bound that depends on theplementation provides suf ciently good numerical acacy.
size of an anatomical structure. We have adapted a model
selection framework [37] that does not depend on the size IV. TENSORBASED MORPHOMETRY
of the anatomical structure. Taking weighted-SPHARM as a global parameterization for

The Fourier coef cientsf|,, can be modeled to follow cortical surfaceM , we can compute the Riemannian metric
independent normal distributidd ( im ; 2). Within the same tensors that are needed in computing the local area element.



degreel | orderm | bandwidth FWHM | mean error| fy . . . .
18 17 001 03456 T 00575 Toogos| Matrix. The Riemannian metric tensors enable us to compute
42 41 0.001 0.1257 0.0126 | 0.9992| the localarea element detg. The area element measures the
52 51 0.0005 0.0968 | 0.0101 | 0.9988| amount of the transformed arealih of the unit area in the
8 77 O'OOCT)}ABL ,0'0597 0.0068 | 0.9984 parameterized spad¢ via the mapping . Figure 8 shows the

estimation of the metric tensors for a subject. Using the are
element, the total surface areaMf can be written as

zZ,Z
A. Metric Tensor Estimation M) = o o detg(;' ) d d:

The weighted-SPHARM estimatiolm of the unknown true
parametrization in equation (1) is given by

FWHM AND ACCURACY FOR THEWFSREPRESENTATION

Locally, surface deformation can be decomposed into the
tangential and the normal components with respect to acirfa

X X normal vector [13]. At gach poinp, we de ne local gray
b(;' )= m Zim Yim matter volumesV (p) = = detg(p)C(p), whereC is cortical
1=0 m= | thicknesg. Then the total gray matter volume is approxitpate
with Zi, = hZ;Yimi. For this study, we used eigenvaluggiven as 4, V(p) d (p): The gray matter volume will change

m = e "D corresponding to the heat kernel. The Rieif either the area element increases (tangential expansion
mannian metric tensorg; will be computed by analytically or cortical thickness increases (normal expansion). Then t
differentiating the weighted-SPHARM. The estimation of thchange in the gray matter volume is the sum of the change in
Riemannian metric tensors requires partial derivatived.of local area and the change in cortical thickness [13]:

Denoting the partial differential operators @ = @ and p
@ = @, we have d_V:d d8t9+ d_C
\Y detg C°
XX ) )
@b = imZim @Yim (' ): The change in the local area element can be viewed as to
1=0 m= | contributing to the tangential component of the gray matter

The derivatives of spherical harmonics can be analyticalfp'ume change. _
computed. We start with the derivative for the associategﬂThe scale invariant area element is dened as

Legendre polynomials. detg= (M), where the total surface area(M) is
i i o - estimated by summing the area of triangles in a mesh. Figure
@P/™(x)=lcot P/™(x) (I+jmj)sin * P/™(x); 9 shows the scale invariant area element for randomly select

_ imj _ o 12 subjects. Although the scale invariant area element is
Where_x = €oS . Note thatP™y = O_ i mj I'_ The invariant under af ne scaling, it is not invariant underfdifent

recursive formula introduces a numerical singularity & thbarameterizations such as conformal mappings [2] [24],[25]
north and south poles (= 0; ) so we have chosen theq asi-isometric mappings [48] and area preserving magping

poles to pe the r(_egions of npn—interest that connect the I ﬁ [41] [43]. Considering these parameterizations introel
and the right hemispheres (Figure 1). Then the derlV"j‘t"i'esé?rea distortion, it is necessary to use a parameterization

spherical harmonics are expressed as the functions Ofis'aherinvariant metric for a stable statistical analysis. This ca

harmonics. be obtained by directly measuring the area expansion rate
@Ym = lcot Y (I + jmj)c'_”‘ sin ' Y| 1m with respect to a template surfadd , rather than the
G 1m parameter spacBl . Consider a mapping from the template
with the convention; 1., = 0 if jmj |. The constant in M o to the cortical surfacé/ . The Jocobian of this mapping
the second term can be further simpli ed as will be noted asJo. The Jacobian]y is expected to be
- invariant under different parameterizations and only delge
(I + jmj) Om _ 2 +1(|2 m2): on the registration between the two surfaces. gt be
G 1m 2l 1 B1e metric tenﬁors ofM o. The area element oM s
The derivative with respect to is simply given as detg=det Jo detgo. Then the parameterization invariant
measure is obtained by simply computing the percentage
@Yim = mY; m: change of area expansion with respect to the template as

This recursive relation reduces the computational timedgy+ P @ p detgo
cling the spherical harmonics used in estimating the SPHARM P et

. etgo
coef cients.

The 3 2 Jacobian matrixJ of mapping from parameter giving a local area related measure invariant under paemet
spaceN to cortical surfaceM is given by = (@7~ @ *). ization. This quantity is called theurface area dilatatiorand
The Riemannian metric tensors age= (g; ) = J'J: The it is approximately the trace of the Jacobian determina®f [1
component is given bg; = @b @b with the vector inner Our methodology does not work for area-preserving mappings
product . The Riemannian metric tensors measure the amowtce the Jacobian determinant is 1. For this singular vese,
of deviation of a cortical surface from a at Euclidean planecompute the Jacobian determinant directly from the surface
If the cortical surface is at, we obtaig; = j , the identity registration result.

=detJo 1 (14)



Fig. 9. Scale invariant area elements for randomly selegteshtrol subjects
Fig. 7. The weighted-SPHARM representation at differenndvdidths. (top) and 6 autistic subjects (bottom). The color scale issholded at 1.5
The rst column is the original cortical surface. The coloarbindicatesx-  (150%) for better visualization. With respect to the parametexcsiN , there
coordinate values. The second row shows the result mappaduait sphere. is up to 3006 area expansion.
The black dot in the center indicates the north pole.

Fig. 8. Metric tensor estimation. The metric tensgjs are estimated by

analytically differentiating the weighted-SPHARM repeagation. The local Fig. 10. The p-value map projected on the average weighRdARM

area element det g measures the amount of area expansion and shrinkisgirface of 28 subjects. The p-value is thresholded at 0.0% ube random

with respect to the parameter spdsde eld theory. The focalized red (blue) regions show more g)esurface area
in the autistic subjects compared to the controls.

B. Statistical Inference on Unit Sphere

For thei-th subject { i m), we denote the cortical in de ning resels and EC-density through the literature][50
surface asM ; and its parameterization invariant surfacgs1] [52], we have used the convention used in [52]. Figure
Jacobian determinadetJ; ( ;' ). Then we have the following 10 shows the resulting corrected p-value map showing highly
general linear model (GLM): localized regions of abnormal pattern in autistic subjetie

oy o . p-value map is projected on the average cortical surface of
detdi(i" )= o+ a(i") groupi+ (5 ); 38 subjects used in the study. We have used the threshold
where is a mean zero Gaussian random efgtoup; is a h = 5:19 corresponding to the corrected p-value of 0.05.

categorical dummy variable( for autism andl for control). In computing the corrected p-value, it is necessary to
We are interested in localizing any group differences in theympute the FWHM but it is not trivial since there is no
local area element map by testing if(;" ) = 0 for all  known close form expression for the FWHM as a function of
(;" ). At each xed point(;' ), the test statisticT(;" ) . So the FWHM is computed numerically. The heat kernel

is a two samplet-statistic withm 2 degrees of freedom. can pe simpli ed from equation (9), via the harmonic additio
Since we need to perform the test at every po{rts ), this  theorem [3], as

becomes a multiple comparison problem. We used the random

eld theory [50] [51] [52] based thresholding to determiret X o41
statistical signi cance. The p-value for the one sided ralate K (p;g) = 2 e 10+ P (cos#); (16)
hypothesis, i.e. 1 > 0, is given by 1=0
h i X
p(;" )=P supT(p)>t(;" ) R4(S?) 4(h); (15) where# is the angle betweep andq, i.e.cos# = p q. By
p2s? d=0 xing pto be the north pole, i.e. =0 andp = (0; 0; 1) while

where R is the d-dimensionalreselsof S? and 4 is the Varyingd = (sin # 0;cos#) for 0 # = cos *(p q) -
d-dimensionalEuler characteristic (EC) densitpf a T-eld We can obtaln_the shape of hegt kernel and its corresponding
with m 2 degrees of freedom, artg ;' ) is the observed FWHM numerically for each (Figure 3). Table | shows the

two samplet-statistic at( ;' ). The resels are FWHM for various bandwidths . In previous diffusion and
) heat kernel smoothing [13] [11], between 20 to 30 mm FWHM
Ro(S?) = 2;R1(S?) = 0;R»(S?) = (S )2; was used. The FWHM used in this study is extremely small
FWHM since the analysis is performed on a unit sphere rather than a

where FWHM is the full width at half maximum of thelarger cortical surface. However, the comparable Reseldbea
weighted-SPHARM. The mathematical formulas for the E@btained by using the bandwidth of= 0:001 corresponding
densities are given in [51]. Although there are some vameti to the FWHM of 0.1257 mm.



V. APPLICATION TOAUTISM STUDY by averaging the Fourier coefcients within the spherical

harmonic of the same degree and order. The average surface

_Three Teslal;-weighted MR scans were acquired for 16gryes as an anatomical landmark for showing where group
high functioning autistic and 12 control right handed malegjtferences are located.
16 auFistic subje_cts were diagnosed via The_ Autism Diag’post We performed the random eld theory based multiple com-
Interview - Revised (ADI-R) used by a trained and certi edy5yison correction on the computedtatistic map. Figure 10
psychologist at the Waisman center at the University @fyows the regions of statistically signi cant group difiece
Wisconsin-Madison [17]. The average ages a®l  2:8 hresholded at = 0:05 level (corresponding to thievalue of
and 16:1  4:5 for control and autistic group respectively. 5.19). Although there are other regions of group difference

Image intensity nonuniformity was corrected using a noapakne |eft inferior frontal gyrus show the most signi cant gio
metric nonuniform intensity normalization method [42] andiitference.

then the image was spatially normalized into the Montreal
neurological institute (MNI) stereotaxic space using abglo
af ne transformation [14]. Afterwards, an automatic tissu
segmentation algorithm based on a supervised arti ciaraleu In this paper, we presented the weighted-SPHARM repre-
network classi er was used to classify each voxel into thregentation and its application in TBM. The weighted-SPHARM
classes: CSF, gray matter and white matter [32]. is used as a differentiable parametrization of the cortesel
Triangular meshes for outer cortical surfaces were obtainen a new iterative formulation, spatial derivatives of the
by the anatomic segmentation using the proximities (ASRjeighted-SPHARM are computed and used to derive metric
method [34], which is a variant of deformable surface afensors and an area element. The ratio of area elementsiis the
gorithms. The algorithm generates 40962 vertices and 8192%ed to compute the surface Jacobian determinant invanmant
triangles with the identical mesh topology for all subjedtse der parameterization. The surface Jacobian determinaseis
vertices indexed identically on two cortical meshes willéia in determining statistically signi cant regions of abnaam
a very close anatomic homology [13] [30] [34]. The mesRortical tissue expansion and shrinking for autistic scisje
starts as a sphere located outside the brain and is shrunk tdhe weighted-SPHARM is a very exible function estima-
match the cortical boundary by minimizing a cost functiotion technique for scalar and vector data de ned on a unit
that contains the image, stretch, bending, and vertexettex sphere. We have shown that the weighted-SPHARM is related
proximity terms. The deformation in the MNI stereotaxid0 heat kernel smoothing. Since heat kernel smoothing is
coordinate system combined with stretch constraints that | related to isotropic heat diffusion [9] [13] [39], we werelab
the movement of vertices, effectively enforces a relayivefo connect our new representation to the isotropic heat-diff
consistent placement of points on the cortical surfaces THiion. This argument can be further extended. By choosing a
provides the same spherical parameterization at idel}{icd{emd induced from a particular self-adjoint partial diéntial
indexed vertices across different cortical surfaces. equation (PDE), we can construct the least squares estimati
If we detect anatomical changes along the inner surface©ftthe PDE without numerically solving it [9]. This should
is unclear if the changes are due to changes in gray or whi@'ve as a spring board for investigating other PDE-basted da
matters, or possibly both. On the other hand, changes in §goothing techniques in the weighted-SPHARM framework.
outer cortical surface are the direct consequence of clsange
in the gray matter. Choosing the outer surface representati ACKNOWLEDGMENT
reduces the ambiguity of interpreting the statistical kesu

>~ The authors wish to thank Paul Thompson of the Lab-
Therefore, we have chosen the outer surface over the 'ma?étory of Neuro Imaging at UCLA for the discussion on
surface for the study.

) _ the area element and the surface Jacobian determinant, and
_ Once we obtained the outer cortical surfaces of 28 SURjchard Hartley of the Department of Systems Engineering
jects, the weighted-SPHARM representation were con®idict o 1o Aystralian National University for the discussion on
We have used the bandwidth = 0:001 corresponding 10 yhe \eighted-SPHARM representation and positive de nite

k = 42 degrees. The corresponding FWHM is 0.1257 MM nals on spheres.
The Fourier coef cients were estimated using the IRF algo-

rithm. The corresponding surface positions across tweifit

weighted-SPHARM surfaces are obtained by matching the

harmonics of the same degree and order via SRHARM- [1] A. Andrade, F Kherif, J. Mangin, K.J. Worsley, A. Parad®. Simon,

correspondencf9]. This is equivalent to obtaining the optimal ~ S: Dehaene, D. Le Bihan, and J-B. Poline. Detection of fmtilation
P [59] q 9 P using cortical surface mappingluman Brain Mapping12:79-93, 2001.

dlsplacement, in the IeaSt_Squares sense, by taklng t@-dlff [2] S. Angenent, S. Hacker, A. Tannenbaum, and R. Kikinis ti@nlaplace-
ence between the two weighted-SPHARM representations. beltrami operator and brain surface atteningEEE Transactions on
; ; _ ; Medical Imaging 18:700-711, 1999.
Using the Welg.hted SPHARM rep.resentatlon_, area elemenr@ G.B. Arfken. Mathematical Methods for PhysicistsAcademic Press,
and corresponding surface Jacobian determinants are ana- s edition, 2000.
lytically computed, and compared across subjects. The tw@] J Ashburner, C. Good, and K.J. Friston. Tensor based huongtry.
samplet-statistic map is computed and its corrected p-value —Neurolmage 115:465, 2000. _ _
. iected th ighted-SPHARM £ ég] J. Ashburner, C. Hutton, R. S. J. Frackowiak, |. Johnerud. Price, and
map 1S projected on the average weighted- surta K. J. Friston. Identifying global anatomical differencé3eformation-

of 28 subjects (Figure 10). The average surface is consiluct  based morphometryHuman Brain Mapping 6:348—357, 1998.
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